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PREFACE. 



Hb wlio has, during the last forty jes^B, hoen acquubited with 
the state of the science of Arithmetic, not only in the schools of 
this country, but in other parts, well knows that, at the com- 
mencement of that period, and for nearly half its duration, 
scarcely any thing better was found in the hands of the student 
than a miserable epitome or skeleton of the sul^ect, presenting 
merely a few dogmas, followed by exanlples, without farther 
elucidation than the mechanical operation of one of these to serve 
as ti model for the performance of all the others. 

Divested almost entirely of scientific principles, Arithmatic 
was taught, in accordance with its title in the books then in use, 
lis the art of computing hy numbers; and a very clumsy, uninte- 
resting, and wearisome art it was. Hence, the student, jas might 
be expected, having no due to the intricacies of the subject but 
memory, after ciphering through his Assistant, — as such a work 
was improperly called, — for the third, fourth, fifth, and even the 
sixth tim«, found himself almost as ignorant of the science as 
when he began. 

Deeply felt and widely spread se^n to have been the dissatis* 
faction, discouragement, and regret resulting from such palpable 
and enormous waste of the time and labour of the youth ; for, 
during the last twenty years, new publications on this science, of 
Btinch less exceptionable character, have, in the schools of Ger- 
many, France, England, and America, succeeded and superseded 
each other with surprising rapidity. 

It is interesting to trace in these works the extremely gradual, 
yet steady approach toward a full development of the science, 
which, apparently, no one has hitherto dared to attempt. 

The student who is early accustomed to investigation, in trao* 
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ing effects to their cause, the dictamen of rules to the principles 
on which they are founded, the mutual dependence and connec- 
tion of prhiciples, and the skilful arrangement and combination 
of elements, in order to produce a desired result, thereby acquires 
a readiness and justness of perception, a conciseness in reason- 
ing, a power of comprehension, and a strength of judgment un- 
attainable by other means. 

Experience having for a long time strongly impressed the mind 
of the author of this work with the above views, he was induced, 
many years ago, to impose on himself the arduous, and to him, 
from various causes, extremely protracted and difficult task of 
preparing, for schools and private students a copious yet com- 
pact treatise of Arithmetic, containing, together with an ample 
number of practical examples, a bold, connected, logical, and 
lucid developement of the principles and rules of the entire 
science. How far, in the persent work, that object is accom- 
plished, the intelligent reader must determine. 

SUHMABY OF REASONS FOR UNDERTAKING THIS WORK. 

1. The almost total absence of every thing like theory in many 
arithmetics, and the very great imperfection and deficiency in 
this respect in the best of those now in use. 

2. The utter impossibility that a master, however capable, who 
presides over a numerous class of pupils in various stages of ad- 
vancement in the science, can find time to give to each a lucid 
verbal explanation to make up for the deficiency of his book. 

3. The inefficiency of such verbal explanation, even if it could 
be given, for want of sufficient reiteration: said reiteration irk- 
some in the extreme, and calculated to irritate the teacher to 
the discouragement of his pupil. 

4. The inability of teachers to give the requisite explanation ; 
for, without any disparagement to that self-devoted class of men, 
it is to be presumed that, takingJlA whole scope of the science, 
comparatively few are, imprompffi, equal to the task. 

BASIS OF THE WORK. 

Whatever can be spoken can be written. Therefore, whatever 
could be said by the most enlightened teacher to his pupil, in ex- 
planation of every department of the science, the author has en- 
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deavoured to say in the book; and thus the scholar, having it 
before him, can read it as often as he pleases, to* his own edifica- 
tion and great relief of the teacher. 

SCH£ME» 

The subject is divided into six books, each of which exhibits a 
different department of the science. In each of the first four 
books, the cardinal operations are thoroughly discussed: in the 
first in Integers ; in the second in Vulgar Fractions ; in the third 
in Decimals ; and in the fourth in Compound Numbers. The 
fifth book exhibits those rules which are not cardinal : viz.. In- 
volution, Evolution, Proportion, Progression, &c. &c., including 
Logarithms. The sixth book is devoted to mercantile science; 
in some departments of which, the author is greatly indebted to 
Kelly's Universal Cambist. 

, METHOD. 

For the sake of easy reference, as well as lo^cal concatenation, 
the work is subdivided into Sections and Articles, which are 
regularly numbered. Also, those passages which involve the 
most important principles, of leading points of the argument, 
■ particularly in the first four books, are italicized, the more per- 
fectly to impress the mind of the pupil, and thus induce the 
habit of reflection. 

Questions may be put by the teacher, to elicit from the pupil 
the passages italicized, or answers in accordance with them, 
thus: — Teacher. What is quantity ? Scholar. A limited portion 
of any natural object. * 

This maybe continued by the teacher throughout the work, 
which vnll be a good test of the progress of his pupil. The 
pupil, and l>e or she who is self-taught, may also pursue the 
same method for self-examinxi^on. 

STYLE. 

In presenting to the young, for daily contemplation, a subject 
of primary importance, much depends on the language in which 
that subject is invested. 

A style elevated, rich, clear, and concise, being at once moat 

1* 
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appropriate and attractiTe, is best calculated to awaken and sus- 
tain a lively interest. 

Prolixity wearies, puerility disgusts; both, therefore, as faf 
as consistent with that most essential attribute, perspicuity, 
have been studiously avoided. 

Brevity, wherever practicable, has been adopted, not only be- 
cause it economizes time tod expense, but because, by concentra- 
tion, it lends force, and hence greatly facilitates comprehension. 

ORIGINALITY. 

The principle upon which this work is based, the plan upon 
which its greater divisions are arranged, and the method of con- 
ducting its details, both in calculation and language, combine to 
render it exceedingly unlike any of the popular works now 
in use. 

Much that is entirely new in calculation will be found in the 
work, especially in the first, fourth, and fifth books. The rule 
for finding the least common multiple of several numbers, the 
author first gave in the year 1826, at which time he was em- 
ployed as teadier in the Senior Department of the High School 
of New York. 

SCOPB. 

To the many novel features already presented, we may add the 
explanation of the nature and use of Logarithms, accompanied by 
a Table of those numbers for practical application. This, then, 
is probably the only school treatise whi«h embodies the whole 
science, and hence, the only one by means of which the science can 
heperftcily learned toiihout the aid oja teacher. 

Having thus endeavoured, instead of a barren, uninteresting, 
mechanical abstract, or an unwieldy, incongruous compilation, to 
give the subject the form, consistent with its important nature^ 
of a transcendently beautiful science, it is hoped that the work 
here presented will amply reward the industrious student ; and 
that, in its perusal, he will feel assured that he is, by a whole- 
some discipline, and consequent elevation of his mental power, 
preparing himself successfully to attempt the loftiest subjects to 
which human genius can aspire. 

Noble Hsath. 
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SECTION 1. 

Preliminary Ideas^ Definition^ and Pormation of Numbers, 

1. A limited portion of any natural object; &s of time^ 
space, weight, heat, &c., or of anj sabstance, fluid, solid, or 
seriform, is called quantity, 

2. The object of all mathematical soienoe is to measure 
Quantify. 

3. Quantity can only be measured hy comparing it with 
some knoum quantity of the same kind acknowledged as a 
standard, 

4. Standard Measures, to prevent error or variableness, are 
generally derived from nature. For example, measures of 
time, from the time of the revolution of the earth about its 
axis : of space, from the length of a barley-corn, taken from 
the middle of a full-grown ear ; also, from the circumference 
of the earth : of weight, from the weight of a grain of wheat, 
taken as above ; also, from the weight of a definite quantity 
of distilled water: of heat, from the temperature of boiling 
water, &c. 

5. Quantity, mathematically considered, is only susceptible 
of increase and diminution ; these are, therefore, called the 
attributes of quantity . 

6. A quantity may be increased in two ways : either h^ 
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combining with it a quantity of the same hind, greater or less 
than itself, which is called Addition; or, ht/ combining with it, 
or continuing to add to it, a quantity exactly equal to itself, 
called Multiplication : because; in the latter case, the quantity 
is repeated many times. 

7. A quantity may also be diminished in two ways, either 
by taking from it a quantity not greater than itself, called 
Subtraction ; or, by repeatedly taking from it a quantity less 
than itself, called Division : because, by this last operation, 
the quantity is evidently separated or divided into a number 
of equal parts. 

8. The two attributes of quantity, viz., increase and dimi- 
nution, are then the two fundamental principles, upon which 
are based the four operations — Addition, Subtraction, Multi- 
plication, and Division, 

9. Now, as there is no other method whereby a quantity 
can be increased and diminished, these four operations are 
called the four cardinal or fundamental operations of Arith- 
metic : all others being dependent on and performed by them. 

10. Arithmetic, the science of numbers, then, is, in its most 
extended sense, neither more nor less than the knowledge of all 
Hie numerical operations based upon, and arising out of, the 
two simple attributes of quantity — increase and diminution. 

11. The four cardinal operations are represented by the 
following signs : "^ 

+ Plus or more, the sign of Addition. 
— Minus or less, ** Subtraction. 

X or • Into, " Multiplication. 

-I- By (divided by) " Division. 

12. That which we attempt to examine, discuss, determine, 
or prove, by one or more mathematical operations, is called 
the Proposition; commonly in Arithmetic, the Question. 

18. The truth or conclusion arrived at is called the Result 
or Answer, 

14. The general process by which a proposition or question 
is determined is called the Solution. 

16. When, in solving a question, only one cardinal opera- 
ration is used, tlie answer has a distinctive name. 
In Addition, the answer is called the Sum. 

SuG^raotion " " [Difference or 

feubtractiOD, | Remainder. 

Multiplication, " " Product. 

PivisioD, " " Quotient, 
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Thus : a plus h (a -^- b) is a Sunij (a added to 6.) 

a minus (a — b) is a Difference^ (b taken from a,) 
a into 6 (a X ^) is a Product^ (a multipliecj by 6.) 



a 



, ahj h (a -r- b) OT T is a Quotient (a divided by b.) 

16. The quantity established as a Standard Measure is 
called a Unit Thus, One Barley-corn is a Unit. Three 
barley-oorns, placed lengthwise in contact, make one inch; 
twelve inches, one foot; three feet, one yard, &c. The time 
of the revolution of the earth about its axis is called one day. 
The day is divided into twenty-four equal parts, each of which 
is 0716 hour. The hour is divided into sixty equal parts, each 
of which is one minute. The minute is divided into sixty 
equal parts, each of which is one second. 

17. The Unit is represented by the Figure 1, one } which, 
in its general sense, signifies one thing of any kind; and serves 
as a Standard of Comparison for all things of the same kind. 
Hence the Figure 1 may represent 1 barley-corn, 1 inch, 1 foot, 
1 yard, 1 day, 1 hour, or any other known standard measure 
or thing. 

18. The figure 1 is still a unity when not applied to any 
thing, in which sense it is called Abstract , (abstrahere, Lat., to 
9eparate.) When applied, it is called Concrete, (concretus, Lat., 
joined together.) 

19. The Combination or Addition of two or more Units 
forms what is called a Number. 

20. A sign made thus =, called Equal io or Equals, is 
placed between two quantities or expressibns to show their 
equality; the whole forming what is called an Equation. 
Thus, the Equation 1 -|- 1 = 2 is read, one plus one, equal 
io two; or, more commonly and perhaps better, one plus 
one, equals two. Hence, (Art. 19,) 2 is the first or lowest 
Dumber. 

A sign made thus > is called greater than; reversed thus -<, 
less than. 

Observe that 1 + 1 is a Combination or Addition^ in fact 
a Sum or Product ; and this sum or product equals 2. It is 
erroneous to say 1 + 1, one plus one, are equal to 2 ; or 1 and 
1 are equal to 2, because the plural word (are) implies their 
disunion. We must therefore say 1 and 1 is 2, or twice 1 w 2. 
That is, the sum or product is 2. 

21. The next Combination, formed by adding another 
unit, is expressed by each of the Equations 1 + 1 + 1 = 3; 

2 
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2 -f- 1 = '^j or 1 + 2 = 3; which we read 1 plus 1 plus 1 
equals three; 2 plus 1 equals 3, or 1 plus 2 equals 3. 

22. Let the line ^ ^ f be 2 inches long, and 

the line 3 inches long: then, 

9 

the middle oi ah c being at h, and the middle of a 6 c ^ at ^, 

half-way between h and c, it is plain that we can divide ah c 

evenly ) that is, into 2 equal parts, without breaking eithe"r of 

its units. Also, that we cannot so divide ahcd ; because the 

unit h c will be broken at g ; and each half of the line ahcd 

will contain one inch and a half. 

23. A number consisting of whole units only is called an 
Integral or Whole Numhery (integer ^ Lat., whole.) A number 
containing broken parts is called a Broken or Fractional 
Numher^ (fractus, Lat., broken.) Hence the numbers 2 and 3 
are whole numhers; but one and a half is a fractional numher. 

24. A number whose half is integral is called an even 
numher. And a number whose half is fractional is called an 
Odd Numher. Hence 2 is an even numher ; and 3, an odd 
numher. 

25. Beginning with the Unit, (which, though in itself, 
really not a number, is often, for the sake of form, called 
Numher 1,) we progress regularly hy adding a unit at a timcy 
in forming what is called, the Scale of Natural Numhers : 
thus, 1 oncy 2 ttoOy 3 three^ 4 four, 5 fve, 6 six, 7 seven, 
8 eight, 9 7mie, &c. It is easy to see that, in this scale, the 
numhers are odd and even ad infinitum (ad infinitum or 
ad inf. J Lat., to infinite/ or without end.) 

26. Though the Scale of Natural Numbers evidently pro- 
gresses ad inf., seeing that, however great a numher may he, 
we can still add a unit, the figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 
are the only ones by which anv number, whole or fractional, 
however great, is expressed ; ftom which it is easy to infer 
that each of these figures is made to assume new values, 
increasing ad inf. 

27. The next number in the scale, called ten, is expressed 
by the figure 1, which assumes this new value merely hy a 
new position or place, and to show this the figure 0, Nought 
or Cipher, (which signifies nothing^) is placed on the right 
of it, thus : 10. Because lias no value ov signification, 
except merely empty place, thy other figures are, by way 
of distinction, called Signijit nut Figures; sometimes Digits, 
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(digitus, Lat., finger.') The first idea of the method of express- 
ing numbers having been, it is supposed, derived from the 
fingers. 

28. In the number 10, the nought is considered as occupy- 
ing the place tchich the digits occupy when alone ; and, there- 
fore, this first, or right-hand place, is called the place of units. 
The unit being thus removed one place towards the left, has, 
merely from its place, assumed a new value equal to ten times 
its former value ; and, hence, the place where it stands, or 
second place, is called the place of tens. 

29. The place of units being empty, we continue the regu- 
lar formation of numbers, by substituting, for the nought, the 
nine digits in succession : thus, beginning with ten, we have 
the numbers 10 ten, 11 eleven, 12 twelve, 13 thirteen, U four- 
teen, 15 fifteen, 16 sixteen, 17 seventeen, 18 eighteen, 19 nine- 
teen : the numbers 11, 12, &c. being ten and one, ten and two, 
ten and three, &c. to ten and nine, inclusive. 

30. Continuing the formation, we add 1 to the 9 units of 
l9 ; and transferring the ten, thus formed, to the second 
place, by a unit, as before : we add this 1 to the 1 already 
there, which makes 2 tens, or 20, twenty, and the place of 
units again becomes vacant. Then, repeating the digits in 
this place, as before, we form the numbers 21 twenty-one, 
22 twenty 'two, &e. to 29 twenty-nine. 

31. By adding 1 to the 9 units of 29, and transferring the 
ten, thus formed, to the second place, we have the number 
3 tens or 30 thirty. Continuing thus, we form the tens in 
succession, which are 10 ten; 20 twenty ; 30 thirty; ^^ forty ; 
hQ fifty ; 60 sixty ; 70 seventy ; 80 eighty ; 90 ninety. Again 
repeating the digits, we have 91 ninety-one, 92 ninety-two, 
&c. to 99 ninety-nine, which is the greatest number expressed 
by two figures. 

32. By adding 1 to the 9 ynits of 99, and carrying the ten 
to the second place, by the figure 1, as usual ; this, together 
with the 9 already in this place, makes ten tens, which we 
express precisely in the same manner as we did ten units, • 
namely, by the figure 1 carried to the next place towards the 
left, by which means the place of tens, as well as the place 
of units, becomes vacant, and we supply both accordingly 
with ciphers, thus : 100, and read one hundred. The third 
place is, therefore, called the j)loce of hundred s. 

33. Thus we see that the use of the cipher is to hold tJie 
place of an order of units lohich becomes vacant. 
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34. Continuing the formation of numbers in the empty 
places, as at first, we have 101 one hundred and one; 
102 one hundred and two, &c., to 199 one hundred and 
ninety-^ine. Again, proceeding as in Art. 32, we form the 
number 200 two hundred ; and in like manner^ as above, suc- 
cessively, the numbers 300 three hundred; 400 /bwr hundred; 
500 five hundred ; 600 six hundred ; 700 seven hundred ; 
800 eight hundred] 900 nine hundred; as also the numbers 
901 nine hundred and one ; 902 nine hundred and two, 
&c., to 999 7iine hundred and ninety-nine; which is tJie great- 
est number expressed hy three figures. 

35. In adding a unit to 999, to form the next number, we 
have first ten units, which we express by 1 in the second 
place; then ten tens, which we express by 1 in the third 
place ; and, lastly, ten hundreds, which we express by 1 in the 
fourth place; thus, 1000, (the three vacant places being sup- 
plied with ciphers,) and read one thousand. It is easy to see 
that, proceeding as above, we should successively form the 
numbers, 2000, 3000, 4000, 5000, 6000, 7000, 8000, 9000; 
which are read two thousand, three thousand, &e. to nine 
thousand; as well as the numbers 9001 nine thousand and 
one; 9002 nine thousarhd and two, &o., to 9999 nine thousand 
nine hundred and ninety nine, 

36. Hence we see that the/ormation of new orders towards 
the left is without end, depending upon this universal law, 
namely — the value of ten units of any order is expressed by 
one unit of the next order towards the left — according to 
which, the digits assume new values, increasing towards the 
left ad inf. tenfold for each remove, and are, by this means, 
capable of expressing any number whatever. 

37. We have seen that the value of a unit in the second 
place is equal to 9 -)- 1 ; in the third, to 99 -|- 1 ; in the 
fourth, to 999 -\- 1, &c., according to a general law : where- 
fore, the value of a unit, in any place towards the left, is 
equal to the number expressed by a horizontal row of nines 
equal, in number, to the number of places on the right of that 
unit, plus 1 : and, hence, a unit in any place towards the left 
expresses a number greater than that expressed by all the 
figures which can stand on the right of it. 
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SECTION 11. 

« 

. NUMERATION. 

38. Numeration is the (jcneral method of reading and 
writing niiinhers. 

39. As there is no end to the formation of new orders on 
the left, and as it would, even in ordinary numbers, be incon- 
venient to give a new name to each new order, the figures of 
large numbers are separated into periods of three figures each. 
Thus, beginning at the right handj and proceeding towards 
the left, we separate, hy a comma, the first three figures, 
which constitute the first period. Then, proceeding towards 
the left, we separate three more, and so on, regularly, till the 
whole of the figures are thus separated. As the number may 
consist of any number of figures, it is evident that the left- 
hand period will often contain oidi/ one or two figures. 

40. The first, or right-hand period, is called Units; the 
next Thousands ; the next Millions; and so, in succession, 
Billions, Trillions, Quadrillions, Quintillions, Sextillions, 
Septillions, Octillions, Nbnillions, Decillions, Undecillions, 
Diiodecillions, Tredecillions, Quatuordecillions, Quindecil- 
lions, Sexdecillions, Septendecillions, Octodecillions, Nbven" 
decillions, VigintilUons, Viginti-unillions, Viginti-hillions, &c. 

41. To facilitate the remembrance of the names of the 
periods, to show their import and relative position in the scale 
of numbers, as well as to extend them as far as required by 
any number within the scope of human thought or calculation, 
the following Table of Latin Numerals, from which they are 
nearly all derived, will be found very useful. 

From this Table we also derive th^e names of some months ; 
and there is this singularly coincident irregularity, viz., that 
as the Romans began their year in March, the month Septem- 
ber was, as its name denotes, in their Calendar, the Seventh ; 
whereas, in ours, — to which the name has been transferred, 
and which begins two months earlier, — it is the Ninth: so, 
also, in the scale of the periods, as we have two names, Units 
and Thousands^ which do not belong to the regular nomencla- 
ture, in which we may suppose that the name Millions has 
been substituted for Unillions ; the period Billions, which, 
from the. import of the word, should be the second, is the 
fourth, and, consequently, Septillions, which should be the 

seventh, is the ninth period. 

2* 
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42. To correct this discrepance, therefore, we must, in 
applying the Table, add 2 to the number corresponding to the 
name of the periody (or monthy^ which loill give its order ; 
or subtract 2 from the number showing its order, which will 
give the number corresponding to its name. Thus, for exam- 
ple, if I would know the order of the period Octillions or the 
month October ; as octo is eighty I add 2, which makes 10; 
I therefore say, that Octillions is the tenth period, and October, 
the tenth month. 

43. Again : if I wish to know the name of the tioelfth 
period, I subtract 2 from 12, and I have 10 ; which, in Latin, 
is decern : I therefore say, that the name of the twelfth period 
is Decillions. 



1. Unus. 

2. duo,(i/.s,/M?ice.) 

3. tres, or tria. 

4. quatuor. 

5. quinque. 

6. sex. 

7. septem. 

8. octo. 

9. novem. 
10. deceu). 



Table. 

11. undecini. 

12. duodecim. 

13. tredecim. 

14. quatuordecim. 

15. quindecim. 

16. sedecim. 

17. septendecim 

18. octodecim. 

19. novendecim. 



21. viginti-unus. 
30. triginta. 
40. quadraginta. 
60. quinquaginta. 
60 sexaginta. 
70. septuaginta. 
80. octoginta. 
90. nonaginta. 
99. nonaginta-novem. 
100. centum. 



20. viginti. 

44. By means of the table we may continue the nomen- 
clature of periods, thus: viginti'trillions, &c. to viginti- 
nojnllions; trigintillions ; triginta-unillions, tinginta-billions, 
&c. ; quudragentillions ; quadraginta-unillions, &c.; quinqua- 
gei2 till ions ; sexagentillions ; septuagentillions ; octogentillions ; 
nonagen tillions ; ceiitillions. 

45. The above Table, as well as the names of the periods in 
the Scale of Numbers, we could easily extend, but such exten- 
sion could, for our present purpose, be of no utility ; seeing 
that the number 1 centillion is far above the scope of human 
affairs or conception. For, if we suppose a hollow globe, ten. 
millions of millions (10 trillions^ of miles in diameter, to be 
filled with dust, so fine that there should be one thousand 
millions (1 billion^ of particles in each cubic inch ; the whole 
number of particles in this mighty mass would be an incon- 
ceivably small part oi 2i. centillion. 

46. It is plain (see Art. 36) that, whatever may be the 
value of the units composing any figure in the scale, the next 
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figure on the left will he tens^ with regard to that value^ 
and the next hundreds. Wherefore, in each period, going 
from right to left, we say wntVs, te?M, hundreds: that is 
to say, with respect to the digits, any figure on the right 
is a number of units; in the middle, a -number of tens, and 
on the left, a numbir of hundreds. Hence, we read the 
number, under any period, as if it stood alone, except merely 
at last pronouncing the name of the period. Thus, the 
number 243 is read two hundred and forty-three, under 
whatever period it may stand. For example, in the following 
number : 

M. Th. U. 
243 243 243 
Beginning at the left, we say, two hundred and forty-three 
Millions ; iwo hundred and forty-three Thousand ) two hun- 
dred and forty-three, 

47. Hence also, by its place, we easily determine the value 
of each figure in a number, without reference to the others. 
Thus, in the above, beginning at the left, the figure 2 is read, 
first, two hundred Millions; then, two hundred thousand; 
and, lastly, two hundred. The figure 4 is, first, forty Mil- 
lions; theUjffjrty Thousand ; and, lastly, /or^y. The figure 3 
is, first, three Millions ; then, three Thousand ; and, lastly, 
three. 

48. Again : from the same universal law, it is evident that 
we can, in a large number, read a part, consisting of a num- 
ber of consecutive figures, taken at pleasure, (the left-hand 
figure of such part being significant,) as a number of units of 
the order signified by the place of the right-hand figure of 
the part taken. Thus, in the number 

B. M. Th. U. 
128 029 625 343 
One hundred and twenty-eight Billions ; twenty-nine Mil- 
lions ; six hundred and twenty-five Thousand, three hundred 
and forty-three : taking the figures two and two in order, we 
read, twelve tens of Billions ; eighty hundreds of Millions ; 
twenty-niue Millions ; sixty-two tens of Thousands; fifty-three 
hundreds and forty-three : or, four and four, we read, one 
thousand two hundred and eighty hundreds of Millions ; two 
thousand nine hundred and sixty-two teris of Thousands; 
five thousand three hundred and forty- three : or, taking the 
two middle figures, we read, ninety-six hundreds of thousands: 
or, taking eight figures, beginning with the figure 8, we read 
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eighty Millions, two hundred and ninety-six Thousand, two 
bunjired and fifty-three hundreds, or any other part in the 
same manner, at pleasure. 

49. From the above, we easily perceive that any number^ 
having a significant figure in the place of units, may he 
considered as a binomial ; (bis, twice, and nomen, name ;) 
that is, as consisting of two names or parts, one of which is 
the number of tens expressed by aU the figures on the left of 
its unit figure; and the other the number of units expressed 
by that figure. Thus, the above number, considered as a 
binomial, consists of twelve Billions, eight hundred and two 
Millions, nine hundred and sixty-two Thousand, five hundred 
and thirty-four tens and three units. This general binomial 
property will be fqund important in some of our future 
details. 

50. When some of the intermediate orders or periods of a 
number contain ciphers only, we omit such orders or periods 
in reading, as also the name Units: because, all numbers 
being composed of units, that name is applicable to any order 
or period. Thus, the following number, 

B. M. Th. U. 

1 000 009 022 
is read One Billion; nine Thousand and twenty-two. 
Let the following numbers be expressed in words : 



1. 101 

2. 110 

3. Ill 



4. 1001 

5. 1010 

6. 1100 

13. 5006030 

14. 40206017 

15. 95000070004 



10. 900090 

11. 300400 

12. 506011 



7. 10010 

8. 10002 

9. 10120 

16. 694032580795251 

17. 875875875875875 

18. 12000679800979040 

19. 111617125198423514891 

20. 83006500010110099580000428 

51. When familiar with the Table, and the names derived 
from it, we dispense with actually pointing the periods and 
writing tlieir names. Thus, in the number 

65428075000095008 
beginning at the right hand and taking the figures three at a 
time, we count the number of periods, saying, 1, 2, 3, 4, 5, 6, 
and (42) subtracting 2, we have 4 for remainder, by the Table 
quatuor, and hence, quadri/lionSf for the name of the highest 
period. Wherefore, having in this the figures 65, we read 
sixty-five Quadrillions ; four hundred and twenty-eight TriU 
lions; seventy-five Billions; ninety-five Thousand and eight. 
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To read this as a binomial, we begin with the tens in count' 
ing the periods ; and finding 6 only in the highest, we say, 
six Quadrillions; Jive hundred and forty-two Trillions^ 
eight hundred and seven Billions ; Jive hundred Millions ; 
nine thousand Jive hundred TENS, and eight UNITS. 

In like manner, let each of the following numbers be read 
as a Natural and as a Binominal Number : 

1. 2986400032504003 

2. 1000078540003205 

3. 98000043587020050076 

4. 6850685006850006850000685 

Let the following number be read in parts, taking the figures 
consecutively two and two, four and four, and five and five, as 
in Art. 48 : 

64026402640264026402 

62. To express, in figures, a large number given in words, 
we Jlrst write the names of the periods, beginning with Units 
and ending with the highest or first name mentioned in the 
reading. Then, beginning with the left-hand period, we 
write its number underneath, as if it were to stand alone. 
As we progress from left to right, the order of the places is, 
under each period, hundreds, tens, units; consequently, in 
writing its number, we first consider whether it contains hun- 
dreds, and write a cipher or digit in the left-hand place 
accordingly. We next consider whether it contains tens; and 
write, accordingly, a cipher, or digit in the middle place. 
Lastly, in like manner we supply the place of units. 

If, in the reading, any period is wanting — that is, not men- 
tioned — we must, of course, write 000 under it. 

The cipher is of no use, when placed on the left of all the 
significant figures ; because, in this situation, it does not show 
their position towards the left. 

To express, in figures, the number Forty Quintillions ; ten 
Quadrillions; two Billions; ten Millions; eleven Thousand^ 
four hundred and twelve ; we first write, as above directed, 
the names of the periods, 
Qnintillions Qaadrillions Trillions Billions Millions Thousands Units. 

40 010 000 002 010 Oil 412 

Then, as the number first dictates Forty Quintillions, we 
write 40 under Quintillions, as if it were to ^tand alone. 
Next, for the ten Quadrillions, as this number contains too 
hundreds, we first write in the place of hundreds ', then, as 
ten is expressed by a unit in the place of tens, we write 1 in 
that place. Lastly, as there no units, we write m t\ift ^\wi^ 
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of units : thus, we have 010 (nought^ one, nought) under 
quadrillions. Next, as there are no Trillions mentioned in 
the number, we write ©00 (nought, nought, nought) under 
Trillions. Then, for the two Billions, as this number contains 
neither hundreds ~nor tens, we first write in the place of 
hundreds } then, in the place of tens ; and, lastly, 2 in the 
place of units : thus we have 002 (iiought, nought, two) under 
Billions. We next write ten Millions, as we did ten Quad- 
rillions, namely, 010, {nought, one, nought,) under Millions. 
Then, for eleven Thousand, as this is ten and one, we first 
write in the place of hundreds ; then 1 in the place of tens ; 
and, lastly, 1 in the place of units: thus, we have Oil 
(nought, one, one) under thousands. Lastly, we write four 
hundred and twelve, 412, (^four, one, two,) under Units, as 
we should under any other period, namely, as if it were to 
stand alone. 

Let the following Numbers be expressed in Figures : 

1. Eighty Thousand, six hundred and twenty. 

2. Eleven Millions; four hundred Thousand and/owr. 

3. Fourteen Millions, nineteen Thousand and eleven. 

4. Five hundred and four Millions ; one hundred Thousand 
and 0716. 

5. Nine hundred and 7ii??6 Billions; ^/aV^y Thousand and 
ten. 

6. Two Trillions ; three hundred Billions ] forty Millions ; 
four Thousand. 

7. One hundred and ninety Quadrillions ; twelve Billions ; 
one Thousand. 

8. Fourteen Nonillions ; sixteen Sextillions ; three hundred 
and twenty-six Quintillions ; fourteen Millions and six. 

9. Five hundred Decillions ) eight Octillions ; twenty Sep- 
tillions ; one hundred and one Quadrillions ; one hundred and 
eleven Trillions ; nine Billions ; five hundred Thousand and 
forty-two. 

10. Ten Duodecillions ; one hundred and nineteen Nonil- 
lions ; fifteen Octillions ; thirty Septillions ; four Quintillions ; 
five Trillions ; fifty Billions ; ninety-one Millions ) one hun- 
dred and ten Thousand and thirteen. 

53. The Unit, which is repeated or multiplied in forming a 
number, we shall call the Generic Unit, (genus, Lat., kind^ 
sort,) because it shows of what kind the . number is. Hence 
the abstract unit, represented by the figure 1, is the generic 
unit of all natural whole numhers. Also, in general, the 
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unit from which a number derives its name is the generic unit 
of that number. 

54. We hare seen (49) that a natural number, having its 
unit figure significant, may be considered binomial. This we 
shall call a Natural Binomial, (Kat. Bin.^ But a number 
of consecutive figures, taken at pleasure, is (48 and 53) read 
as a natural number j having, for its generic unit, a unit of 
the order of its right-hand figure : consequently, if this figure 
be significant^ the number expressed by those figures may 
also be considered binomial, having for its units the number 
expressed by its right-hand figure, and, for its tens, the 
number expressed by the figures contained in it on the left 
of that figure. This we shall call a Factitious Binomial, 
(Fac. Bin.) 

Wherefore, in the same number,- though we can have but 
one Natural Binomial, we may constitute many Factitious 
ones. 

55. If, on the right of a Nat. Bin., we place a cipher, 
it ceases to be binomial, the whole being now (48) a number 
of tens.^ It may, however, be considered a Fac. Bin., which 
may be read as before, with this condition, that the generic 
unit of each of its parts is ten times as great as before: hence, 
the number is multiplied by ten. 

Again : if another cipher be placed on the right, it is (48) 
read as a whole, a number of hundreds : and as a Fa>c. Bin. 
the generic unit of each part is 100 times as great as at first. 
Hence the number is multiplied by 100. 

Thus we see, that to multiply a number by 10, 100, 1000, 
&c., we have only to place 1, 2, 3, &c. ciphers on the right. 

56. Again : in a number having on the right, the part 
on the left of this 0, being a number of tens, is the qtiotient 
found in dividing the number by 10', because it shows how 
many times 10 can be subtracted. If there be two ciphers, 
the part on the left, being hundreds, shows how many times 
100 can be subtracted: and, hence, it is the quotient in 
dividing by 100. 

Wherefore, to cut off 1, 2, 3, &c., ciphers on the right of a 
number, is to divide that nifmber by 10, 100, 1000, &c. 

57. When a unit or number is repeated two or more 
times, the sum found by adding or combining the whole 
together is said to be the product of two numbers multiplied 



* A number having one name is Monomial, (rnonos, Greek, one») 
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together or into each other, — one of which is the number 
repeated, or multiplicand, and the other, the number which 
shows how many times it is repeated, or multiplier. 

Hence, any number is the product of its generic unit multi' 
plied by that number. Thus 1 X 24 = 24. 

58. If, from a number which contains another a certain 
number of times, we subtract that other until nothing remains, 
the number from which we subtract, or dividend, is said to be 
divided by the number subtracted, or divisor : the number of 
times it is subtracted being the quotient. 

Hence, any number is the quotient, found in dividing that 

24 
number by its generic unit Thus -r- =;= 24 

Wherefore a number multiplied or divided by its generic 
unit, remains the same. 

59. Of the two numbers forming a product, either may be 
the number repeated, or multiplicand; the other being the 
number of times it is repeated, or multiplier. For example^ 
if we write separately the units of the figure 6, and repeat the 
number separated; 4 times, in rows under each other thus : 



we see, that for every unit in the row repeated, we have a 
column containing a number of units, which agrees with the 
number of times the row is repeated. Thus, for 2 rows, we 
have 6 columns of 2 units each, or 6 times 2. For 3 rows, 
6 times 3. For 4 rows, 6 times 4, as here exemplified, and 
so on. Hence, we see that the product is formed by a repeti- 
tion of either the multiplicand or multiplier, which two num- 
bers are, therefore, called the two factors (makers, facere, 
Lat. to do or make) of the product; because the product is 
the sum obtained by the addition of the series formed by 
repeating either factor as often as there is a unit in the other. 
Thus, 6 + 6 + 6 + 6 = 4 + 4 + 4 + 4 + 4 + 4 = 24; or, 
6X4^4X6 = 24; that is, 4 times 6 equals 6 times 4 : 
and it is the same with any two numbers multiplied. 

60. Again : either factor, in showing how often the other is 
contained in the product^ shows how often that other could be 
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mbtractedy and is, consequently, the quotient in dividing 
the product by that other factor. Wherefore, if we divide 
the product of two numbers by either of them, tJie quotient 

24 24 

will he the other. Thus, -j^ = 4and-j^ =6. 

Hence, also, a number multiplied and divided hy the same 

number is still the same. Thus, — r — = 6 ; that is, multi- 
plication and division destroy the effect of each other ; also, 
addition and subtraction destroy the effect of each other; 
which properties are the natural result of the opposite attri- 
butes of quantity. 
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ADDITION. 



61. Addition is the method by which we classify and com- 
bine the orders of several numbers so as, of the whole, to form 
but one number, called the sum. 
Note, The word Sum should not be used for Question, 
By rendering the mind familiar with the combination of 
each of the digits with each of the others, as in the following 



Addition Table: 



2H 


h2— 4 


3-1 


\-S= 6 


2H 


\-S— 5 


3H 


h4— 7 


2H 


h4— 6 


3H 


f-5— 8 


2H 


h5— 7 


3H 


h6== 9 


2H 


h6— 8 


3H 


h7 — 10 


2H 


h7— 9 


3H 


1-8 = 11 


2H 

2J 


h8 = 10 
^9 — 11 


3H 


[-9 — 12 


1 




8H 

8- 


h8— 16 
[-9—17 


9H 


h9 — 18 



4 + 4= 8 
4 + 6= 9 
4 + 6 = 10 
4 + 7 = 11 
4 + 8 = 12 
4 + 9 = 13 



the addition of 
expedition and 
and 5 is 13, we 



6 + 5 = 10 
5 + 6 = 11 
5 + 7 = 12 

5 + 8 = 13 
5 + 9 = 14 



6 + 6 = 12 
7 + 7 = 14 6 + 7 = 13 
7 + 8 = 15 6 + 8 = 14 
7 + 9 = 16 6 + 9 = 15 

the longest line of figures is performed with 
certainty. For example, if we know that 8 
shall easily perceive that 28 and 5 is 33; that 

3 
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38 and 5 is 43 ; ttittt 48 and 5 is 53, &c., seeing that tbe 
figure 3 reuKuns tbe same, and that it is easy to keep account 
of the addiUonal unit in tbe place of tens. 

62. The coirectness of an addition is proved ^ adding the 
fyureSf a second time, in on inverte or contrary order: 
WDich seoond addition mnat, if the work be right, give the 
same enm as the first ; consequently, when a different Bam is 
found, the work must be vacated till we find the lame. For 
example, in tbe following »ldition, 

24-34.4 + 1 + 5 = 15 
^ginning at the left, we eay, 2, 5, '0, 10, 16 : wbieh last we 
write as tbe sum. We then begin at tbe right, and sHj^ 
5, 6, 10, 13, 15 : whlcb sum, being the same as before, yni 
consider correct. 

68. Tbe following AddiUons are (67) MuliipTuMiioni, and 
sboidd be remembered for ^ture use. For practice in addi- 
tion, and to imprint them, as multiplications, on the memoir^ 
they may (beginning witb 2 and proceeding regalariy through- 
out) be repeated thus : 2 and 2 is 4 ; twice 2 is 4 ; 3 and 3 is 
6 ; twice 3 is ^ and (59) inversely, 3 limes 2 b 6 : and so on 
for the rest. Again : for the combinatitm of 3 figures, we say, 

3 and 3 is 6 and 3 is 9; 3 times 3 i»9:4and4iB8and4iB 
12 ; 3 tames 4 is 12 - and inversely 4 dmes 3 is 12, &o. For 

4 figures : 4 and 4 is 8, and 4 is 12, and 4 is 16 ; 4 times 4 
is 16 : 6 and 5 ia 10, and 5 is 15, and 5 is 20; 4 times 5 is 

: also, inversely, (which, tbronebout tbe wbde, shotild not 



. be foigotten,) 5 times 4 
repeat to 9 figures inclusive. 
2+2= 4 = 2X2 
8 + 3= 6 = 2X8 

4 + 4= 8 = 2X4 
6 + 5=10 = 2X5 

6 + 6 = 12 =2X6 

7 + 7 = 14=2x7 

8 + 8 = 16 = 2X8 

9 + 9 = 18 = 2x9 
4+4+4+4=16=4x4 
5+5+5+5=20=4x5 
6+6+6+6=24=4x6 - 
7+7+7+7=28=4x7 
8+8+8+8=32=4x8 
o [-9 +9+9^:36=4x9 



Kse. Is tbe same mannei 



8 + 3 + 8= 9 = 3X3 


4 + 4H 


4 = 12 = S X 4 


6 + 6H 


5 = 15 = 3X6 


6 + 6H 


6 = 18 = 3X8 


7 + 7H 


7 = 21 = 3X7 


8 + 8H 


8 = 24 = 3X8 


9 + 9 + 


9 = 27 = 8X9 


6+6+5 


+ 5+5=25=6x6 


6+6+6 


- -6+6=30=5x6 


7+7+7 


--7+7=35=6x7 


8+8+8 


- -8+8=40=5x8 



!l+9+9+9+9=46=5xl> 
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6H 


I-6H 


I-6 + 6H 


1-6-1 


7- 


-7- 


-7 + T-\ 


-7- 


8- 


-8- 


-8 + 8- 


-8- 


9- 


-9- 


-9 + 9- 


-9- 



6 = 36 

7=42 

8 = 48 

9 = 64 



6X6 
6X7 
6X8 
6X9 



7 + 7 

8 + 8 

9 + 9 



7 
8 
9 



7 

a 

9 



7 
8 
9 



7 
8 
9 



8+8+8+8 
94-94_94-9 



8 
9 



8 
9 



7=49 = 7XT 

8 = 66 = 7X8 

9 = 63 = 7X9 

8 + 8 = 64 = 8x8 

9 + 9 = 72 = 8x9 



9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 + 9 = 81 = 9x9 

In this last combination, observe, that, as the number 9 re- 
quires but one unit to constitute 10, the unit figure of the 
number added to it it diminished^ and that in the place of 
tens increased^ each hy a unit. Thus : in adding 9 to 9 we 
have 18 ; then, in adding 9 to 18, the 8 becomes 1 unit less, 
and the 1, one unit greater : hence, we have 27 ; and so, in 
succession, we have 36 ; 45; 64; 63; 72; 81. 

64. When, in adding, we meet with two digits, the sum of 
which is 10, we comprehend both at once, in simply reading 
our last result^ as having one more unit in the place of tens^ 
Thus, in the following addition^ 

2 + 3 + 9 + 7 + 3 + 9 + 6 + 4 + 9 + 8 + 2 + 9 = 71 
beginning at the left, we say : 2 and 3 is 5 ; and .9 is 14 ; and 
10 (taking 7+3) is 34; and 9 is 33; and 10 (6+4) is 43; 
and 9 is 62; and 10 (8 + 2) is 62; and 9 is 71. 

Then, beginning at the right, we say : 9 and 10 is 19 ; and 
9 is 28; and 10 is 38; and 9 is 47; and 10 is 67; and9 is 
66; and 3 is 69; and 2 is 71. 

Let the following examples be proved by udding both 
ways: 



1. 2-j 


f-2H 


\-l— 5 


11. 7 H 


h3H 


[-5 — 15 


2. 1- 


-2- 


-8= 6 


12. 6- 


-5- 


h5 — 16 


3. 4- 


-1- 


h2— 7 


13. 8 - 


-4- 


h5 — 17 


4. 2- 


-2- 


-4= 8 


14. 9- 


-4- 


h6 — 19 


5. 3- 


-4- 


h2— 9 


15. 9- 


-5- 


-6 = 20 


6. 3- 


-5- 


-2 = 10 


16. 9- 


-7- 


-6=22 


7. 4 + 5 - 


-2 = 11 


17. 9- 


I-7h 


-8 = 24 


8. 6 + 4 - 


1-2 — 12 


18. 9 + 8 n 


-8=25 


9. 8 + 2- 


-3 = 13 


19. 9 + 9- 


1-8 — 26 


10. 8-. 


t-3^ 


[-3 — 14 


20.- 9 - 


1-9- 


-9 = 27 



28 ADDITION. 

Let the results of tbe following be written and proved, as 
in the foregoing : 

1. 5_|_44.4 + 3= 6. 9 + 7 + 8 + 8 = 

2. 6 + 6.+ 6 + 6= 7. 7 + 9 + 6 + 6 = 



4 _j_ 9 _j- 9 4- 3 + 8 = 

c I ^ I o I n I T 



3. 7 + 4 + 3 + 8 = 

4. 8 + 5 + 8 + 6 = 

5. 8 + 6 + 8 + 9 = 



8. 




65. All the units contained in many given finite or limited 
numbers, however great, can be expressed 5y a single finite 
number. For, as the Scale of Natural Numbers is (26) in- 
finite, progressing by a unit at a time, it is evident that in 
continuing its formation, we shall, at length, arrive at a num- 
ber expressing all the units contained in the given numbers. 

66. Some learners perform the addition of large numbers, 
by separating the units composing each figure in those num- 
bers and adding them one at a time, which slow enumeration 
very much retards their progress. The necessity for this inju- 
rious practice may be obviated hi/ a frequent repetition of 'the 
addition table. 

67. From the above, it is plain that the only difierence 
between the formation of the sum of an addition and the 
regular formation of numbers, as in numeration, is, that in 
i adding, instead of progressing by a unit at a time, we compre^ 
hendy at each step, all the units contained in any digit which 

. ! may present itself to our view. 

n 68. In forming the sum of large numbers, care must be 
taken to combine with each other only those figures which ex- 
^ press units of the same order. For, as it is by ten units of 
' the same order that we form one unit of the next order to- 
wards the left, it is plain that, if we add units of different 
orders to each other, the sum, not being of any order^ cannot 
he expressed, neither can it form new orders. 
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69. JBecause it is with a unit that we begin to form nutn^ 
h^rt, and proceed towards the k/t, in adding large numbers, 
ve must tiegin by adding the unit figures^ then the tens, and 
w on. 

70. Also, because ten units of any order are ea^ressed by 
one unit of the next order on the lefi^ we carry one to the 
next order for every ten whiqh we find in the sum of any order 
of units. 

71. When the sum of any order is an exact number of 
tens ; that is, when its unit figure is 0, this must be written 
underneath the order, and the tens — which (49) comprise all 
the other figures — must be carried to the next order. If we 
omit this cipher, the digits on the left will (56) be ten times 
less €yom they should he* 

Examples, 
1. 463 + 95 + 776 + 81 = 140SL 

We begin on the right, and first add the unit figures, sa3ring : 
1 and 6 is 7, and 5 is 12 and 3 is 15. Then, taking room on 
the right of the sign ~ , as 15 is ten and 5, we write 5, and 
carrying 1, which is ten, to the place of tens, we add the 
figures in that place, saying : 1 and 8 is 9 ; and 7 is 16 ; and 9 
is 25 ; and 5 is 30. Now, as this is 30 tens, or 3 hundreds, 
we place on the left of 5 ; and carrying 3, we add the hun- 
dreds, saying : 3 and 7 is 10, and 4 is 14 ; which we write on 
the left of 05, and have 1405 for the sum. The figure 1, 
which is ten hundreds, being, in accordance with the general 
law, in the units place of thousands. 

To prove the work, we begin on the left, and add thus : 
3 and 5 is 8; and 6 is 14; and 1 is 15. We write 5, saying 
5 and go 1 to 5 is 6; and 9 is 15; and 7 is 22; and 8 is 30; 
and go 3 to 4 is 7 ; and 7 is 14. 

Let the following numbers be added in the position in which 
they stand, and the work proved as above : 

2. 34 + 151 + 987 + 72 = 

3. 2054 + 15 + 876 + 47 == 

4. 51573 + 358 + 9256 + 19 = 

6. 92 + 1509 + 435 + 79847 + 5840 = 
6. 317 + 25 + 8040 + 92273 + 38029 = 

72. When the numlt)ers to bo added are not only large, but 
numerous, it is usual, for the sake of convenience, to place 
them under each other, so that units of the same order may 
stand in the same column. This is easily done, in placing 

3* 
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the ttmt figures under each other j and the other figures in 
regular order towards the left; whereby, as all take their 
value by the same general law, from their position, as they 
advance in this direction, each figure will be found in a co- 
lumn with figures of the same order of units — ^thatis, if units 
he under units, tens will he under tens, hundreds under hun- 
dreds, &c. We then begin with the units, and add as usual ; 
taking care, after writing the unit figure of the sum of each 
column, to write also, underneath this figure, the tens which 
are to he carried to the next column. This is done for the 
sake of reference, and is very useful in long additions ; for if, 
while adding, any thing should call off the attention, we are 
not obliged to resume the work from the beg^ning. 

In writing the numbers of the following examples, to facili- 
tate the work, we first write under each other those of the 
lowest order; then those of the next higher, and so on till all 
are written. ^ 

Example, 

To add the numbers four hundred and ninety-six; three 
thousand seven hundred and forty-nine ; nine hundred and 
thirty-seven; seventeen thousand and eighty-five; five millions 
nine hundred and eighty-eight thousand four hundred and 
seventy-three; we place them thus: 

M. Th. u. 

496 

937 

3749 

17085 

5988473 



6010740 
112233 



Then, beginning at the right-hand column, (for the sake of 
greater despatch, we omit all intermediate language,^ and say : 
three, eight, seventeen, twenty-four, thirty. We write under 
the column of units. Under this we also write the 3 tens, 
which we carry to the next column, and say : ten, eighteen, 
twenty-two, twenty-five, thirty-four. Now, as this is 34 tens, 
or 3 hundreds and 4 tens, we write 4 under tens, and ujider 
this 4 the 3 hundreds, which we carry to the next column. 
In the same manner we proceed with the other columns till 
the operation is finished. » 
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To prove the work, we begin at the top of each column 
and add downwards, takiog them in order from right to 
left. 

73. The scholar^ having acqidred some facility in adding, 
should efatirely drop the use of intermediate language, except 
in carrying from one column to another, as in the following 
example : 

6935 

4872 
6888 • 
6975 

7978 

31648 
432 

where we say simply, 8, 13, 23, 28; 8 and go 2 to 7 is 9, 16, 
24, 34; 4 and go 3 to 9 is 12, 21, 29, 37, 46; 6 and go 4 to 
7 is 11, 21, 31, which last we set down in full. 

3. Add together three hundred and thirty-,six; ninety- 
seven; three thousand and seventy-four; eight hundred and 
eighty-seven; and six hundred and forty-three thousand eight 
hundred and nine. 

Answer. Six hundred and forty-eight thousand two hun- 
dred and three. 

4. Required the sum of eighty-two; four hundred and 
seventeen; forty-nine; three thousand seven hundred and 
thirty-eight; and eleven millions five hundred thousand and 
twenty-four. ^ 

Ans. Eleven millions five hundred and four thousand three 
hundred and ten. 

5. Required the sum of seyen thousand two hundred and 
nineteen; sixty-three; five hundred and sixty-four; fourteen 
millions seven hundred and nine thousand and forty-five; 
twenty-seven thousand nine hundred and ninety; seventy- 
seven; nine thousand and ninety-seven; and ninety millions 
thirty-three thousand six hundred. 

Ans. One hundred and four millions seven hundred and 
eighty-seven thousand six hundred and fifty-five. 

6. Required the sum of two thousand three hundred and 
fifty-six; sixty-six; three hundred and nineteen; twelve mil- 
lions five hundred and seven thousand and twenty-six ; ninety- 
four; seven hundred thousand and fifty-nine; four thousand 
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six hundred and ^eyenty-four ; and nine luindred and leight 
millions and six. 

Ans. Nine Iiundred and twentj-one millions two hundred 
and feurteen thousand six hundred. 

7. Bequired the sum of thirty-seven ; |d^ hundred and 
fifty-fiye ; three thousand and seventy ^ twenty millions ninety- 
four thousand and fifty-«even } seventy-four thousand and forty- 
seven; six thousand and ninety-nine; three hundred and 
twenty-eight; fifty-seven thousand five hundred and six; and 
six hundred and six miUion^ five hundred thousand seven 
hundred. 

Ans. Six hundred and twenty-six millions seven hundred 
and thirty-six thousand four hundred and ninety-nine. 

8. What is the sum of fifty-eight; three thousand and four'; 
eighty-three; ten thousand four hundred and ninety; three 
hundred and fourteen; six millions six hundred and four 
thousand and seventy-five; two hundred and twenty-^four ; 
eleven thousand and fifty ; and five biUipps one hundred and 
four thousand and seventy-two. 

Ac». Five billions six million^ seven hundred and thirty- 
three thousand three hundred and seventy. 

Let the following examples be performed and proved^ as 
above: 



123 


426 


627 


713 


316 


321 


832 


428 


713 


242 


415 


596 


33^ 


651 


352 


362 


244 


344 


486 


485 


352 


163 


379 


764 


614 


523 


861 


819 


221 


333 


943 


926 


542 


4732 


595 


999999 


762 


3567 


667 


526483 


666 


4536 


649 


384625 


865 


2246 


887 


721983 


535 


72^ 


556 


889127 


232 


4582 


856 


623915 


432 


5463 


997 


519326 


464 


7753 


878 


224179 


442 


3464 


884 


971422 
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7537 8658 9784 

8945 4956 9639 

3793 8524 7964 

9596 9987 9625 

6567 6593 8759 

8549 8648 8965 

2468 6327 9345 

3978 8398 9657 

8876 7892 3584 

6947 5647 4559 

6924 7256 8245 

4359 4967 8659 

8977 7979 3878 



7956 


8469 


7776 


3614 


2572 


5842 


5728 


8688 


3757 


3245 


9247 


2986 


6^172 


3584 


5339 


8518 


.5763 


9987 


2536 


2538 


2854 


4544 


9647 


6947 


6385 


3457 


5576 


4271 


* 7784 


9669 


6754 


3569 


7489 


3857 


4937 


B546 


1481 


7865 


7578 


7463 


8526 


6259 


5455 


3444 


9394 



74. The unit figure of the sum of any column, being of the 
order of the column, is written underneath ; and as the other 
figures of this sum express (48) a number of tens with regard 
to that figure, they are carried, as that number, to the next 
column on the left ; the figures of which, (36) in the same 
sense, are also tens. Therefore, when the ium of a column 
equals or exceeds 100, the number to be carried will be 10 or 
more : when the sum equals or exceeds 200, the number to he 
carried will be 20 or more : when the sum equals or exceeds 
300, the number to be carried will be 30 or m,ore, &c. On reach- 
ing 100, the scholar may make a dash at the side of his work, and 
proceed with the surplus, as at first. 



34 ADDITION. 

5397 6827 7878 9247 

8423 5473 6845 8939 

9467 6227 9543 4964 

8528 8294 8773 9789 

9726 3764 9685 2576 

9458 7753 7552 8437 

8597 7289 8788 5865 

4867 9936 9722 5895 

5458 5979 5896 7788 

2847 9374 6539 9927 

9993 8495 6789 8534 

, 5728 8739 8466 6782 

6958 5687 8837 9549 

7278 8547 4983 6989 

8576 9778 9956 2774 

2398 9735 7454 4986 

7597 6849 8793 3927 

6385 7744 9749 7788 

5255 8392 6648 5947 

3446 9969 8658 9969 

8976 9889 9776 2879 

5843 3897 9437 8729 

7555 5955 9586 9569 

Addition may be considered the principal, and, indeed, the 
moat laborione operation of the Counting-houae. The pnpil, 
therefore, shonld, b; all means, endeavour to reader himself 
as ekil&l as possible in tbis most importtuit operaUon. The 
old adage — " practice makes perfect" — is oertainly applicable 
hen, if anywhere; and there can be little donbt that one of 
tlie veiT best methoda to adopt is to repeat the same operation 
many times, writing the resolt each time, by which the student 
will not only clearly perceive his liability to err, bat also the 
progress be is hanrly making towards pmectjon. He ehonld 
•Asc frequently repeat each operation by taking the figures in 
an inverted or conb^ty order. 

The answers to these questiona are omitted, beoanse the in- 
ecrUoa of them might induce earelesraess in tbe achcdar, and 
becaoae the teatiiAr, haTing once seen them, will, by a mere 
glaaoe of the eye, determine whether the work offered for in- 
spejlion is correct or not; and the soholar should not present 
hia work till he baa found the same result by two oonseontiTe 
ad(£ljonB peribrmed in a contrary order. 
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9785 
8993 
6769 
2856 
5537 
4689 
3898 
7965 
8796 
9865 
6597 
4468 
6257 
3889 
7989 
6985 
7397 
8836 
9267 
2745 
3498 
9678 
6554 
4367 
5879 
7983 
8235 
9396 
9927 
7869 



73466 
58529 
47988 
53547 
88622 
83664 
82573 
77648 
92595 
74929 
44972 
62833 
25297 
34569 
87644 
55827 
33947 
62352 
86579 
23745 
87966 
25348 
85462 
92999 
55774 
86258 
23644 
37337 
24685 
94927 



39624 
57868 
85647 
92958 
83459 
27766 
88342 
27928 
99424 
55277 
83922 
95986 
24654 
83756 
77732 
83988 
65689 
49786 
32246 
85698 
97235 
44468 
52892 
84675 
39375 
47892 
85673 
43939 
56599 
99877 



52567 
89287 
45678 
9284^ 
56375 
28426 
88X77 
83637 
89975 
49638 
^7946 
83577 
25842 
89764 
55844 
97358 
64643 
77396 
99884 
59847 
32376 
99333 
48877 
55634 
84424 
58957 
89762 
25846 
89575 
88647 



SilCOflOJT IT. 



SUBTRACTION. 



75. The word SuhtracHon is derived from tlie Latm worA? 
fftt5, out or away^ and trah^e, to diaw, to take ; and, tiierefore, 
signifies to draw out or take away. 

76. There can be no differenop between two equals. Also, 
^ the whole of a thing be taken away, there ean be no remaiin- 



1 
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der. Subtraction, therefore, as an arithmetical operation, is 
the method of finding the difference between two unequal num- 
herSy hy arranging their or^erz so as to diminish the greater 
hy as many units as are contained in the less. The remaining 
part of the greater number is, consequently, called remainder 
or difference. 

77. The greater number, then, is composed of the remainder 
and the less number; consequently, to prove subtraction, we add 
the remainder and less number together y the sum of which equals 
the greater, when the work is right. 

78. If we take either of two numbers from their sum, the 
remainder will be the other. Wherefore, when the work is 
right, if we subtract the remainder from the greater number, 
we shall obtain the less, 

79. Of two unequal numbers, let 19 be the greater and 10 
the less. From 19, to subtract 10, we take away the unit 1, 
which is ten, and the remainder is 9. If to this remainder 9 
we add the less number 10, we have the greater number 19 : 
and this is done by replacing the unit on the left of 9. 
Again : if from 19 we take the remainder 9, we have the less 
number 10. 

Hence, we see that to subtract 10 from any of the numbers 
11, 12, 13, &o., 19, is merely to take away the unit in the place 
of tens. Also, to add 10 to any of the digits 1, 2, 3^ &o,j 9, 
is merely to place a unit on the left of it, 

80. Ab i&e 8ign minus - rep^ents a simple subtraction, 

80 the sign -j- represents a continual subtraction, which divides 

the number from which we subtract, into equal parts. In 

both cases — that is, when either of these signs is placed 

between two numbers — ^it is always the number on the right 

of the sign which is to be subtracted from that on the left. 

Thus, 9 — 3 = 6. Here, we say : 3 from 9, six ; and, in- 

6 
versely, (78,) 6 from 9, three. Again : 9-^-3 or ^ = 

o 

9 — 3 — 3, &c., as often as we can. Thus, 9 — 3 = 6; 
6 — 3=3, and 3 — 3 = 0. Where, having made three 
subtractions and arrived at 0, we say that 9 contains 3 just 3 
times ; that is, when 9 is divided into equal parts of 3 units 
each, the three subtractions show there are 3 of those parts ; 
and this number 3 is thence called the quotient^ (^udtihs, Lat., 
how often f) 

81. The frequent repetition or conning of the following 
Table will greatly facilitate the progress of the learner. In 
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each equation, where the remainder and less nnmber are not 
alike, first subtract the less number and afterwards the re- 
mainder. Thus, 2 from 5, three ; 3 from 6, two ; 2 from 6, 
four ; 4 from 6, two ; 2 from 7, five ; 5 from 7, two, &c., 
throughout. This will make the Table, as a preparatory 
exercise, more complete. 



Subtraction Table. 



4 
6 
6 
7 
8 
9 
10 
11 



2 
2 
2 
2 
2 
2 
2 
2 



2 
3 
4 
5 
6 
7 
8 
9 



18—9 = 9 



6 
7 
8 
9 

10 
11 
12 



3 = 3 
3=4 
3 = 6 
3 = 6 
3 = 7 
3 = 8 
3 = 9 



16 
17 



8 = 8 
8=9 



8 — 4 
9—4 
10—4 
11—4 
12 — 4 
13—4 



4 
5 
6 

7 
8 
9 



14 — 7 

15 — 7 

16 — 7 



7 
8 
9 



10 
11 
12 
13 
14 



5 = 6 
5 = 6 
5 = 7 
5 = 8 
5 = 9 



12 
13 
14 
15 



6 = 6 
6 = 7 
6 = 8 
6 = 9 



82. Of the two unequal numbers, whose difference is re- 
quired, the less may be any number in the natural scale, from 
1, to the greater minus 1. Now, if the numbers consist of 
several orders, and we require the subtraction of a unit of any 
order towards the left, — as the value of this (37) is greater 
than that of all the figures which could stand on the right of 
it, and (46) ten times less than the unit of the lowest order 
on the left, the subtraction of it would be impossible in any 
order, other than that to which it belongs. Hence the neces- 
sity, in arranging the numbers, for placing units under units, 
tens under tens, &c., which is done, as in Addition, by placing 
the units under units, and the other figures in regular order 
towards the left, 

83. The numbers 10, 100, 1000, &c., being (37) ^eater 
than 9, 99, 999, &c. &o., it is evident that in arranging, as 
we do, the less number under the greater, so that units may 
be under units, tens under tens, &c., all the figures of the less 
number may be greater than the corresponding figures of the 
greater. Also that all the orders of the greater, from which 
we are required to subtract, may be wanting. But, in either 
case, the greater number must have, at least, one unit of an 
order on the left of the highest order of the less number ; and, 
as this (37) is greater than all the figures which can stand on 
the right of it, — and, consequently, than the whole of the less 

4e 
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tatimber,-^— ic€ can^ from the value of this unity form all the 
orders which are wanting in the greater number ^ and subtract 
those of the less number from thefn, 

84. If^ to each of two unequal numbers, we add the same 
liumber, this addition has no effect upon their difference^ 
Because, it is evident that, by adding to the greater number^ 
we increase the difference; and by adding to the less, we 
diminish it. Wherefore, as these two opposites (60) destroy 
the effect of each other, the difference is 9till the same, 

85. When the lower figure is greater than the one above it, 
and, consequently, its subtraction impossible, we add ten to 
the upper figure ; that is, (79,) we read it as if it had a unit 
on the left. From this we subtract the lower figure, and write 
the remainder underneath. Then, proceeding towards the 
left, we add a unit to the next lower figure j or, rather, we 
read it one unit greater than it is, and subtract as before. 
By this process, the same number is added to each of the 
given numbers; because (36) th^ ten which we add to the 
upper figure, is equal to the unit which we add to the next 
lower one) consequently, the difference (84) is not affected. 

Examples, 

1. 4520876 — 831497 = 8688879 
4520376 Greater. 
831497 Less. 

8688879 Kemainder. 

>. 

Proof by Addition, 4520376 Gr. (sum of Kern, and Less*) 

In this example, th« lower figures beitig all greater than 
those above them, we add ten to each of the upper figures, 
except 4. We, therefore, read them in succession, beginning 
at the right, 16, 17, 13, 10, 12, 15^ Also, in consequence, 
■we add one to each of the lower figures 9, 4, 1, 3, 8, which 
We read successively, always going from right to left, 10, 
5, 2, 4, 9. 

The enunciation, then, is : 7 from 16, nine ; 10 from 17, 
Seven; 5 from 13, eight; 2 from 10, eight; 4 from 12, eight; 
9 from i5, six; lastly, as there is no figure under 4, 1 from 
4, three. 

86. When some of the lower figures are greater than those 
•tbove them, and some less, we must not add a unit to the neoft 
lowest figure, when we have not added ten to the preceding 
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ijppper one. The following example will assist the learaev in 
guarding against this error : 

2. 32057108Q — 109720158 = 210860928 

320671086 Greater. 
109720168 Less. 

210850928 Eemainder. 

Pwof by Addition, 320571086 Greater. 

Proof by Subtraction, 109720158 Less. 

Here, we say : 8 from 16, eight; 6 from 8, two; 1 from 10, 
nine; 1 from 1, nought; 2 from 7, Jive; 7 from 15, eight; 
10 firom 10, nought; 1 from 2, one; 1 from 3, two. 

Observe, that it is of little consequence whether the less 
number is placed under the greater, or the greater under the 
less. For, having proved the above example by addition, in 
order to prove it by subtraction, we perform the operation 
downwards: that is, we subtract the remainder from the 
number below it, saying, 8 from 16, eight ; 8 from 8, Jive ; 
9 from 10, one; 1 from 1^ nought; 5 fronfi 7, two; 8 from 
15, seven; 1 from 10, nine; 2 from 2, nought; 2 from 
3, one. 

^ Let all the subsequent examples in subtraction be proved 
both by addition and subtraction. Also, let the numbers be 
written in the form of those in the foregoing example. 

3. From four hundred thousand and sixty-two, take ninety 
thousand eight hundred and seven. 

4. From eight millions, three hundred and seventy thoa- 
8and and sixty, take five millions, nine hundred and forty-three 
thousand and seven. 

5. From nine millions, f^ve hundred and ten thousand five 
hundred and eighty-seven, take six millions, eight hundred 
thousand seven hundred and sixty-nine. 

6. From one hundred millions, one hundred and eigh^ 
thousand and fifty-eight, take ninety-nine millions, seventeen 
thousand three hundred and forty-^nine. 

7. From eighty-three millions, four hundred and one thou- 
sand two hundred and sixty-three, take four millions, three 
hundred and one thousand eight hundred and twenty-four. 

8. From sixteen millions, one hundred * and thirty-nine 
thousand seven hundred and twenty-four, take seven millicms, 
two hundred and nine thousand eight hundred and fifteen. 

9. From forty-three millions, one hundred and ten tbo^i- 
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sand eight hundred and thirty-two, take eight millions, four 
hundred thousand eight hundred and fifty-three. 

10. From ten millions, take ninety thousand and seven. 

11. From three hundred and two millions, one hundred 
and eightynseven thousand two hundred and ninety-on)e, take 
nine millions^ ninety-six thousand three hundred and ninety- 
two. 

12. From one billion and forty-nine, take nine millions, 
ninety thousand and ninety-nine. 

13. 9990003814 — 9890004905 = 

14. 30201150839 — 9101240095 = 

15. 64501100123 — 64401100124 = 

16. 2000003984565 — 1999304859739 = 

17. 1000009017834 — 9809908769 = 

18. 7893011053241 — 1795050072937 = 

19. 600001238497 — 21858788 = 

20. 1000001799112 — 999999998107 = 

87. A unit followed by ciphers we shall call an alt unity 
(altusj Lat., high,) Thus, 10 is the first alt, (1 altji) 100, 
(2 altji) 1000, (3 alt,) &c. The number which precedes the 
word alt shows the number of ciphers on the right of the unit. 

The first, second, third, fourth, &c. alt, we shall call the alt 
of any number consisting q/* 1, 2, 3, 4, &c. figures respect- 
ively. But (37) these alts are expressed by the binomials 
9 + 1- 99 + 1; 999 + 1; 9999 + 1, &c.; that is, the 
number of nines in the bin. value of an alt, corresponds with 
the number of figures in the number of which it is the alt. 

88. The difference between a number and its alt is called 
its arithmetical complement, (ar. comp.) Therefore, when 
the sum of two numbers is an alt unit ; eaxih number is the 
ar. comp. of the other. 

89. To find the ar. comp. of a number, (87,) we begin at 
the left, and subtract each of its figures, successively, from 9; 
taking care to subtract the right-hand figure from 10, which, 
being 9 + 1, completes the bin. value of the alt. Thus : 
to find the ar. comp. of 23564, beginning with 2, we say : 
7, 6, 4, 3, 6 : consequently, the complement is 76436. 

The numbers 23564 and 76436, which make the 5 alt, are 
the ar. complements of each other. 

This is so easy, that the scholar will, by dividing any ordi- 
nary number into periods, see its ar. comp., as it were, intui- 
tively, and read it with nearly the same facility as the number 
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Itself. Thus, if we have the number 26543257, dividing it, 
by the eye merely, we read at once its ar. comp., which is, 
seventy-three millions; ybwr hundred and fifty»%ix thousand, 
seven hundred and forty-three, 

90. If to a number A, we add the ar. comp. of a less 
number B, — as this ar. comp. (88) is the alt of B — B, we 
evidently increase A by this alt and diminish it by B. If, 
then, from the result, we subtract the alt, we have the differ- 
ence between A and B. Thus, to find A — B, 

Let A = 92245812 and B = 73456748 

Then, A == 92245812 
ar. comp. B = 26543257 = 100 millions — B or 8 alt ■— B. 

^ 18789069 Sum or A -f 8 alt — B. 

Here, suppressing the + 8 alt, (100 millions,) by which the 
result is too great, we have A — B == 18789069 

Proof. From 92245812 subtract 73456743 

92245812 Gr. 
73456743 Less. 

18789069 Kern. 

Wherefore, to find the difference between two unequal 
numbers, we have the following rule : To the greater add the 
ar, comp. of the lets, and, from the result, subtract a unit of 
the order of the alt of the less, 

91. In finding by the ar. comp. the diff. between A and B, 
or (A — B,) when the alt of B is yithin the compass of A, — 
that is, when A has more figures than B, — we may, in writing 
A, diminish it by a unit of the order of this alt ; which is the 
same as to diminish the result, and more convenient. Should 
this order, or two, three, &c. consecutive orders, as we proceed 
to the left, be wanting in A, write 9 in euch vacant order, 
and diminish the next digit towards the left hy a unit. 
Thus: 

Let A = 56000902346 and B = 9903077 
A — 7 alt = 55990902846 
ar. comp. B = 96923 

. 65990999269 diff. or (A — B). 

Here, as the alt of B is the 7 alt, or 10 millions, and, as 
this order and the next on the left are both wanting in A, we 
write 9 in each of these two places, and diminish the next 

4* 
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figure 6 on the left by a unit ; by which means (48) we have 
699 units of this order instead of 600. 

Proof A = 56000902346 
B = 9903077 

55990999269 (A — B) as before. 

Let the following examples be performed and proved in like 



manner : 



1. 997325 — 987406 = 

2. 520463 — 229074 = 



3. 1192076 — 999249 = 

4. 90000724-^999637 = 



5. 10000085060 — 9988204 = 

92. When B is a series of nines, — ^as the ar. com p. is, in 
this case always 1, — we have only to diminish A hy the alt 
and add 1 to its unit figure. 

1. 4250484 — 999999 = 3250485 

Here, as the alt is 6 alt, we merely subtract 1 from the 4 on 
the left and add 1 to that on the right. 

2. 80524631 — 9999999 = 

3. 53072058 — 99999 = 

4. 7000092406 — 9999999 = 

93. A series of nines is the alt minus 1. Therefore, to add 
a series of nines to a number, is to increase it hy the alt and 
diminish it hy a single unit. Thus : 

1. 7854 + 999 = 8853 

2. 7854 + 9999 = 17853 

3. 7854 + 99999 = 107853 

4. 7854 + 999999 = 1007853 

5. 9997854 + 99999 = 10097853 

94. The signs + and — , symbols of the opposite attributes 
of quantity, are further distinguished by the following appel- 
latives : The sign +, which shows the increase of quantity, 
— ^the operation by which it is numerically formed, and, hence, 
may be said to affirm its positive or real existence, — is called 
the affirmative or positive sign : and the sign — , the symbol 
of the operation by which it is diminished and ultimately 
destroyed, and which may, therefore, be said to deny it 
existence, is called the negative sign, 

95. A number, having + on the left of it, is called aposi^ 
tive numhery (real number.) A number, having — on the 
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teft, is ddHei a negative number ^ (imaginary number;) be- 
cause, of itself, it expresses a want of the number of units, to 
render it equal to 0, which as a real number it would express. 
Thus, — 5 -j- 5 = 0. Hence, the positive and negative value 
of the same quantity destroy eacJi other. Numbers without 
sign are, of course, positive. 

Note. The expression on the left of the sign = is called 
tlie first member^ and that on the right, the second member of 
the equation. 

96. Let a be the posifive, and — a the negative value of 
any quantity or number : also, let d = the difference between 
the two values. Then, if to each value we add a, this (84) 
will not affect d. Wherefore d is the difference between 
a-\- a and a — a : but a — a = 0, (95 ;) therefore, d is the 
diff. between a -\- a or 2a and ; consequently, d = 2a) 
that is, the difference between the positive and negative vahie 
of a quantity is twice its positive value, or the double of that 
quantity. 

Hence, to subtract the negative value of a quantity is the 
same as to add its positive value. 

97. This has sometimes been familiarly illustrated thus : 
There are two persons, A and B, one of whom, A, . has five 
dollars, (-f- 5 ;) the other, B, has no money, and is in debt 
five dollars, ( — 6.) Now, to discharge his debt — that is, to 
render him even with the world, or having nothing, (0,) B 
would require five dollars, and, to be on a par with A, five 
more : therefore, A is 10 dollars better off than B : that is, 
the diff. between -[- 5 and — 5 is 10. Also, as the cancelling 
or taking away of the debt of B is the same as to give B five 
dollars, we say, that to subtract — 5 is the same as to add 

. + 5. Therefore, when several negative quantities are to be 
subtracted, they must be added as positive quantities — that is, 
ail their signs must be changed from minus to plus. 

98. The scholar must not confound the idea of the subtrac- 
tion of negative quantities with that of their addition. Thus, 
a — a is the addition of the negative value of a to its positive 
value ; or, which is the same thing, the subtraction from a of 
its positive value. The expression of the subtraction of its 
negative value, without changing its sign, would stand thus : 
a — ( — a,) which looks awkward, and is much better writ- 
ten a -|- a. 

Wherefore, (as negatives, or quantity destroyers,) the 
writing of negative quantities, in any expression, with their 
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appropriate sign — , implies their addition ; with a contrary 
sign, their subtraction, 

99. To find*the value of an expression in whicli there are seve* 
ral positive and several negative numbers, add all the positive 
numbers together : then add all the negative numbers together ^ 
the difference between the two sums, preceded hy the sign of 
the greater J is the value of the expression, 

1. 569 + 19 — 34 + 17 — 413 — 9 = 149 

569 — 34 

19 413 

17 9 

605 Sum of positive. — 456 Sum of negative. 

Then 605 -^ 456 = 149. The greater sum being positive, 
ike remainder 149, which is the value of the expression, is 
positive, and is placed on the right of the sign =. 

Or, as it is of no consequence in what order the numbers 
are placed, we may proceed thus : 

669+19-34+17— 413— 9=569+19+17— 84--413— 9 

=,605—456=149 

In this case the work may be performed without placing 
the numbers under each other. 

2. 999— 2014 + 164 — 13 — 79+40=— 903 

999 — 2014 

164 13 — 2106 Sum of neg. num. 

40 79 1203 Sum of pos. num. 



1203 — 2106 — 903 di£ or required val. 

-In this example, the sum of the negative numbers being the 
greater, the value of the expression is negative, 

3. 254 + 649 — 46 — 75 + 843 — 997 = 

4. 327 + 542-^39 + 89 — 903 — 14 = 

5. 1050 — 5198 + 23 — 14 + 7 — 120 = 

6. 303 — 27 + 124 + 500 — 809 — 99 = 

100. The ar. comp. may here be of great use. Ascertain 
by the eye whether the result is likely to be positive or nega- 
tive, writing the ar. comps. of the numbers of contrary sign 
instead of the number : also taking care (90) to diminish \ij 

16 alt unit for every complement used. 
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1. 5846 + 2359 — 426851—4567= —423213 

—406851 
^ 4567 

4154 ar. comp. of 5846 
7641 ar. comp. of 2359 

— 423213 

Here, as we easily see that the result will be negative, we 
write the ar. comps. of the two positive numbers, the alts of 
which being 4th alt, we diminish the largest negative number 
by 2 units of this order. 

The scholar may prove the work by pursuing the ordinary 
method : 

2. 632946 — 171 — 3436 + 546 — 27 = 529858 

521846 

829 ar. comp. of 171 
6564 ar. comp. of 3436 
546 
73 ar. comp. of 27 

529858 

The result being evidently positive, we take the ar. comp. 
of the three negative numbers : and, as the alts are 2d, 3d, 
and 4th, we diminish the largest positive number by 1 unit of 
each of these orders. 

The scholar may prove as before. 

3. 54927 — 9999 + 99 — 9 = 

4. 483216 — 45— 259 + 354 = 

5. 5436729 — 29346 + 9999 = 

6. 64837 — 99 + 999 — 7254 = 

7. 999 + 58476 — 356742 — 187 = 

8. 9473 — 9999 — 549 + 64 + 999 = 

9. 624 — 569 + 1940 — 2835 + 943 = 

10. 854327 — 3745 + 9254 — 473 — 49 = 

11. 747599 — 274 + 9999 + 999 — 8451 = 
747597 + 726 + 1549 = 749872 (90 and 93) 

12. — 43560 — 999 — 99999 + 547 + 57 + 9999 = 
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MOLTIFLICATION. 

lOL The word multiplication is derived from two Latin 
words — mitllws, many, and plicare, to fold. 

Aa an operation, it is the method of finding, mth greater 
facility than by either Numeration or Addition, the turn pro- 
duced by the combination of all the units expressed hy writing 
a nunber two or more times. (See Art. 59.) 

lOS, The multiplication of numbers, however great, requires 
nothitg more than the multiplication of a single figure by a 
singlt figure. Hence, the following Table, which oontains all 
the pwduots ariaing from the multiplication of any two of the 
figures 2, 3, 4, 5, 6, 7, 8, 9, will prepare the scholar to per- 
form any multiplication whatever. To make the exercise 
complete, ho must perform each roalti plication, where the 
factots are not alike, both ways. Thus, for the ezpreaaion 
2X^ = 6, he must say, twice 3 ts 6 ; three timjn 2 is 6. 
For the expression 2X4=8, he must say, ta>ice 4 w 8 ; 
four times 2 ta 8, and bo on. 



2X2= 4 
2X3= 6 
2X4= 8 
2X6 = 10 
2X6 = 12 
2X7=14 
2 X 8 = 16 
2 X 9 = 18 


Multiplica 
3X3= 9 
3 X 4 = 12 
3x6 = 16 
3X6 = 1S^ 
3X7 = 21 
3 X8=24 
3 X 9 = 27 


ion Table. 
4x4 = 16 
4X6 = 20 
4 X 6 = 24 
4X7 = 28 
4X8 = 32 
4 X 9 = 36 


5 X 5 = 26 
6X6 = 30 
6X7 = 36 
6x8=40 
6x9=46 


6X6 = 36 
6X7 = 42 
6X8=48 
8X9 = 54 


7x7=49 
7 X 8 = 56 
7X9 = 83 


8X8 = 64 
8x9 = 72 


9X9 = 81 



lOS. The numbers produced by the oontinual addition of 
each of the digits form the following Table, which is attri- 
buted to Pythagoras. The first line ia formed by adding 1 
to ititlf and continuing the addition till we have 9 times 1. 
The teoond line, by adding 2 in the same manner. The third, 
/ adding 3, and to on for the others. 
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Pythagorean Tahh, 



a 



d 



i^ 


2 


3 
6 

12 
15 

18 


4 

8 

12 

X 

20 
24 
26 
32 
36 


5 
10 
15 

20 

M 

30 
35 
40 
46 


6 
12 

18 
24 

30 

>< — 

42 
48 
54 


7 

14 
21 
28 
35 
42 

66 
63 


8 

16 
24 
32 

40 
48 
66 


9 
18 
27 
36 
45 
54 
63 
72 


2 


\ 


3 


6 


4 
5 


8 
10 


6 


12 


7 


14 


21 

24 

27 


8 
9 


16 

18 


72 


hi 



*Wlieiai two fitmght lines cut «aoh 
tilber, go AS to make the four angles 2^ the 
point of intersection adl equal, the lines 
fcre said to be perpendicular to each other j 
and the angles are called ricfhi angles. 
ThnSj the four angles, which the straight 
lines N S and W E make at the point g, 
being equal, are right angles, and the lines 
are perpendicular to eadi other. 



N 



W 



9 



S 



E 



104. The surface or outside of any thing is called its ««^er- 
Jicies, which is considered as having only length and hreadth. 
A playie is that superficies in which, if any two points be 
taken, the s&^aight line between them lies wholly in that mper- 
fides. 

105. A geometrical figure is the space enclosed by one or 
more boundaries. The quantity of space enclosed is called 
ike area of the figure. Figures enclosed by straight lines are 
called rectilineal figures : if by three straight lines, trilateral 
figures or trio/ngles : if by four, quadrilateral : if by manyi 
^MtU&ateral figures or pofyg<ms. 
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106. A square is a qnadrilateral figure, having alt its sides 
equal and all its angles right angles. 

A right-angled parallelogram, wliich is also called a rect- 
angle, is a quadrilateral figure, having all its angles right 
angles, but only its opposite sides equal. 

107. The Pythagorean Table, which has all its sides equal, 
and all its angles right angles, is a square. Aa the divisions 
of its sides are also equal, suppose each to be 1 inch long i 
then, as the small spaees in which the numbers are placed are 
formed by straight lines, one inch apart, which cut each other 
at right angles, they are all square inches. Now, as each row 
contains 9 square inches, the figure 9 in the upper row, on the 
right, shows the area of the rectangle formed by that row : 
and it is plain, that as we descend in the right-hand column, 
we shall have as many times 9 as there are uuits in the num- 
ber in the left-hand column, (59 ;) that is, the number on the 
right espressee the area of a parallelogram, coniisttng of om 
many rows of 9 square inches as there are vnits in the left- 
hand figure; which figure is the breadth of the parallelogram. 
Wherefore, to find the area of any parallelogram, ice multipli/ 
its length by its breadth, referring both dimensions to the same 
generic unit. 

108. Hence it is obvious, that the product of any two inte- 
gral numbers represents the area of a parallelogram — one 
number beiog its length and the other its breadth. Also, 
when the two numbers are alike, their product is the area of a 
iguare, and is, therefore, called a square number. Therefore » 
any quantity multiplied into itself is the square of that quan- 
tity. Thus, ay. a is the square of a, usually written a a or 
o'. The qaantity itself, or length of one side, is called the 
square root. The small figure 2 on the right is called the 
index, and shows how many times a is factor. 

109- The oblique liue a b, which joins two opposite angles 
of the Table, is thence called diagonal: sometimes it is called 
diameter, because it metes or divides the square into two equal 
parts. This diameter passes through all the square nnmbeis 
in the Table, which, taken from ato b, succeed each other, 
thus: 



At the top of the column, and on the left in the row la 
uhiiih any square number is found, we find its root, which is 
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<^ length of ihe side of the square^ the area of whicli the 
square number represents ; that is, in each square^ the square 
root or length of the side, is seen in either of the opjposite 
tLiigleSy through which the diameter does not pass. 

Note, The figure 1, as a root, is the side of the square or 
length of 1 inch. As a square it is the area or square inch ; 
the generic unit by which the whole surface of the Table or 
that of any parallelogram or square in it is measured. 

110. Tho unit, to which we compare, and by which we measure, 
any surface, is always a square. Thus the surface of the globe 
we inhabit, or of any country, kingdom, state, township, &c., 
is generally measured by the square mile. Most kinds of arti- 
ficers' work, such as bricklaying, flooring, plastering, painting, 
glazing, &c. is measured by the square foot or square yard. 
Also the work, in all the branches, is generally in the form 
of a parallelogram: So that, in multiplying any two 
numbers, the scholar may suppose that he is finding the con-' 
tent or area of a piece of artificer's wcftk in the form of a 
parallelogram; the product being a number of square 
feet or square yardsj according to the measure used in taking 
its length and breadth. Suppose the above Table to repre- 
sent a square township, each side of which is 9 miles : then, 
it is plain that the township contains 81 square mile$. Again, 
suppose the Table a window, each side of which is 9 feet long; 
then, the glazing work contains 81 square feet. Again, sup- 
pose it a court-yard, the side of which is 9 yards long; then 
the paving work consists of 81 square yards, 

111. Though the Pythagorean Table is sufficient for the 
multiplication of all numbers, an acquaintance with the follow* 
ing extension of it will, in many cases, be found advantageous. 
The student may, however, make use of it or not, as he pleases. 
•We shall only remark that arithmeticians always multiply by 
11 or 12, as by a single figure. 

As the multiplication of a number by 10, consists in merely 
placing on the sight, this number, in the Table, is omitted 
as unnecessary. 

To multiply by 11 any number expressed by two figures, 
the sum of which does not exceed 9, we have only to separate 
the figures and place their sum in the middle. Thus, to mul- 
tiply 23 by 11, we separate the figures 2 and 3, and placing 
their sum 6 in the middle, we have 263 for the product. Also 
32x11 = 362. 

5 



Ihctenaitm of the Multijilicalimi Table. 



1 
11 


3 
22 


3 
33 


' 


e 


6 


:| > 


^11 


12 


13 


14 


16 


16 


17 


IB 


19 


20 


u 


&6 


66 


77| 88 


" 


1*4 


132 


143 


164 


165 


176 


187 


108 


209 


220 


13 


24 


3tl 


- 


60 


72 


SjjsB 


10. 


132 


IM 


166 


168 


180 


192 


Wi 


216 


228 


240 


2b 


89 


52 


05 
70 
76 


78 


91 


104 


117 


143 


166 


llKI 


182 


195 


JOB 


221 


2B4 


247 


260 


14 


28 


42 


56 
60 


84 

lo 


08 

m 


112 
120 


126 
135 


154 
165 


168 
180 


182 
196 


li>^ 


210 


Hi 


238 
265 


252 

270 


266 
285 


260 
800 


15 


80 


45 


M^\ 


IG 


32 


48 


S4 


80 


9C 


112 


128 


144 


176 


102 


208 


224 240 


^ 


272S8B 


304 


m 


17 


U 


51 


68 


85 


102 


119 


ISG 


163 


187 


204 


221 


238j266 


272 


^ 


306 


328 


340 


18 


36 


64 


72 


90 


108 


126 


144 


162 


198 


216 


234 


252 270 


288 


806 


K' 


M2 


860 


19 
20 


38 
40 


57 
60 


76 
80 


100 


lU 
120 


133 
140 


168 
1«0 


180 


209 
;!20 


228 
240 


247 
260 


266 285 
280,300 


304|S33 


342 
360 


^ 


380 


320,340 


380 


*»> 









































112. When a number anbtracted from anotlier nnmber as 
often as p«88ible leaves no remunder, it is called a metzmre 
of that other numho'. Also the number Trbicb eoBt&ins ano- 
tier a certain number of times is called iVs multiple. Thus, 

~ 6 is a measure of 24, aod 24 a multiple of 6. 

A number which meaBsrcs each of seTeral numbers is called 
their eommim measure. Also a noinber which can be mca- 
Rored by each of aeyeral numbers is called their comvym mul- 
tiple. Thus, 2 is a common measure of all even numbers 
2, 4, 6, S, 10, 12, &e. Also 24 is a common multiple of 
2, 3, 4, 6, 8, and 12 ; heBOc, these numbers are all factors 
of 24. Now, if one of these be asaumed as one of two factorq 
of 24, fke other ii arbitrary, being the number which shows 
how many times the assumed number can be subtracted. 
I'hus if we assume 12, the other &ctor is 2 ; if we assume 8, 
the other is S. 

113. To facilitate the acquisition of the abore Table, as well 
as to acquaint the scholar with some useful properties of num* 
hers, let ua observe : 

1. That any number muUipled by 2 or any other even nun^ 
ber ia an even number, and, conRcquentlyf terminates with 2r 
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4, 6, 8 or 0. Hence, in the Table, the numbers in all the 
columns, except the last, under the even numbers, terminate 
with these figures, which succeed each other in some regular 
order. 

2. That, as every alt unit is composed of nines and a unit, 
and, (as 9 is divisible by 3,) also, of threes and cC unit, it is 
evident that an alt unit divided by 3 or by 9 will always 
leave a unit for remainder. Wherefore, each unit being con- 
sidered a remainder, if the sum of the figures, in any number, 
be divisible by 3, the number also is divisible by Z : M the 
sum be divisible by 9, the number is divisible 5y 9 ; conse- 
quently, when any number is multiplied by 3 or by 9, the sum 
of the figures of the product is a multiple of Z or of ^ respect- 
ively. Hence, the sum of the figures of any number in the 
column under 3, is a multiple of 3 : under 9, the sum is 9 or 
its multiple. As we descend in this column, the unit's figure 
is diminished, and the tens figure increased by a unit at a 
time, (63.) Under 19, the unit figure diminishes in like 
manner, and the tens figure (on account of the ten on the left 
of 9) increases by 2 units at a time. 

3. That, as 5X2 = 10, five times any even numbet is a 
number of tens, and terminates with 0. Also 5 times any odd 
number must terminate with 5; because, 5 times its even part 
is a number of tens, and 5 times the unit which renders it odd 
is 5. Hence the numbers under 5 and 15 terminate with 5 
and alternately. i 

4. That, under 11, the unit figure of each number agrees 
with the unit figure of the Aumber multiplied by 11. That 
the tens figure is one unit greater, and that the left-hand 
figure is 1, except in the two lower numbers. 

5. That, under 7 and 17, the unit figure, excepting 0, 1, 
and 2, diminishes by 3 units at a time, (because with the 
additional 7, this constitutes 10,) and under 13 increases 
by 3. 

The oblique line ab passes through the square numbers, 
which, omitting 9, are 

Squares - 121144 169 196 225 256 289 324 361400 
Square Roots 11 12 13 14 15 16 17 18 19 20 

114. When the multiplicand consists of several figures, and 

* die multiplier of a single figure, we place the multiplier under 

the unit figure of the multiplicand; and, having drawn a line 

imderaeath^ we multiply, successively, all the figures of the 
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multiplicand by the multiplier, beginning with the units. The 
unit figure of each product we write under the figure which 
gave it, and the tens we retain, as in addition, to add to the 
next product. Having multiplied the last or left-hand figure 
of the multiplicand, we write the whole product underneath, 
which completes the operation, the number under the line 
being the product of the two factors — that is, the sum which 
would arise from the addition of either as often as the other 
contains a unit, 

1. To multiply 6342 by 6, we write the number thus : 

6342 multiplicand. 
6 multiplier. 

38052 product. 
221 

and, beginning with the units, we say: 6 times 2 is 12. 
Here, as in ordinary addition, we write 2 and carry 1 : we 
then say, 6 times 4 is 24, and 1 is 25 ; we write 5 and carry 
2 : then, 6 times 3 is 18, and 2 is 20 ; we write and carry 2 : 
lastly, 6 times 6 is 36, and 2 is 38, the whole of which we 
write underneath, and have 38052 for the product. 
If we write the number 6342 six times, thus, 

6342 

6342 

6342, 

6342 

6342 

6342 

88052 
221 

and perform the addition, we have the same result. 

Hence, it is evident that multiplication is a species of addi" 
tion; consequently, we begin with the units, proceed towards 
the left, carry one for every ten, &c., as in ordinary addition, 
and for the same reasons. 

Also, that if we add two or more unequal numbers, the 
operation is an ordinary or common addition. But if we add 
a number which is repeated any number of times, the opera-' 
tion is properly a mulHplicationj and in this consists the only 
essential difference in the nature of the operations. 

115. If any number be multiplied by 0, naught, the product 
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will "he nmtght; because it is evident that nought added to 
itself ever so, many times can never produce any thing. 
Therefore, whenever, in multiplying, we meet with in the 
multiplicand, and have nothing to carry from the product of 
the preceding figure, we write in the product. Also, in 
multiplying the figure which precedes 0, if its product consist 
of two figures, we write it as we should that of the last figure 
of the multiplicand. If its product consist of three figures, 
we carry only the left-hand figure^ after we have written the 
two others underneath, 

2. 860142 X 5 = 4300710 
860142 
5^ 

4300710 

Here, we say, 5 times 2 is 10 ; and go 1 ; five times 4 
is 20, and 1 is 21 ; 1 and go 2 ; 5 times 1 is 5, and 2 is 7 ; 
the next figure being 0, we write ] then, 6 times 6 is 30 ; 
and go 3 ; 5 times 8 is 40, and 3 is 43. 



3. 6753 X 2 = 13506 

4. 8492 X 3 = 

5. 5467 X 4 = 

6. 390835 X 5 = 



7. 48706 X 6 

8. 87965 X 7 

9. 76009 X 8 
10. 93584 X 9 



11. Multiply 5384679 by each of the numbers 2, 3, 4, 5, 
6, 7, 8, 9, and find the sum of the several products. 

Answer. Two hundred and thirty-six millions, nine hundred 
and twenty-five thousand eight hundred and seventy-six. 

12. Multiply 93578864 by each of the numbers 2, 3, 4, 5, 
6, 7, 8, 9, and find the difierence between the sum of the pro- 
ducts and one trillion. 

Answer. Nine hundred and ninety-five billions, eight hun- 
dred and eighty-two millions, five hundred and twenty-nine 
thousand nine hundred and eighty-four. 

116. When the multiplier, as well as the multiplicand, 
consists of several figures, having placed the multiplier under 
the multiplicand and drawn a line underneath, first multiply 
all the figures of the multiplicand by the unit figure of the 
multiplier, as above. TJJien multiply by the tens in the same 
manner, placing the product under the first product, so that 
its unit figure may stand under the tens of the first product. 
Continue to multiply successively by the figures of the multi- 
plier, always placing the finst figure of each product under that 

6* 
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.figure of the firtt product which stands in the same place of 
fixtures as the figure hy which you multiply. Having multi- 
plied by all the figures of the multiplier, add the several 
products, and the sum is the total product. 

117. The reason why the products must be placed as above 
directed, is as follows : the multiplicand is multiplied by the 
several figures of the multiplier as though each of these 
expressed no more than simple units. But any figure towards 
the left is 10, 100, 1000, &c. times greater than if it expressed 
only simple units, according to its place; consequently, the 
product found in multiplying by it, as though it were simple 
units, should be made 10, 100, 1000, &c. times greater, which 
is done by removing this product one, two, three, &c. places 
towards the left. Hence, the first figure of ea^h product must 
stand as far towards the left as the figure which gave it. 

' To find the product of 6674 X 432, we place the numbers 
thus: 

6574 
432 

13148 twice the multiplicand. 
19722 ten times 3 times, or 30 times. 
26296 100 times 4 times, or 400 times. 

2839968 product, 432 times 6574, 

and, having multiplied by the unit figure 2, as usual, we mul- 
tiply by the 3 tens in like manner, writing the first figure of 
this second product in the place of tens — that is, under the 
tens of the first product ; lastly, we multiply by the 4 hundreds, 
writing the first figure of this product under the place of hun- 
dreds in the first product. 

As any significant figure is ten times greater when removed 
one place towards the left, the second product, as it now stands, 
is ten times greater than if it had stood directly under the 
first ; it is, therefore, 10 times 3 times, or 30 times the mul- 
tiplicand. Again, the third product, which is 4 times, being 
removed two places, is 100 times as great as if it had stood 
directly under the first ; it is, therefore, 100 times 4 times, or 
400 times the multiplicand. Wherefore, as 400 -f- 30 + 2 
== 432, the sum found by adding the three products just as 
they stand, is 432 times 6574, as was required. 

118. When several numbers have the sign X **^^^o, between 
them, we first multiply any two of them : we then multiply 
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the product hy another^ and this product again hy another^ 
and so on, till all are involved, 

1. 7X4X2X6 = 336, which is found by multiplying 
from left to right, thus : 7 X 4 = 28 ; then, 28 X 2 = 56; 
and, lastly, 56 X 6 = 336. Or, from right to left, thus : 
6 X2 = 12; 12 X4 = 48, and 48 X 7 = 336, as before. 
It is, therefore, o/ no consequence, as to the result, in what 
order the numbers are multiplied. Also, either operation 
serves as proof to the other. 

Let the numbers in the following examples be multiplied 
from right to left and from left to right. If the product be 
the same both ways, the work can scarcely be wrong. 

2. 46 X 34 ~X 87 = 136068 

46 87 

34 34 



184 
138 


348 
261 


1564 

87 


2958 
46 


10948 
12512 


17748 
11832 



136068 

3. 26 X 53 X 47 X 9 = 

4. 57 X 73 X 64 X 4 = 

5. 384 X 58 X 97 X 7 = 



136068 

6. 876 X 239 X 547 = 

7. 4376 X 534 X 6892 = 

8. 8394 X 2537 X 957 = 



119. When there are ciphers between the figures of tha 
multiplier, we omit them and proceed as usual. 

1. 596843X50009 = 29847521587 
596843 
50009 

5371587 nine times. 
2984215 50000 times. 

29847521587 sum 50009 times. 

Having multiplied by 9, we proceed at once, without re- 
garding the ciphers, to multiply by 5, which is 50000, or 
5 X 10000. We, therefore, place the unit figure of the pro- 
duct under the tens of thousands in the first product, by which 
means this product becomes 50000 times the multiplicand. 
Wherefore the sum of both products is 50009 times 596843. 
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Let the following be multiplied both ways, as in Art. 118 : 

2. 908 X 4805 X 709 == 3093324460 

3. 69008 X 2009 X 4007 = 

4. 70063 X 908 X 70005 = 
. 5. 60007 X 4072 X 9905 = 

6. 87006 X 800097 X 580067 = 

120. If either or both of the factors terminate with ciphers, 
we cut off these ciphers and multiply the numbers without 
t%em : after which we place as many ciphers on the right of 
the product as there were cut off from both factors. 

The reason for thus proceeding is obvious, if we consider 
that, for every cipher omitted on the right of either factor, 
that factor is (56) ten times less. Hence, the other factor is 
repeated a number of times which is ten times less than it 
should be ; consequently, the product, which is ten times too 
small, must be multiplied by ten — ^that is, (55,) it must have 
the cipher which was omitted placed on the right. 

1. 59400 X 290 = 17226000 

594 
29 

5346 
1188 

17226 

Having found the product of 594x29 = 17226, we 
reason thus : 

59400 = 594 X 100 ) .... 
and 290 = 29 X 10 j ^^^^ 
consequently, 59400 X 290 = 594 X 100 X 29 X 10, or 
594 X 29 X 100 X 10, or 594 X 29 X 1000; wherefore, 
the product 17226 must be multiplied by 1000 ; that is, (55,) 
we must place 3 ciphers on the right, which is the number of 
ciphers omitted on the right of the two factors. The true 
product, therefore, is 17226000. 

Let the following multiplications be performed both ways : 

2. 320 X 600 X 780=32 X 6 X 78 X 10000=149760000 

3. 50900X25000X890= 

4. 5903000X5080X6400= 

5. 1976000x400070x70500= 

6. 8900x305007000x30300= 

121. A unit followed by ciphers is evidently less than any 
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other number containing the same number of figures^ and (37) 
greater than any number containing one figure less. Now, 
if we multiply a number by a unit followed by ciphers, which 
is merely to place the ciphers following the unit on the right 
of the given number, the number of figures in the product 
will, in this case, be one less than the number in both fistctors. 
But the number of figures in the two factors can never exceed 
the number in the product by more than one figure ; for, if it 
could, then might a number greater than a unit followed by 
ciphers give a less product, which is impossible. 

Again, if we place as many ciphers on the right of the mul- 
tiplicand as there are figures in the multiplier, we shall have 
just as many figures in the number thus formed, as there are 
in both factors. But this number is the product of the 
multiplicand multiplied (37) by a greater number than the 
multiplier, and is, therefore, greater than the true product. 
Wherefore, the product of two numbers cannot contain more 
figures than are contained in both factors ; for, if it could, 
then might a less multiplier give a greater product, which is 
impossible. 

From the above, therefore, we infer that the product of two 
numbers contains as many figures as are contained in bothj 
or one figure less. 

To predetermine whether there will be as many or one less, 
which is often useful, multiply the left-hand figure ofonefou> 
tor by that of the other : if the product exceeds 9, there will be 
as m>any: if, with what may be to carry from preceding figures, 
it cannot exceed 9, ^re will be one less, 

122. We have seen (113) that when the sum of the figures 
of a number is a multiple of 3 or of 9, the number itself is a 
multiple of the same number. Now, it is evident that when 
either of two factors is a multiple of 3 or of 9, their product 
win also be a multiple of the same number. Wherefore, 
having found that one of the factors is a multiple of 3 or of 9, 
if we find that the product is not a multiple of the same num- 
ber, this is a proof that there is an error in the work which 
must be corrected. If we find that the product is also a mul- 
tiple, though this is not absolute, it is presumptive evidence 
that the work is right. The fallible cases are when the error' 
is the number by which we are proving, or its multiple; or, 
vjhen errors balance each other ^ neither of which cases is very 
probable. 

123. If we multiply the binomial .value of an alt unit (? 
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by any figure less than 9, we shall have the binomial value 
of that figUre as an alt figure of tlie same order as the alt 
unit. But, in multiplying the nines of the alt unit, we still 
have a multiple of 9, and in multiplying the unit, we have 
the figure by which we multiply, considered as single units. 
Wherefore, if all the nines be taken out of the value of an alt 
%ure less than 9, the remainder will €dways be the figure 
itself. If, then, we add all the figures of a number together, 
and take the nines out of the sum, we shall have the remainder 
that would result in stLbtracting 9 from the number as often 
as possible. This is called casting out the nines ; in peforming 
which we omit 9 or the sum of any two fi/gures which make 9. 
To cast the nines out of 7468935, we omit 9, also the figures 
6 and 3, 5 and 4 ; we then say, 7 and 8 is 15, from which we 
oast 9, by saying, 1 and 5 is 6. Hence, 6 is the remainder 
that would result in subtracting 9 as often as possible from 
7468935, which is the same as to divide by 9. 

Proof. 7468935—6=7468929, which is a multiple of 9. 

124. When neither factor is a multiple of 3 or 9. To prove 
the work of a multiplication, we cast the nines out of both 
factors, and place the two remainders in the opposite angles of 
a cross in the form of the sign into. We then multiply the 
two remainders as the sign indicates, cast the nines out of 
their product, and place the remainder in the upper angle. 
Lastly, we cast the nines out of the total product, and place 
the remainder in the lower angle. If the number in the 
lower angle agrees with that in the upper, the work is sup- 
posed to be right. 

Proof. 

6988543 

58 

55908344 
34942715 

405335494 

We first east the nines out of 6988543, and 7 remains : we 
then cast the nines out of 58, and 4 remains. These two 
remainders, 7 and 4, we place in the side angles of the cross. 
We then multiply them together, and cast the nines out of 
their product 28, saying : 2 and 8 is 10 ; 1 and is 1, which 
we place in the upper angle. Lastly, we cast the nines out 
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of the prodaot 405335494, and as the remainder 1 agree9 
with the 1 in the upper angle, we suppose the work tor 
be right. 

Let a; =s all the nines contained in 6988548 ; that is, let 
« = 6988536, which is a multiple of 9. Then the binomial 
Talue of 6988543 is a; -f- 7. Again : let y = 54, the number 
consisting of all the liines in 58. Then the bimonial value of 
58 is y 4" ^' ^^^ i^; instead of the factors, we multiply 
their binomial values, we shall have an expression consisting 
of 4 parts, which show how the true product 405335494 
could be formed by substituting, for x and y, their nume- 
rical values. 

x + 7 

y + 4 

- - - ^ ■ - — 

a^y + 7y + 4a5 (4 X 7) 

In this product xi/ represents the nines of l^e two faetom 
multiplied together : 7y, the nines of the multiplier multiplied 
by 7 : 4a?, the nines of the multiplicand multiplied by 4 ; and, 
lastly, 4x7, the product of the two parts not composed 
of nines. That is, a-y + 7y + 4x + (4 X 7) == 6S88536 X 
54 + 7 X 54 + 4 X 6988536 + (4 X 1) = 405335494. 
Wherefore, as iry -j- 7y + 4a; is a number c^ nines, the only 
part of the product 405335494, which is not composed of 
nines, is the product of 4x7; wherefore, the remainder 
found in casting the nines out of the product will always be 
the same as the remainder found in casting the nines out of 
the product of the numbers placed in the side angles of the 
eross* This proof, as has been shown, (122,) is not in&Uible, 
but, $8 the cases of i\8 failure are extremely rare, it is prac 
tis^ by all mathematicians, and considered ^ valuable veri- 
fication. 

Convenient. Contractions. 

126. To multiply a number by 9, or by any number of 
nines, multiply the given number by the alt unit of the mul^ 
tiplier, and firom the product subtract the given number; 
that is, place as many ciphers an the right of the given num^ 
ler as there are nines to multiply by, and from the number 
Aus /ormed subtract the given number. The ^It unit being 
just on^ unit greater than the multiplier, it is evident that lu 
pl^^iBg the ciphejTs on the right, we repeat the number one^ 
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too often; therefore; in subtracting it, we have 1. :-3> 

1. 7854 X 9 = 78540 — 7854 = 70 ^ 

78540 ten times. 
7854 once. 

70686 the difference is 9 times. 

But, as we here observe that the first figure is under 0, and 
each of the other figures under its right-hand figure ; also that 
the left-hand figure is projected one place towards the left, we 
maj place the numbers as usual thus : 

7854 
9 

70686 
and saj; 4 from 10, six: then, subtracting each figure from 
the figure on the right, and taking care, when there is one to 
carry, to read the left-hand figure one greater, we say, 6 from 
14, eight ; 9 &om 15, six ; 8 from 8, nought ; and, lastly, as 
the left-hand figure is projected one place towards the left, we 
write it dowuj saying, seven. When there is one to carry, 
we subtract it from the left-hand figure, and write iJie 
remainder. Prove, as directed Art. 122. 

2. 412587 X 9 = 3713283 

412587 
9 

3713283. Prove the work as above. 

Here we say, 7 from 10, three; 9 from 17, eight ; 6 from 
8, two; 2 from 5, three; 1 from 2, one; 4 from 11, seven; 
1 from 4, three, 

3. 7854 X 99 = 785400 — 7854 = 777546 

7854 
99 

777546 

Here we have two ciphers on the right, and, consequently, 
two figures projected towards the left : therefore, under 54, we 
write its ar. comp. 46, and, as there is always 1 to carry, 
which is the alt of the multiplier, we add 1 to 8, and say, 
9 from 14, five; then, adding 1 to 7, 8 from 15, seven. Now, 
if there were no unit to carry, we should write 78; the numbor 
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projected ; but, as there is^ we say, 1 from 8, seven ; and^ 
las^jj we write 7 on the left, which completes the operation. 

4. 3141592 X 99999 = 314156058408 

8141592 
99999 . 

814156058408. Prove by Art. 122. 

Haying written the ar. comp. of 41592, which is 58408, we 
say: 2 from 2, notight; 3 from 9, six: then, writing 31415^ 
the part projected, on the left, the work is complete. 



6. 2391786 X 9 = 

6. 21526074 X 9 = 

7. 193734666 X 9 = 

8. 1743611994 X 9 = 



9. 15692507946 X 9 == 

10. 5271 X 99 = 

11. 521829 X 999 = 

12. 521307171 X 999999 = 



126. To multiply a number by 11, 111, 1111, &c. 

1. 7854 X 11 = 86394 
78540 ten times. 
7854 once. 

86394 sum, or 11 times 7854. 

Here, we see that the first figure must always be written as 
it is, and that in every other respect we proceed as in multi- 
plying by 9, with this difference, instead of subtracting, we 
add. We may, therefore, place the numbers, as usual : 

7854 

n 

86394 

and say, 4, writing it as it is ; then, 5 and 4 is 9 ; 8 and 5 is 
13 ; 8 and 8 is 16 ; 1 and 7 is 8. With a little practice this 
is done as quickly as the figures can be written, and with 
scarcely any mental effort. Thus : 

2. 5946258317 
11 

65408841487 

we say, in rapid succession seven, eight, four, eleven, fourteen, 
eight, eigbt, ten, fourteen, fifteen, six. 

Here, for 11, we have added continually each figure to the 
next figure oii the right ; that is to say, two consecutive Jigures, 

6 
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Pot 111, we %!iould add three; for 1111, four; and, in gei 
neral, a* many at there are figwet in the multiplier. 

Observe, that having added tbe left-haod figure to the ra- 
qniied nainber of figures on the right, we drop (me Jigure on 
tJie right, and add ^e leftrhand figure agsin to the lemaining 
ones on the left of the figure we have dropped ; ve then drop 
another, and add again, and w on, till ice have the leji-hand 
Jigure on^, which tee write on the left, at usual. 

3. 4592768 X HH = 5102565248 5^ 

As the scholar already knowa the form, ve Bhall, in adding) 
mention only the reanlu. Having written 8 on the right, we 
Hay, 6, 14; 8, 14, 22; 4, 11, 17, 25; 11, 13, 20, 26; 7, 18, 
18, 25; 8, 11, 20, 22; 6, 11, 20; 6, U; and, lastly, 6. 

The Bcholar may prove this and the enoceeding examples 
by multiplying in the ordinary way, and also by casting out 
the nines : 

4. 162 X 11 X 11 X U X 11 X 11 =^ 26090262 

5. 9261 X 11 X 11 X 11 X 11 X 11 = 1491493311 

6. 6286 X 111 = I 8. 64612756 X HI = 

7. 581196 X 111 = I 9. 7160916916 X HH = 

127. By a method analogous to that ^ven fOT multiplying 
by 11, we multiply by any of the numlwrs 13, 14, 16, 16, 
17, 18, 19. For example, to multiply 2568 by 14, we plaoe 
the Dumbers thus : 

2568 

14 

36952 
and bc^nninc; with the nnlta, we say, 4 tJmes 8 is 32; 2 and 
go 3 ; then, 4 times 6 is 24 and 3 is 27 : to this we also add 
^e figure 8 on the tight, which makes 85; 5 and go 3 : we 
then say, 4 times 5 is 20, and 3 is 23, and 6 (always adding 
the right-hand figure) is 29 ; 9 and go 2 ; then, 4 times 2 is 8, 
and 2 is 10, and 5 is 15; 6 and go 1, which, as there are no 
more figures, we add to the last figure 2, and placing the sum 
8 on the left, we have 35952, the required product. 

The reason for operating thus is the same as that given for 
the multiplication by 11. For, as we there add ones to ten 
tim«a, we here, in I^e manner, add four times to ten times. 
The scholar will clearly see the nature of the operation by 
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multiplying in the usual Way, which will also serve as 
proof. 

1. 3141 X 13 X 14 X 15 X 16 =137198880 

2. 5236 X 16 X 17 X 18 X 19 = 487073664 

128. To multiply by any of the numbers 21, 31, 41, 51, 
61, 71, 81, 91, write the unit figure of the mtUtiplicand in 
the product ; then multiply each fi>gure of the multiplicand 
hy the tens of the multiplier, beginning with the units, and to 
the product of ea^h figure (besides what is carried) add the 
next figure of the multiplicand on the l^. Haying multi« 
plied the last figure, set down the amount. 

. 7854 X 81 = 636174 
7864 
81 

6B6174 

We first say, 4, writing it in the product. Then, 8 times 
4 is 32, and 5 on the left is 37 ^ 7 and go 3 ; 8 times 5 is 40, 
and 3 is 43, and 8 is 51 ; 1 and go 5 5 8 times 8 is 64, and 5 
is 69, and 7 is 76; 6 and go 7; 8 times 7 is 56, and 7 is 63 : 
the whole of which we write on the left. 

We shall see the reason for the above method by perform- 
ing the operation in the usual way, thus : 

7854 
81 

• 7854 
62832 



636174 



and observing that, in all such cases, the unit figure of the 
multiplicand must be the unit figure of the product; also, that 
the unit figure of the second product is added to the tens of 
the first, (that is to say, to the tens of the multiplicand,) the 
tens to the hundreds, &c. 

2. Multiply 293047586 by eachr of the numbers 9, 11, 13, 
14, 15, 16, 17, 18, 19, by the methods given above, and find 
the difference between the sum of the products and one tril- 
lion, nine hundred and one millions, thirty thousand and six. 

Ans. Nine hundred and sixty-two billions, two hundred and 
eighteen millions, seven hundred and forty-eight thousand six 
hundred and fifty-four. 
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S. Multiply 71980082546 by each of the nmnbera 21, 31, 
41, 51, 61, 71, 81, 91, and find the difference between the 
8um of the products and one hundred quadrillions, nine tril- 
lions, twelve billions, one hundred and forty thoueand, three 
hundred and eisty. 

Ana. Ninety-nine quadrilliona, nine hnndred and seventy- 
aiK trillions, seven hundred and eighty-seven bill loos, three 
hundred and twenty-three millioua, one hundred and fifty-nine 
thonsand, seven hundred and filly-two. 

4. Multiply 670092099 by each of the numbers 9, 99, 999, 
and find the .sum of the products. 

Ans. Seven hundred and forty-one billions, seven hundred 
and ninety-one millions, nine hundred and fifty-three thousand, 
five hundred and ninety-three. 

129. When the multiplier is the product of two numbers, 
neither of which is too great to multiply by at once, we may, 
if we please, firtt midtiply hy one of tkem, and then muttC^l^ 
iheprodvct T>y the other. 

1. 24958 X 132 = 24958 X 12 X H = S294456 



6 11 times 12 times, or 132 times. 
In the same manner perform the following examples : 

2. 392877 X 25 = | 5. 367948 X 56 = 

3. 864396 X 49 = fl. 9436599 X 72 = 

4. 2988657 X 64 = 1 - 7. 84951645 X 144 = 

8. Mnltiply 239548167 by each of the numbers 27, 28, 
36, 45, 72, 84, and find the ar. comp. of the sum of the 
products. 

Ans. Thirty billions, fifty-one millions, nine hundred and 
thirty-five thousand, two hundred and thirty-sii. 

130. By a method similar to that given Art. 127, we 
multiply at once by any of the numhera 112, 113, 114, 115, 
116, 117, 118, 119. We have only to observe that instead 
of adiiiiig, besides what we carry, simply the right-hand 

iro, wo must, in thia case, add the two nearest Jyureg on 
rigid. 
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1. 63792 X 118 = 7527456 
63792 
118 

7527456 

Beginning with the units, we say, 8 times 2 is 16 ; six and 
go 1 ; 8 times 9 is 72, and 1 is 73, and 2 is 75 ; Jive and go 7; 
8 times 7 is 56, and 7 is 63, and 9 is 72, and 2 is 74; four 
and go 7 ; 8 times 3 is 24, and 7 is 31, and 7 is 38, and 9 is 
47 ; seven and go 4 ; 8 times 6 is 48, and 4 is 52, and 10 
(3 + 7) is 62 ; two and go 6 to 6 is 12, and 3 is 15 ; five 
and go 1 to 6 is 7. 

By performing the operation in the nsual way, the scholar 
will easily perceive that we have here taken the multiplicand 
8 times plus 10 times plus 100 times, as was required. 

Let the following multiplications be performed in the same 
manner : 

2. 243X111X112X113X114=38916212832 

3. 612 X 115 X 116 X117 X 118 X 119=13412881329120 

131. Again, by a method similar to that given Art. 128, we 
multiply at once i>y any of the numbers 211, 311, 411, 511; 
611, 711, 811, 911. For example, to multiply 59463 by 
711, we write the numbers as usual, 

59463 
711 

42278193 

and say, 3 is three; 3 and 6 is ninei then, 7 times 3 is 21, 
and 6 is 27, and 4 is 31 ; one and go 3 ; 7 times 6 is 42, and 
3 is 45, and 4 is 49, and 9 is 58 ; eight and go 5 ; 7 times 4 
is 28, and 5 is 33, and 9 is 42, and 5 is 47 ; seven and go 4 ; 
7 times 9 is 63, and 4 is 67, and 5 is 72 ; two and go 7 ; 
7 times 5 is 35, and 7 is 42, which we write entire. 

The scholar may prove the work by multiplying in the 
ordinary way, which will sufficiently illustrate t^ above 
method. 

2. 51S X 211 X Sll X 411 X 511 = 7070057265033 
8. 234 X 611 X 711 X 811 X 911 = 75104489687994 

132. Also by a oombmation of the methods given in Arts. 
127 and 128, we multiply, in one line, by any of the numbers 

«♦ 
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121, 131, 141, 151, 161, 171, 181, 191. For example, to 
multiply 478152 by 151, after placing tke numbers 

478152 
151 

72200952 

we say, 2 is two; 5 times is 2 is 10, and 5 is 15 ; five and go 
1 ; 5 times 5 is 25, and 1 is 26, and 2 is 28, and 1 is 29 ; 
nine and go 2 ; 5 times 1 is 5, and 2 is 7, and 5 is 12, and 8 
is 20 ; nought and go 2 ; 5 times 8 is 40, and 2 is 42, and 1 
is 43, and 7 is 50 ; nought and go 5 ; 5 times 7 is 35, and 5 is 
40, and 8 is 48, and 4 is 52 ; two and go 5 ; 5 times 4 is 20, 
and 5 is 25, and 7 is 32 ; two and go 3 to 4 is seven, 

A close examination of Articles 127 and 128, as well as the 
proof in multiplying by the ordinary method, will be sufficient 
elucidation. 

2. 315 X 121 X 131 X 141 X 151 = 106307346915 

3. 621 X 161 X 171 X 181 X 191 == 591051778821 

133. When one part of the multiplier is a multiple of 
another part of it, the work may often be very much con- 
tracted by, first, multiplying by the lesser part, and then 
multiplying the product thus obtained by the number which 
shows how many times this lesser part is contained in its mul- 
tiple. This last is the product of the multiplicand multiplied 
hy the multiple. 

1. 66827394x13617=909988624098 
66827394 
13617 

1136065698 17 times the multiplicand. 
9088525584 8 X 17 X 100, or 13600 times. 

909988624098 

and having multiplied by 17, we have 1136065698 for the 
first partial product. Then, as the part 136, of the multiplier 
is a multiple of 17, seeing that it contains 17 just eight times, 
we multiply the first product 1136065698 by 8, and have 
9088525584 for 8 times 17 times, or 136 times the multipli- 
cand. The units figure of this last product we place under the 
hundreds of the first, which makes the last product signify 
13600 times the multiplicand. The sum of the 4wo products 
is therefore 13617 times, as was required. - 
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2. 858974X1664 = 597332736 
358974 
1664 

5748584 sixteen hundred times the multiplicand. 
22974886 sixty-four times. 

597882736 product, or 1664 times. 

As 16, the part of the multiplier on the left, is a measure of 
64, the remaining part, we first multiply by 16, and by re- 
moving the product two places towards the left, so that its unit 
figure may stand in the place of hundreds, we have 1600 times 
the multiplicand. Then, as the part 64 is a number of single 
units, we multiply 5748584, which is 16 times the multipli- 
cand, by 4, and by placing the unit -figure of this product two 
places farther to the right, we have simply 64 times the multi- 
plicand. The sum of the two products is therefore 1664 times 
the multiplicand, as was required. ' 

Let the value of the following expressions be found accord- 
ing to the above methods of contraction; also, let them, by 
way of proof, be multiplied frofti left to right and from right 
to left : 

7. 242121x7818x13211== 

8. 181111X12999X4515= 

9. 11214X99999X1751= 
10. 6111222X19118X16814= 



3. 243X9X11X13= 

4. 4214X99X486= 

5. 1272X9999X1836= 

6. 1451X8X1X3913= 



134. A vinculum is a bar , or parentJiesis (), used 

to connect several numbers or quantitiesj so that the whole 
mai/f OS one quantity, be subjected to any of the cardinal 

operations. Thus 8 + 4X 2 or (8+4)2, signifies that the 
sum of 8 and 4 is to be multiplied by 2. Now 12, the sum of 
8 and 4, multiplied by 2 is (59 and 101) 12 + 12, and this is 
evidently equal to (8 + 4)+(8 + 4) or 8 + 8 + 4 -f 4 : that is, 
to twice 8 plus twice 4 ; wherefore (8 -|-4 ) 2 = 16 -[- 8. Now 
if we resolve the number 12 into any other parts as 7+8+2 : 
then (7 + 3 + 2) 3, is evidently (101) equal to (7 + 3 + 2) 
+ (7-|_3 + 2) + (7+8+2) or 7 + 7 + 7 + 3 + 3 
+ 3 + 2 + 2 + 2; that is, to 3 times 7, plus 3 times 3, plus 
3 tunes 2 : wherefore (7 + 8 + 2)8 = 21 + 9 + 6. Hence 
we infer that when a number is multiplied by any other num- 
ber , the product is equal to the sum of the products when aU 
^ts parts are separately multiplied by that other number , what- 
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ever may be the parts or the multiplier. Or, as the stun of 
several numbers is a number whereof the numbers are parts, 
we say, that when the sum of several numbers is multiplied hy 
any number ^ the product is equal to the sum of the products 
when each number is separately multiplied by that number^ 
and conversely. Wherefore 9,3 -|- 6,3 -|- 5,3 -j- 2.3 = (9 -|- 
6 + 5 + 2) 3. The sign intOy made thus [,], though not so 
commonly used as the other, is, in many cases, very commo- 
dious. 

Also (8 — 4)3 signifies that the difference between 8 and 
4, or 4, is to be multiplied by 3. Now 4,3 or4-f-44-4 
c= (8 — 4) + (8 — 4) + (8 — 4), or 8 + 8 + 8 — 4 — 
4 — 4 or 3 times 8 minus 3 times 4 : wherefore (8 — 4) 3 
«= 24 — 12. Hence we infer that when the difference be- 
tween two numbers is multiplied by any number, the product 
is equal to the difference of the products when each number is 
separately multiplied by that number : consequently, if there 
be several positive and several negative numbers under the 
vinculum to be multiplied : as the sum of the positive pro- 
ducts is one number and the sum of the negative another, it is 
plain that the above elucidation will apply to them in their 
combined form, and therefore the value of the expression will 
equal the several products found in multiplying each number 
by the multiplier and writing the products in succession, each 
with its appropriate sign. Thus, (9-|-8 — 5^ 6) 6 = 
45 + 40 — 25 — 30. When the vinculum is thus removed 
by writing the several products, the expression is said to be ex- 
pandedm 

To reduce such an expression, or, in other words, to f/nd 
its value, proceed thus : 

(9 +8 — 5—6)5 = 45 + 40 — 25 — 30 = 85 — 55=== 
30, the value of the expression. 

135. Again 8 — M^, or 8 — (4 +2), signifies that t he 

sum of 4 and 2 is to be taken from 8. Also 8 — 4 — 2 or 
8 — (4 — 2), signifies that the difference between 4 and 2 
is to be subtracted from 8. Now if from the expression 
8 — (4 + 2), we remove the vinculum, we have 8 — 4 + 2 ; 
but this last does not mean that the sum of 4 and 2 is to be 
taken from 8, but that 4 only is to be subtracted fr^m the sum 
of 8 and 2, and thus the number 2, instead of a number to be 
subtracted, becomes by its sign, a number to be added. Where- 
fore, that the expression 8 — (4 + 2) may retain its value, 
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we must^ in removing the yincnlum^ change the sign of the^ 

namber 2 from plus to minuSy thus 8 — 4-|-2 = 8 — 4 — 2. 
If firontt the expresssion 8 — (4 — 2), we remove the vin- 
culum, we have 8 — 4 — 2 ; but this last does not mean that 
the difference between 4 and 2 is to be taken from 8^ but their 
sum ; therefore^ as in subtracting 4 we take away 2 too much, 
we must add 2 to make up the deficiency ; consequently, we 
must, in removing the vinculum, change the sign of the num- 
ber 2 from minus to plus : thus 8 — 4 — 2 = 8 — 4-|-2. 

Hence we see that in removing a vinculum preceded by 
minus, the sign of a positive number under it must he changed 
from pltts to minus f and that of a negative one from minus to 
plus. Observe, that ihe sign preceding the vinculum must not 
he changed, 

136. When there are several positive and several negative 
numbers under a vinculum preceded hy minu^, aa the sum of 
all the positive numbers is one positive number, and the sum 
of all the negative, one negative number, the above reasoning 
applies to the whole of them ; consequently, in removing the 
vinculum, th^ signs of aU the numbers under it must he 
changed, the positive to negative and the negative to positive, 
the sign preceding ihe vinculum remaining the sam^. Thus : 

967 — (19 + 7 — 8 -f 3 — 11) 7 =967 - 133 — 49 + 56 
— 21 + 77 = 1100 — 203 = 897. 

The student must carefully observe, that when we would re- 
move a vinculum preceded by plus, (98,) the signs of the 
numbers under it must not be changed. For example : 

967 + (19 + 7 —8 + 3 — 11) 7 = 967 + 133 + 49 — 56 
+ 21 — 77 = 1170 — 133 = 1037. 

137. Any two numbers having the sign into between them, 
are considered as having immediate connection with each other, 
unless this is otherwise determined by the vinculum. Thus : 



6 + 4 X 3=18 and 4 + 6 .3=22 ; but 6 + 4 X 3=30, and 
(4 + 6) 3=30. Again 6 — 2 X 3=0, but (6 —2) 3 = 12. 

138. From what has been said the student will perceive that 
when two numbers are to be multiplied, the separation of 
either or both into parts, at pleasure, has no effect upon the 
product. For example, 17 X 13 = 221. Now we may, if 
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we please^ separate 17 into the parts 8, 6 and 3 ; and 13; 
into the parts 7| 4 and 2, and proceed thus : 

8 + 6+3 
7-4-4-1-2 



56 + 42 + 21 product by 7 

32 + 24 + 12 4 

16+12 + 6 2 



56 + 42 + 21 + 32+24+ 12 + 16 + 12 + 6 product by 13 
The sum of all these products is 221, as before. 
Let the following expressions be reduced according to the 

examples given above : 

L 32 — 17 + 6 — 14 —9 = 32 

2. 186 + 43 — 27 — 6 + 8+4 = 184 
8. 9645 — (1736 + 23) — 17 X 6 = 778 

4. 9645 — 1736 + (23 — 17) 6 = 7945 

5. 9645 — (1736 + 23 — 17 ) 6 = — 807 

6. 9645 — 1736 + 23 — 17 X 6 =t 47490 



SECTION VI. 

DIVISION. 



139. Division is the operation by which we find 7u)w rricmy 
times a less number is contained in a greater more easily than 
hy several sribtractions. Thus, if we would divide 24 by 6, 
that is, if we would find how often 6 is contained in 24, in- 
stead of operating by several subtractions (60), we recollect 
(63) how many sixes must be {idded together to make 24, and 
say at once 6 is contained 4 times : therefore 4 is the answer. 

Also, when a number is given to be divided into a certain 
number of equal parts, the value of each part is found by di- 
vision. For if, in the above example, it be required to di- 
vide the number 24 into 6 equal parts, we recollect (63) that 
6 + 6 + 6 + 6 = 24; that is to say, that 4 times 6 is 24; 
and again (59) that this is the same as 6 times 4 ; that is, 
4 + 4 + 4 + 4 + 4 + 4 = 24: consequently, the nutnber 
24 is divided into 6 equal parts, the value of each part being 4. 

140. The number from which we subtract^ and which is con 
sequently divided or separated into equal parts^ is called ths 
dividend. 



BtvieioN. 



n 



The number which we repeatedly mbtra^y and wliicli nata* 
mlly signifies the value of eaich of the equal partd into which 
the dividend is separated, is called the divisor. 

The number which shows how many times the divisor can 
he svhtractedy or how o/ten it is contaified in the dividend, 
and hence the number of equal parts into which, by the opera* 
tum, the dividend is separated, is called the quotient. 

Let us here observe that, where the division is exact, either 
the divisor or quotient may signify the number of equal parts\ 
into which the dividend is separated ; the remaining one be^ i 
ing the value of each part. Thus, if the divisor signifies the 
number of parts, the quotient is the value of each part; and| 
if the divisor signifies the value of each part, the quotient is 
ihe number of parts. 

141. From what has been said (60 and 139) it is plain that, 
as the dividend is the product of the divisor and quotient, a 
division may always be proved by multiplying the divisor and 
quotient together, which will give the dividend when the work 
is right. 

NoTB. Though this proof is infallible, whatever may be the 
quotient, the scholar is here only required to make use of it 
when the divisor is contained an exact number of times. 

142* The following Table will tend to enable the scholar to 
divide numbers with facility. Let each division in the table 

Sphere the divisor and quotient are not alike, that is, where 
e dividend is not the square of the divisor) be performed 
both ways : that is, having found the quotient, divide by the 
quotient, which wiU give the divisor. Thus, for the expression 
6-1-2=3, say 2 in 6 three times ; 3 in 6 twice : for the next 
8 -T^ 2 == 4^ say 2 in 8 four times ; 4 in 8 twice, and so on 
throughout the table. Hence, the student may infer that he 
can always prove an exact division by another division. 
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4-*-2 


— 2 


8-4-2 


=;=8 


8-»-2 


=^4 


10-^2 


=;=5 


12-^2. 


r=« 


U-i-2. 


«=7 


16^2: 


=^8 


18h-2: 


^9 



ilH-9=:9 



9^ 
12^ 
15^ 
18-1- 
21-- 
24 -f- 
27^ 



3=3 
3=4 
3=5 
3=6 
3 = 7 

3=;:8 

3 = 9 



64 

72 



8 = 8 
8=9 



16^4 
20^4 
24-4^4 
28^4 
82^4 
36^4 



4 
5 

6 

7 
8 
9 



49-*-7 
66-S-7 
63-^7 



7 
8 
9 



25 -f. 5 
30 -f- 5 
35-^-5 
40-4-5 
45-^5 



36 -H 6 
42 -H 6 
48 -r- 6 
54 -+-6 



5 
6 

7 

8 
9 

6 

7 
8 
9 
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143. If a unit or whole thing be divided into two, ^tree, four, 
Jive, stXf seven, eight, &c. equal parts, the parts are called 
halves, thirds, fourths, Ji/ths, sixths, sevenths, eighths, &c. 
In each successive division one part is called one-half, one- 
third, one-fourth, one-fifth, one-sixth, one-seventh, one-eighth, 
&o. These parts are expressed in figures thus ^, ^, ^, I, }, 

4, |, &c. 

144. The divisor being the number of equal parts and the 
quotient the value of each ; if we divide a number by 2, the 
quotient is one-half that number. If we divide by 3, the quo- 
tient is one-third; and, in general, to divide a number by 4, 

5, 6, 7, S, &o,f is to take ^, ^, ^, ^, i, &o. of that number. 
Also inversely, to take one-half, on^-third, one-fourdi, &c. of 
any number, is to divide that number by 2, 3, 4, &c. The 
expressions ^, |, \, &c. signify 1 divided by 2; 1 divided 
by 3, &c. 

145. As an/ number or quantity contains itself once, it is 
plain that a unit divided by a unit is still a unit ; also, that a 
imit is the value of any quantity divided hy iiselfi thus, 

^=1; Q=l; - = 1, &c. As the lower number is always the 

divisor, it is plain that when this is greater than the upper 
one, the quotient is less than a unit. In this case the quan- 
tity is called a fraction. Thus |, which is read four-fifths, 
4 divided by 6, or the fifth part of 4, is a fraction. The two 
numbers which express a fraction are called its terms. 

146. As a single unit may be divided or separated into any 
number of equal parts, at pleasure 3 any two numbers may be 
assumed as dividend and divisor ', consequently, tke quotient, 
80 far from being always an exact or whole number, will more 
frequently he fractional, and sometimes merely a fraction. 
For example, if we would find ^ow often 9 is contained in 58, 
we easily perceive (123) that 58 is not an exact multiple, and 
that the remainder will be 4. Also, as the alt 5 is (123) 5 
times 9, plus 5, and, as the 8 together with this 5 ex- 
ceeds 9 by 4, it is evident that 58 contains 9 six times and 4 
over. We express the division of this remainder by 9 thus, |. 
Wherefore, the operation is read 58 divided by 9 equals 6 and 
4 ninths ; and written thus, ^/ = 6|. 

147. From the preceding we infer that, to find hoW often 
9 is contained in a number expressed by two figures, the sum 
of which equals or exceeds 9, we have only to add a unit to 
the l^t-hand figure. Also that the left-hand figure itself is 



DIVISION. 7S 

Ac nTimber of times, when the sum of the two is less than 9. 

Thus V = H> and V = H- 

148. For more examples, the student may take the num- 
bers that conie between those of the division ^tabl«. Thus, 
instead of saying 2 in 4 twice, he may say 2 in 5 twice and 1 
over; 2 in 7 three times and 1 over. At the next column, 
instead of saying 8 in 9 three times, he may say 3 in 10 three 
times and 1 over; 3 in 11 three times and 2 over, and so on 
for the others. Again, he may say, | =2^, five by 2 equals 
two and a half : | = 3|, &c.; V^ = 3| ; V = ^f ; V = H > 
y=5|; y = 5§, &c. &c. This will be a valuable 
exercise. 

149. Division presupposes ths subtraction of the divisor 
from the dividend as often as possible : but this subtraction 
is possible as long as there remains a part of the dividend 
which equals or exceeds the divisor ; and impossible, as soon 
as this remainder is less than the divisor, even by one unit. 
Wherefore, the ultimate remainder, when there is one, must 
be less than the divisor, and may be any number in (he natu- 
ral scale y 1, 2, 3, 4, 5, &c., including the number which is 
less than the divisor by only one unit. Thus, in dividing by 
2, the remainder, if any, is always 1. In dividing by 3, it 
may be 1 or 2. In dividing by 4, it may be 1, 2 or 3, 
and, in like manner, for any other divisor. 

150. When a number is given to be separated into a cer- 
tain number of equal parts, the greater the given number is, 
the greater vrill be the value of each part ; hence, if we in- 
crease the dividend any number of times, leaving the divisor 
the same, the quotient will be increased the same number of 
times ; that is, (leaving the divisor the same,) to multiply the 
dividend is to multiply the quotient. Thus, as 6 contains 2 
three times, 6 -{- 6 contains 2 three times plus three times : 
that is, tvnce 6 contains 2 twice as often as 6 contains 2, and 
it is plain that whatever number of times 6 is repeated, the 
quotient 3 will be repeated the same number of times. Hence, 
if we divide 6 tens by 2 the quotient will be 3 tens. If 
we divide 6 hundred by 2, the quotient will be 3 hundred, &c. 
Now it is evident, that the same reasoning will apply to 
any two numbers ; wherefore, in general, the quotient figure 
tt always of the sams order or name as the part divided^ 
which order (48) is determined by that of the right-hand 
figure of the part divided, 

161. As no quotient figure of a superior order can arise 

7 
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from the division of an inferior^ and as the remainder resulting 
from the division of any superior order is (48) easily resolved 
into a number of units of any of the inferior orders^ we al- 
ways begin division at the left hand. 

To divide a number consisting of several figures by any 
number not exceeding 12. 

1. Take the smallest number of the left-hand figures of 
the dividend that will contain the divisor: that is, take as 
many as are contained in the divisor, or, when this is not suf- 
ficient, (121,) only one figure more, 

2. Seek how often the divisor Is contained in this part. 

3. Place the number of times, which cannot exceed 9, in 
the quotient. 

4. Multiply the divisor by the quotient figure.^ 

5. Subtract the product, thus found, from the part divided. 

6. To the right of the remainder, annex the next figure of 
the principal dividend towards the right, and proceed to take 
all the steps, as before. 

Having taken a 'number of the left-hand figures of the divi- 
dend sufl&cient to contain the divisor, we. place the number of 
times that the divisor is contained in this part, in the quotient, 
under the unit figure of the part taken. Now this quotient 
figure, being (150) o/the same order as the unit figure of the 
part divided, must have as many figures on the right of it OjS 
there are figures remaining in the dividend. For this reason, 
when any of the partial dividends is too small to contain the 
divisor, we must place a cipher in the quotient, annex one more 
figure to the partial dividend, (if any remain,) and proceed as 
before. 

152. As the federal coin of the United States is constructed 
upon the same principle as ordinary numbers, ten units of 
each lower order being equal to one unit of the next higher, 
(see Table of Federal Money,) we shall take an example in 
this coin to illustrate the division of those numbers. 

Suppose we have 71436 mills to divide equally among 6 
persons, we distinguish the diflferent orders of Federal Money 
in this number, thus : the lowest order of units, expressed by 
the figure 6 is mills : each unit of the next order, on the left,^ 
being ten of those, is one cent ; the figure 3 is, therefore, 3 
cents. Again, each unit in the 4, being ten cents, is one 
dime : the 4 is, therefore, 4 dimes. The 1, being ten dimes, 
is one dollar. Lastly, as each unit in the 7 is ten dollars, or 
one eagle, the 7 is 7 eagles. To perform the operation, we 
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place the divisor 6 on the left of the dividend and draw a line 
underneath^ thns: 

Divisor 6) 71436 dividend. 
11906 quotient. 

Then^ he^nning at the lefb^ as 6 is contained in 7 once, we 
write 1 in the quotient^ under 7. This 1 shows that each 
person will receive one eagle. Then, as there is one eagle 
remaining to be divided, we reduce this to dollars, the next 
order on the right, and connecting the amount, 10 dollarS| 
with the 1, we have 11 dollars. We then say, 6 in 11, once 
and 5 over; we write 1 under 1, which shows that each 
person will receive one dollar. Then, as there are 5 dollars 
remaining to be divided, we reduce these to dimes, and, con- 
necting the amount 50 with the 4 dimes on the right, we have « 
54 dimes. We then say, 6 in 54 nine times, and write 9 under 
4. This 9 shows that each person will receive 9 dimes. 
Then, as there is no remainder, we proceed to the next order ; 
and, as 6 is not contained in the 3 cents^ we say 6 in 3, no 
times and 3 over : we write under 3, which shows that 
there are no units of this order in the share of each person. 
We then reduce the 3 cents to mills ; the amount 30, toge- 
ther with the 6 mills, makes 36 mills : we then say, 6 in 36, 
six times, and, writing 6 underneath, the operation is finished, 
each person^s share being 11906 mills, or 1 eagle, 1 dollar, 9 
dimes, and 6 mills : or (48) eleven dollars, ninety cents, and 
six mills. The latter is the usual method of reading. 

153. As the remainder is always tens with regard to the 
next figure on the right, (48,) we have only to suppose it . 
placed on the left of that figure, and read the number as if it 
stood alone. 

11160900 ~ 12 = 930075 
12 )11160900 

930075 
12 



11160900 proof. (See Art. 141.) 

Here, as the two first figures of the dividend are not suffi- 
cient to contain the divisor, we take three, and say, 12 in 111, 
nine times and 3 over, writing 9 under the unit figure of the 
part 111. We then suppose the remainder 3 to be placed on 
the left of the next figure 6, and say, 12 in 30, three times, 
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writing 3 under 6 : we then say, 12 in 0, no times, writing 
under ; also 12 in 9, tw times, and 9 over, writing under 
9 ] then, 12 in 90, seven times and 6 over; and, lastly, 12 in 
60, five times, writing the quotient figure as before. 



Examples. 



1. 13506 -^ 2 = 

2. 25476 -^ 3 = 

3. 21868-^4 = 

4. 195425-5-5 = 



6. 292236-5-6 = 

6. 608176-^7 = 

7. 608176-5-8 = 

8. 842256 -i- 9 = 



9. Divide 47900160 by each of the numbers 2, 3, 4, 5, 6, 
7, 8, 9, 11, 12, and find the difference between the sum of 
the quotients and one trillion. 
^ Answer. Nine hundred and ninety-nine billions, nine hun- 
dred anS four millions, forty-five thousand, eight hundred and 
eighty-eight. 

154. Division is the converse or contrary of multiplication ; 
consequently, the dne destroys the effect of the other. Hence, 
a number multiplied and divided by the same number is still 
the same. 

Thus: 8X7-5-7 = 8 or ^ = 8, ^F^^^on, 8 

7)56 

8 

For, (59 and 63,) 8x7 = 7-f 7+7-^7-^74-74-7+7 : and it 
is evident that, from the sum of 8 sevens, we can subtract 7 
eight times, which is, in substance, what we do in the division. 
Wherefore, the multiplication and division of a given number 
by one and the same number amounts to this, namely, the 
addition of the multiplier to itself as often as there is a unit 
in the multiplicand, and the subtraction of the multiplier from 
the sum the same number of times. Also, let us observe, 
that 8X7-5-7 is the same as 8-5-7x7. For, the first 
signifies the seventh part of 7 times 8, which is evidently 8 ; 
and the last 7 times the seventh part of 8, which is also evi- 
dently 8. The same reasoning will apply to all such cases : 
wherefore it is of no consequence, as to the result, which of 
the two operations is performed first. Lastly, as the number 
upon which we operate is not affected, both operations may ha 
spared. 
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156. If we divide the product of two numbers by either of 
them^ (60,) the quotient will he the other. Also, by the above, 
a number multiplied and divided by the same number is still 
the same. Therefore, having found the product of 563 X 5 
= 2815, if we divide this product by 5, we shall have 563 for 
the quotient, thus : 

5 )2815 

563 

Here, as 2 is not sufficient, we say, 5 in 28, five times, (the 
double of the tens figure 2, plus 1, because 8 contains one 
more 5,) and 3 over. This 3 hundreds or 30 tens makes, 
with the 1 ten, 31 tens. We then say, 5 in 31, (doubling 
the 3,) six times^ and 1 over. This 1 with the 5 makes 15. 
Then, 5 in 15, three times, and the work is done ; the quotient 
being 563, as was proposed. Or thus : reading the binomial 
Talue, (49,) which is 281 tens and 5 units ; we double the 
tens, for the number of times 5 is contained in them, which 
gives 562, to which adding 1, for the 5 units, we have 563, 
as before. 

The student may observe, that the figures 1 and 3, which 
we carry in multiplying 563 by 5, are the same which we 
hnng back again in dividing 2815 by 5. 

156. We have seen (149) that the remainder of a division 
may be any number which is less than the divisor ; and (146) 
that the division of this remaining part of the dividend is 
expressed by placing the divisor underneath it, with a line 
between : also, (145,) that this quotient, beihg less than a 
unit, is a fraction. The upper number, or dividend, is called 
numerator, because it shows the number of parts in the frac- 
tion ; and the lower number, or divisor, is called denominator^ 
because it determines the name of those parts. The quotient 
of any division, therefore, which has left a remainder, is rendered 
complete by placing the fr action , here described on the right 
of ilie unit figure of that quotient. It is plain (60) that if we 
multiply a fraction by its denominator, the result or product 
will be the numerator : this is the same as to take away the 
denominator. Wherefore, to prove by multiplication, multi- 
ply t/ie integral part of the quotient by the divisor, and to 
the product add the remainder, or numerator of the fraction, 
which will give the dividend when the work is right. 

The student will easily understand this by considering, that 
the integral part of the quotient shows the number of times the 

7* 
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divisor has been snbtraeted, and that when a fraction is multi- 
plied by its denominator the result is the numerator. 
5734999 -^ 7 = 8192854 

7) 5734999 



o-innoc Note. A number which is com- 

8192854 posed of a whole number and a /rat- 

7 tion is called a mixed number, Thns, 

bif 6§, <fcc., are mixed numbers. 



5734999 



Here, writing as usual the numbers signified by the words in 
italics, we say, .7 in 57, eight times, and 1 over : 7 in 13, 
oncey and 6 over : 7 in 64, nine times, and 1 over : 7 in 1^, 
twice, and 5 over : 7 in 59, eight times, and 3 over : 7 in 39, 
Jive times, and 4 over, and placing this 4 over 7, on the right 
of the unit's figure 5^ the quotient is complete. To prove the 
work, we multiply the quotient by 7, thus: 7 times four- 
sevenths is 4 : 7 times 5 is 35, and 4 is 39 ; nine and go 3, 
&c., as usual, and having reproduced the dividend, we consi- 
der the division correct. In the same manner the student 
may prove the following examples : 



1. 76947385 -r- 2 = 

2. 1062047953-^3 = 

3. 5799511287 — 4 = 

4. 6397173134 -^• 5 = 

5. 1169387459 -f- 6 = 



6. 7924865731 -- 7 = 

7. 9301068145 ~ 8 = 

8. 8991068357 -f- 11 = 

9. 1098106577 ^ 9 = 
10. 11989275575-1-12: 



157. When the divisor consists of several figures, we seek 
how often its left-hand figure is contained in the left-hand 
figure or two left-hand figures of the partial dividend. Also, 
we increase hy a unit the left-hand figure of the divisor when 
the next figure on the right of it is very large. Having found 
the quotient figure, we multiply the divisor by it, placing the 
product in order as we find it under the partial dividend ; and, 
having performed the subtraction, we bring down, to the right 
of the remainder, the next figure of the principal dividend ; 
because, with regard to such figure, the remainder (46, 48, 
and 54) is always a number of tens. Having thus formed a 
new partial dividend, we proceed as before, and continue thus 
till the operation is finished. The student should attentively 
observe, that, if the remainder equals or exceeds the divisor, 
the quotient figure is too small. Also, if the product of the 
divisor and quotient figure ei^ceeds the partial dividend, the 
quotient figure is too great. 
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159529 -- 43 = 3709|f 
Dividend. 
Divisor 43) 159529 (3709|| quotient. 
129 

305 
801 



429 

387 



42 remainder. 

Taking 159 to contain 43, we say, 4 in 15, three times, and 
write 3 in the quotient. Because 159 is thousands, the quo- 
tient 3 is also thousands, and requires three figures on the right 
of it ; that is, as many as remain in the dividend. We then 
multiply 43 by 3, saying, 3 times 3 is 9, which we write 
under the 9 units of 159 : then 3 times 4 is 12, which we write 
under 15. We then subtract, and have 30 thousand for re- 
mainder. To the right of this, we bring down the figure 5 of 
the dividend, which is 5 hundred, and have 305 hundred for 
the partial dividend. We then say, 4 in 30, seven times, and 
place 7, which is 7 hundred, in the quotient. We then 
multiply 43 by 7, as usual, subtract, and have 4 hundred for 
remainder, to the right of which we bring down the 2 tens of 
the dividend, and have 42 tens for the partial dividend. Now, 
as this does not contain the divisor, we write in the quo- 
tient, which shows that there are no tens, and bringing down 
9, the last figure of the dividend, we say, 4 in 42, nine times, 
and write 9 in the quotient. Having multiplied the divisor 
43 by this 9, and subtracted the product 387 from the last 
partial dividend 429, we have 42 for the final remainder of 
the division. We express the division of this remainder by 
writing it over the divisor, thus, ||. This fraction we place 
in the quotient on the right of the units figure 9, and the 
work is complete — the quotient being 37094|. 

158. We may consider the quotient 3709|| as the result 
of the equal division of 159529 dollars amongst 43 persons, in 
which case, each person will receive ?709 dollars and 42 of 
the parts of which one dollar contains 43 ; or (145) the forty- 
third part of 42 dollars, which, evidently, is nearly one dollar 
more. The value of this fraction, in the lower denominations 
of Federal Money, we can easily find (152) by continuing the 
division, thus : 
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43) 169629 (3709,976 + 
129 

805 
801 



429 

387 



420 

887 



330 
301 

290 
258 

32 

Having found the quotient 3709, and tlie remainder 42, as 
before, we place a comma on the right of 3709, to show that 
the division, in whole numbers, is no longer possible', and to 
distinguish these whole units from the lower denominations 
which are to follow. We then place a cipher on the right of 
the 42 remaining dollars, which, in multiplying this number 
by ten, reduces it to tenths, or dimes. We then say, 4 in 42, 
nine times, and place 9 in the quotient. Now as the pre- 
ceding figure is 9, it is plain that we shall have the same 
product as in the preceding division ; we, therefore, copy the 
number 387, and, having placed it under 420, and subtracted, 
we have 33 dimes or tenths for remainder. Placing a cipher 
on the right of 33, which reduces these tenths to hundredths 
or cents, we say, 4 in 33, seven times ; for, though 4 is con- 
tained in 83, really 8 times, and 1 over, it is easy to see that 
the unit figure 3 is not contained 8 times in 10, the value of 
the remaining 1. We, therefore, place only 7, which is 7 
cents, in the quotient, and write the product 301 (which we 
may copy from the second division) under 330. Having sub- 
tracted as usual, and found 29 hundredths or cents for remain- 
der, we place on the right, and have 290 thousandths or 
mills. We then say, 4 in 29, six times, and place 6, which is 
6 mills, in the quotient. Having multiplied and subtracted, 
we ha^e 32 mills for remainder. 

By placing 0, as usual, on the right of 32, which would 
reduce it to ten'thousandths, we easily see that the quotient 
could be extended ; that the next quotient figure would be ten' 
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fJiousandfhsy the next hundred thousandths^ &c., the generic 
unit of each new order being ten times less than that of the 
preceding one. Also, because this generic unit (37) is greater 
than any definite number of figures which can stand on the 
right of it, it is evident that the approximation of the quotient, 
actually obtained, to the true quotient, is always within a unit 
of the lowest order of the quotient obtained. The quotient 
3709,976 +> which, as an abstract number, (18,) is read, 
three thousand, seven hundred and nine, and nine hundred and 
seventy-six thousandths ; and, as the result of our present dis- 
cussion, 8709 dollars 97 cents and 6 mills is, therefore, within 
one thousandth or one mill of the true quotient. We place 
the sign + on the right of the quotient to signify that it is 
not complete. 

If we continue the operation we shall obtain the quotient 
.3709,976744186046511627906, with a remainder of 42. 
Now, as it is from the division of this remainder by 43, that 
we have obtained the orders on the right of the comma^ it is 
evident., that, in continuing the operation, the same figures 
will recur again, until we again find a remainder of 42 ) conse- 
quently, though we can approximate within any assignable 
quantity, we never can obtain an exact quotient. 

159. The orders on the right of the comma are called ded" 
mals; and, as a definite number on the right of the comma 
(37) cannot equal a unit, such number is called a decimal 
fraction. The number ,976 +> &o- is, therefore, a decimal 
fraction \ and, as it is the result of the actual division of 42 
by 43, is the approximate value of the vulgar or common frae- 
tion II . The operation is called reducing the vulgar fraction 
II to a decimal. 

160. If on rejecting the right-hand figure of a partial divi- 
dend, which has one more figure than the divisor, the part on 
the left very nearly, though not quite, contains the divisor, 
as the resumption of the figure rejected implies (49) the mul- 
tiplication of the part on the left by ten, as well as the addition 
of the figure resumed, we may confidently place 9 in the quo- 
tient. Again, if the part on the left very little exceeds one- 
half the divisor, we may confidently place 5 in the quotient ; 
because the half of any number, considered as tenS; is 5 times 
that number, considered as units. 

Hence the method now very generally practised of multi- 
plying by 5, by supposing on the right and taking half the 
given number. 
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1593290670 -f- 1594 =999555 

1594) 1593290670 (999555 
14346 





15869 




Proof by Multiplication. 


14346 


Proof hy Division, 


999555 


15230 99( 


)555)1593290670 


1594 


14346 


999555 


3998220 


8846 


5937356 


8995995 


7970 


4997775 


14993325 


8767 


9395817 


1593290670 


7970 


8995995 




• 7970 


3998220 




7970 


3998220 



Here, in each partial dividend, rejecting the units figure, 
the part on the left, in the first three, very nearly contains the 
divisor; and, in two of the last three very Httle exceeds its half. 

161. Where a division has left no remainder, as in the ahove 
example, the dividend being the product, and the divisor and 
quotient the two factors, the correctness of the operation may 
be proved by casting the laines out of these, precisely as in 
multiplication. Thus, casting the nines out of the divisor 
and quotient, we have the remainders 1 and 6 respect- vfr/ 
ively. Having placed these in the side angles and their l^X^ 
product 6 in the upper angle, we cast the nines out ^ 
of the dividend, and as we find 6, which agrees with the upper 
figure, we conclude that the work is right. 

When the division has left a remainder, we cast the nines 
out of it, and add what remains to the figure of the upper 
angle, casting the nines out of the sum when it exceeds 9. 
The reason for proceeding thus, is, that the product of the 
divisor and quotient (such as we here consider the quotient) does 
not equal the dividend without the addition of the remainder. 

178621 -f. 197 = 9061 jS Proof. 

197) 178621 (906 
1773 

1321 
1182 

139 
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Here, after finding the numbers 8 and 6, we oast the nines 
oat of 48, their product, and 3 remains. We f^lso cast the 
nines out of the remainder 189, and 4 remains. . We then add 
3 and 4 together, and place the sum 7 in the upper angle^ 
after which we ca^t the nines out of the dividend, and as the 
remainder 7 agrees with the figure in the upper angle, the 
work is supposed to be right. We may place the product 48 
by the side of the remainder 139, and cast the nines out of the 
figures 48189, as though they formed but one number^ which 
is more expeditious. 

162. As there must be (151) just as many figures on the 
right of the first quotient figure as there are in the diYidend 
on the right of the part first divided, we easily see that when 
the first partial dividend contains just as many^figures as the 
divisor, die divisor and quotient together will contain one Jigttre 
more than the dividend; and when the first partial dividend 
contains one figure more than the divisor^ the divisor and 
quotient together wiU contain just as many as the dividend. 

When the dividend is large, we put a dot under each figure 
as we bring it down^ to avoid mistcJse. . 

1. 31406 -T- 41 = 766 and a i |gfl = 41 gs^l 

Also41X 766 = 31406 ^ 

The student may prove the following examples by multi- 
plication, by division, and by casting out the nines : 



2. 239850-5-738 = 

3. 463088 -^ 412 = 

4. 7483566-^-82 = 

5. 27413568 -f- 523 = 



6. 'tW'yi^i-S z= 

7. 717l!)048 -T- 796 = 
9. 23159220-5-2345 



163. When the second figure of the divisor, counting from 
the left, is very large, in seeking how often such divisor is 
contained, as dilrected, (157,) the quotient cannot he too great* 

Numerator 3701— fisia Dividend 

Denominator ^^'^ "" ^«^^ Divisor 397)2701 (6|J» quotient. 

2382 

319 remainder. 

Here, instead of saying 3 in 27, we say 4 in 27, (because 
the divisor is much nearer to 400 than to 800,) and fij^d 6, 
vhich is the true quotient figure, instead of which; we shpidd 
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have found d, and should consequently, have been obliged to 
make three useless trials. We easily perceive that this 
can never give too ^at a quotient, for if it could, then might 
400 be contained in the dividend a greater number of times 
than 397j which is impossible, 

Because, UZ X 397 = 319, (60 and 156,) the above ex- 
ample IS proved thus : 6 X 397 + 319 = 2701. 

This expression is the same as to say, nmltvpit/ the divisor 
and the integral part of the quotient together, and to the 
product add the remainder or numerator of the fractionol 
part, which will give the dividend. The student may, in like 
manner, prove all similar divisions : also (161) by casting out 
the nines. 

164. It is sometimes so nice a point to determine the true 
quotient figure, that most persons, however skilful, are liable 
to err ; but the multiplication of the divisor by the quotient 
figure immediately shows when this figure is too great, because, 
in this case, the product will he greater than the partial 
dividend from which it is to he subtracted. Also, when the 
subtraction of the product from the partial dividend leaves a 
remainder equal to or greater than the divisor, as the divisor 
still contained in this remainder, the quotient figure is too 
small, 

6814834 -f- 113582 = 59,999 + ' 
113582) 6814834 (59,999 + i> ^.f x. a 



tens 567910 



., (1135734 
^^^ \ 1022238 

tenths \ 1022238 ^^ article 161. 






hundredths 
thousandths 



r 1127220 
1 1022238 

r 1049820 
\ 1022238 

27582 thousandths. 



We here first say 1 in 6, or rather 11 in 68, nx times, and 
place 6 in the quotient ; but, having multiplied the divisor by 
this figure and found that the product 681492 is greater than 
the partial dividend 681483, and consequently the figure 6 
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ioo great^ we efface it^ and^ having substituted the figure 5, 
proceed as usual. 

Or thus, taking 6 for the first quotient figure, say 6 times 
11 is 66, which taken from 68, leaves 2. This 2, with the 
next figure, makes 21. Then 6 times 3 is 18, which taken 
from 21, leaves 3. This, with 4, makes 34. Then 6 times 5 
is 30, and 30 from 34 leaves 4. This, with 8, makes 48. 
Then 6 times 8 is 48, and 48 from 48, leaves 0. Lastly, as 
6 times 2 is not contained in 3, we see that 6 is too great* and 
pat 5 in its stead as before. 

Proof hy multiplication. 

113582 
59999 thousandths 

1135706418 
567910 

6814806418 thousandths 
27582 thousandths 

6814834,000 

Here it is plain that the product, formed by repeating 59999 
thousandths 113582 times, is a number of thousandths, as well 
as the remainder 27582. Hence, the sum of these, which is 
6814834000, is also a number of thousandths ; wherefore, to 
obtain the units in this number, (144,) we divide by 1000, 
which is done (56) by cutting off the three ciphers on the 
right, the number on the left being the dividend, as required. 

1. ^W/-^ = 907|g|, and 1\%S^ = 8.035 Jf 

2. 27065849 -t- 356 = 

4. 3141593 -5- 7854 == 399,999 + 

5. 78539992146 -5- 7854 = 

6. 18437688851569 -~ 4293913 == 

7. 111030011 -r- 199 = 557939,75 + 

8. 3^^^J^= 57082,971 + 

9. 12167395 -f- 1219 = 9981,456 + 

10. 78987116249 ^ 19818 = 3985624,9£f99 + 

11. V//«V == 6,1234512345, &o. 

12. 5 684973 X 285311670611 .^,,,.., 

25937424601 ~ t)ZDd4:7U^ 

165. The greater the dividend, or number to be divided inta 

8 



86 BIVI8I0N. 

equal parts^ the greater the quotient, or value of each part. 
Therefore, to mtdtiply the dividend (150) is to multiply the 
the quotient ; and, inversely^ to divide the dividend is to divide 
the quotient. Again, the greater the divisor, or number of 
equal parts, the less the quotient, or value of each. There- 
fore, to multiply the divisor is to divide the quotient; and 
inversely, to divide the divisor is to multiply the quotient; 
that is to say, the operation performed upon the dividend 
produces upon the quotient the same effect; but that per- 
formed upon the divisor, the contrary. But (154) multipli- 
cation and division destroy the effect of each other; wherefore, 
to multiply or divide both dividend and divisor by the same 
number has no effect upon the quotient. 

,. . Tfi ^^^ 0,375 quotient* 

dividend mult, by 2 6 X2 __ 12 ^ ^. ^'^Sr*^"?!^^ 
same divisor - TT ^ ia ^ ^'^^ = ^'^^^ X ^ 
dividend div. by 2 6-5-2 3 ^ i qtac ^'S**5t*^^-^o*- 

J. . • ^a = t;2 = U;1o75 = .0,375-J-2 

same divisor - 16 16 ' 

dividend unaltered 6 mo^c ^^^^^^^ 

diyi«>rmalt.by2 16X2 = ^'^^^.^ = <^'^'^ ^^ 

same dividend - 6 6 /v^r S?^S®^ ™'^*" ^L^ 

divisor div. by 2 163^2 ~ 8 = ^AR = 0,375 X 2 

dividend and divisor 6x2 __ 12 quottentnMitawd. 

both mult, by 2 - 16 X 2 "" 32 — ^'^ 

dividend and divisor 6-5-2 3 /^ o^c x- xxi. 
both div. by 2 - i6ir-2 = 8 = 0,375qnotientflieBame. 

166. The decimal value of the generic unit in each ^ the 
fractions |, ^, and -Jf, is found by dividing a unit by the de- 
nominator, and that of the fraction by mmtiplying the value 
of the generic unit by the numerator, thus : 

I = 0,125 and | = 0,125 X 3 == 0,375 
1 = 0,0625 and A = 0,0625 X 6 = 0,3750 
,\j = 0,03125 and \l = 0,03125 X 12 = 0,37500 

The ciphers on the right of the numbers 0,3750 and 0,37500 
may be omitted, as having no effect upon the value of the 
number 0,375, because (165) t%% = -^-^f^ = ^Woy ^' 
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. 167. When any two numbers are each multiplied by the 
same number, the two products are called equimvkiples of the 
two numbers. Thus^ if we multiply the two terms of the 
fraction | each by 2, the resulting terms 6 and 16 are equi- 
multiples of 3 and 8. But we have seen (165) that the 
quotient | is the same as the quotient i^ or j§, &c. Where- 
fore, if any equimultiples whatever be taken of the terms of 
a fraction, the Tesulting fraction is still of the same value. 
Hence, it is evident that the same fraction iuay be represented 
by an infinity of different numbers, seeing that the two terms 
may be multiplied by each of the numbers in the natural scale 
2, 3, 4, 6, 6, 7, &c., ad. inf. Thus, 1 = ^ = ^ = 1% =iJ 

if = 65^ ^y ^' i^^- 
The least numbers by which a fraction can be expressed are 

called its lowest terms^ Thus, the terms 3 and 8 are the 
lowest terms of the above fraction. Each of the other expres- 
sions, y^, -^zy }|, &c.,.is called a value e/^. 

We may further elucidate this by the smaller Spanish coiner 
or parts of a dollar, namely, halves, quarters, eighths, and 
sixteenths, which, though they do not accord with the decimal 
Federal Money of the United States, are still in general use. 

Thus, i = A 

1 A — _4_ 



7 — 1 — Tff 



8_ 



It will also be useful to the student to render himself betimes 
^miliar with the following decimal values of these coins, thus : 

1. ^ = ,50 or 50 cents 

2. I = ,25 or 25 cts. 

3. I = ,75 or 75 cts. 

4. I = ,125 or 12i cia. 

5. i = ,375 or 37} cts. 

6. I = ,625 or 62} cts. 

7. I = ,875 or 87} cts. 

8. yiy = ,0625 or 6i cts. 

9. ^ = ,1875 or 18| cts. 

10. A = ,3125 or 311 cts. 

11. JT^ = ,4375 or 43| cts. 

12. ^5 = ,5625 or 56| cts. 

13. n = ,6875 or 68| cts. 

14. 11 =r= ,8125 or 8l| cts. 

15. i| == ,9375 or 93| cts. 
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168. When a fraction is expressed by equimultiples of its 
lowest terms, it is often necessary, in order to expedite calcu- 
lation, to find those terms ; for, if we would multiply a num- 
ber by 122936 and divide the product by 138303, which is the 
same as to multiply the number by the fraction xlfl^l, we 
should obtain the result much more readily if we could con- 
^niently discover that y|||§f = |, in which case we should 
simply multiply by 8 and divide by 9 or, subtract from the 
number one-ninth of itself. This we shall illustrate thus : 

428695731 X 122936 „„, n^«o^« 

First method 428696731 

122936 

3858261579 nine hundred times 
15433046316 thirty-six times 
857391462 two thousand times 
5144348772 120 thousand times 



52702138386216 


(381062872 




414909 






1121123 






1106424 




Second method^ 


146998 




428695731 


138303 




8 


869538 


9) 3429565848 


829818 




381062872 


397206 






276606 






1206002 




Third method. 


1106424 




428695731 


995781 


one-ninth - 47632859 


968121 


eight-ninths 381062872 


276606 






276606 







To facilitate the research above alluded to, as well as for 
other important purposes, the properties of numbers, with 
which we commence the succeeding book, will be found of 
great utility. 
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OF THE SQUARE, CUBE, AND PARALLELEPIPED—POWERS OF 
NUMBERS — ^PRIME NUMBERS — PROPERO^IES OF NUMBERS. 

169. Because a number multiplied by a unit (67) is 

still the same, a unit multiplied by a unit a b 

is still a unit. But (lOB) the product 
of two equal factors represents a square : 
wherefore, the unit which is the pro- 
duct of 1 X I represents a square. 
For example, let 1 represent the line 

a b } then aby^ah or 1 X 1 

will give the content of the figure abed, 
each of the factors being the length 
of one side. 

170. We have seen (110) that a superfices, or surface, is 
measured by multiplying together its length and breadth. A 
superfices is, therefore, called a quantity of two dimensions. 

A solid is that which has length, breadth, and thickness, 
and is, therefore, called a quantity of three dimensions, 

A cube is a solid body having its length, breadth, and thick- 
ness all equal, and is enclosed by six equal squares. 

Other figures of six sides, the opposite sides of which are 
equal parallelograms, are osXiedi parallelepipeds. 

The content of a solid is estimated in cubes, and is thus 
fetmd : Multiply the length, taken in feet, inches, or any other 
measure, by the breadth, taken in the same measure, and this 

8* %'i 
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CUBE AND 1>ARALLELEPTPED. 



product by the depth'*' or thickness, taken also in the same 
measure. The last product will be the number of cubic feet or 
cubic inches (or whatever measure you employed) contained 
in the figure. 

When the solid is a cube, as all its sides are equal and all 
its angles right angles^ the length of one side only is sufficient 
to find its content. 
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Let the figure ah cd ef g represent a cubic yard. Then, 
as ah = hc = ae, each being one yard long, ahy^bcy^ae is 
the same as bcy^hcy^hc or 1x1X1 = 1) the figure 1 on the 
right being the cube itself or solid body abed efg^ and each 
unit in the expression 1x1X1 being the length of one of the 
equal sides, or be. 

The reason of the rule for finding the content will appear 
thus : in multiplying the length by the breadth, we obtain 
(110) the number of squares in the upper surface ; and, it is 
evident, that for every unit in depth, we shall have as many 
cubes as there are squares in this surface, this number of cubes 
will, therefore, be repeated as often as there is a unit in the 
depth, which (59) is the same as to multiply by the depth. 
Thus, in the above figures, referring each of the smaller divi- 
sions to 1 foot, we see that the cubic yard contains 27 cubic 
feet and the parallelepiped 24. 

Hence every number which is the product of three factors may 
be considered as representing a cube or parallelepiped : namely, 
if the factors be all equal, a cube; if unequal, a parallelepiped. 

When we say that a number represents a geometrical figure, 
it must be understood that the same number may represent 

* The student must understand, that we here speak of a regular solid of 
six sides, and that when we speak of breadth and depth, we mean perpen- 
dicolax breadth and depth. 
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the content of a variety of geometrical figures, not only of 
such as are here mentioned, but of others, of which the object 
and limits of this work do not permit us to treat. For example, 
the number 64 may express the content of a square, of a cube, 
and of differently-shaped parallelograms and parallelepipeds. 

171. The square and cube of a number — evidently so called 
from the nature of the geometrical figures which tfiey repre- 
sent — generally retain those names, though they are also some- 
times called the second and third powers of that number, the 
number itself being the first power. 

Because a solid has only 3 dimensions, powers higher than 
the cube are not considered as representing geometrical figures. 

From the number of times that a number is factor in its 
continual multiplication, the several products, after the cube, 
are respectively called the fourihy fifth, sixth, seventh, &>c. 
powers of that number. 

A small figure, called the^index, showing the number of times 
that a number is factor in any of its powers, is placed on the 
right, thus : 2*, 2^, 2% 2*, signify the square, cube, fourth, and 
J^th powers of 2, instead of 2x2; 2x2X2; 2x2X2x2; 
2x2X2X2X2, and are read, 2 squared, 2 cubed, 2 fourth,' 
2 fifth, and similar expressions in like manner. 

As the index shows how often the number is factor, if the 
indices of two or more powers of the same number be added, 
the sum will be the index of the power to which the number 
is raised by multiplying those powers together. Thus 3* X 3* 
= 3*; 28X2*== 27. 

172. If a number will divide the whole of another number 
and one of its parts, it will also divide the other part. 

Let 6 be any number, and C, one of its parts ; also, let 
B — C = D : then, if A be any number that will divide B 
and C, it will also divide D. For, as B is a multiple of A, 
B = A + -A.-|-A, &c., A being taken a certain number of 
times. Again, because C is a multiple of A, C = A+ A, &c., 
A being taken a certain number of times : wherefore D, which 
is the difference between B and 0, must be a certain number 
of times A, — that is, A or its multiple, — and, therefore, A will 
divide or measure B. Hence, if a number divides the greater 
(tf two numbers and the less, it will divide their difference, 

173. It has been shown in the preceding article, that any 
number that will divide B and C will divide their difference D; 
but no number greater than D can be contained in D ; there- 
fore, if D, the difference, between B and C, will divide both. 
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it is the greatest number that will divide both. It is also 
plain that, if any number will divide both, D is that number, 
or a multiple of that number. Wherefore, the difference 
between two numbers is the greatest number that can divide 
both without a remainder : and, if any number will divide each 
of two numbers without remainder, tkeir difference u thcU 
number or its multiple, 

174. A number which cannot, without remainder, be divided 
by any other number, is called a prime number^ or simply 
aprivne. 

In the regular formation of numbers, such numbers must 
arise ; for, as one number cannot contain another greater than 
itself, it is plain that 2 is the first prime number, and that the 
number 3, which is odd, and, consequently, not divisible by 2, 
is also a prime number. 

Numbers which are not prime 
are called composite numbers; 
because each is composed by the 
multiplication or involution of 
two or m,ore primes. Where- 
fore, because they can be di- 
vided by 2, ctU even numbers 
except 2 are composite and ter- 
minate with 0, 2, 4, 6, or 8. 
Hence, every prim>e number, 
except 2, is odd ; and, when it 
consists of more than one figure, 
terminates with 1, 8, 7 or 9. 

The square of any prime 
number, except 2 and 5, termi- 
nates with 1 or 9. 

When a prime ends with 1, 
so do all its powers. 

When it ends with 9, the 
square ends with 1. When 
with 8 or 7, the square ends 
with 9. 

When either a prime or its 
cube ends with 8, the other 
ends with 7. 

When either ends with 1 or 
9, the other ends with the same 
figure. 



PBIMES. 


SQUARES. 


CUBES., 


2 


4 


8 


3 


9 


27 


5 


25 


125 


7 


49 


343 


11 


121 


1331 


13 


169 


2197 


17 


289 


4913 


19 


861 


6859 


23 


529 


12167 


29 


841 


24389 


81 


961 


29791 


37 


1369 


50653 


41 


1681 


68921 


43 


1849 


79507 


47 


2209 


103828 


53 


2809 


148877 


59 


3481 


205379 


61 


3721 


226981 


67 


4489 


300763 


71 


5041 


357911 


73 


5329 


889017 


79 


6241 


493039 


83 


6889 


571787 


89 


7921 


704969 


97 


9409 


912673 
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The primes which succeed 97, are 101, 103, 107, 109, 113, 
127, 131, 137, 139, 149, 151, 157, 163, 167, 173, 179, 181, 
191, 193, 197, 199, 211, 223, 227, 229, 233, 239, 241, 251, 
257, 263, 269, 271, 277, 281, 287, 293, 307, 311, 313, 317, 
331, 337, 347, 349, 353, 359, 367, .379, 383, 389, 397,401, 
409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 
479, 487, 491, 499, 503, 509, 521, 523, 541, 547, 557, 563, 
569, 571, 577, 587, 593, 599, 601, 613, 617, 619, 631, 641, 
643, 647, 653, 659, m, 673, 677, 683, 691, 701, 709, 719, 
727, 733, 739, 743, 751, 757, 761, 769, 773, 779, 787, 791, 
793, 797, 809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 
863, 877, 881, 883, 887, 907, 911, 919, 929, 937, 941, 947, 
953, 967, 971, 977, 983, 991, 997, 1009, 1013, 1019, 1021, 
1031, 1033, 1039, 1049, 1051, 1061, 1063, &c. 

To determine whether a number ending with 1, 3, 7, or 9 
is or is not prime, divide the number hy each of the 'prime 
numbers 3, 7, 11, 13, 17, &c., till the quotient is not greater 
than the divisor. When every division within this limit gives 
a remainder, the givm number u prime: because any greater 
divisor would give a less quotient, and this would fall within 
the range of numbers already tried. Thus the scholar will 
find that 1067 is a multiple of 11 and 97 : also that 1069 is a 
prime number. 

Suppose we would examine 14363. Having tried the num- 
bers 3, 7, 11, 13, 17, 19, without success, we say that, as the 
number ends with 3, it is probably a multiple of some one of 
the higher primes ending with 3. We, therefore, try 23, 43, 
&c., thus : 

14363 14363 14363 
23 43 53 

1434 1432 1431 
184 (8.23) _172 (4.43) _371 (7.53) 

125 126 106 

115 (5.23) 86 (2.43) 106 (2.53) 

20 4 • *** 

By the remainder at the end of each of the two first of 
tliese operations, we see that neither 23 nor 43 is a measure 
of 14363. But, as the third oI)eration gives no remainder, 
we find tliat 53 is a measure. 

Numbers which have no common factor or measure are said 
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to be prime to each other. Thus, 10, 21, an4 121 are prime 
to each other. 

If 53 measures 14363, the remainder, 1431 tens, is (172) 
a multiple of 53. But the product, 371 tens, is a multiple : 
therefore, the remainder, 106 hundbreds, is also a multiple. 
Now we have sublxacted 53 times 1, 53 times 7 tens and 53 
times 2 hundred^, and have no remainder. Hence, the third 
operation shows that 14363 is a multiple of the primes 53 
and 271. 

In thus operating, we always multiply the prime, if required, 
hy such a number as wiU render its unit figure the same as 
that of the number from which we subtra^, 
472903 20561 

23 once 261 (29x9) 



47288 203 

138 (6 tens) 203 (29 X 7 hundred) 

4715 *** 

115 (5 hundreds) 709 a prime nizmker 

46 

46 (20 thousands) 

This operation shows that 472903 is the product of the 3 
primes 23, 29, and 709. 

We must here observe, that we eannot always thus easily 
obtain satis&ctory results, but sometimes find this research 
exceedingly laborious. 

175. The following properties of numbers will be found ex- 
ceedingly useful in reducing fractions to their lowest terms^ 
in resolving numbers into their prime factors, 4bo., by which, 
as well as by other means, they serve greatly to abridge the 
labour of calculation. 

1. Even numbers ate divisible h/ 2. 

2. When the sum of the figures of a number is divisible by 
3, the number is divisible by 3. 

/ 3. Because 4 measures 100, when 4 divides the number 
expressed by the two right-hand figures of a ^ven number, 
the given number is divisible by 4, 

4. Because 10 is a multiple of 5, and 5 contains itself, 
when the right-hand figure of a number is 5 or 0, the numher 
is divisible by 5. 

5. When an even number is divisible by 3, it is divisible hy 6. 
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6. Because 3«7 = 21, and 7«13 =91, when the unit figure 
is ^, or ^ of the part on the left, the number is divmhle by 7. 
Again, because 7*15 1= 105, and 7*43 = 301, when the num- 
ber expressed by the two right-hand figures is 5 times the part 
on the left, or -J of it, 7 will measure. Also, in the latter 
case, 43 toUl measure. 

7. Beeause 8 measures 1000, when 8 measures the number 
expressed by the three right-hand figures of a number, 8 m^O' 
mires the number*, 

8. When the sum of the figures of a number is divisible by 
9, the nwniber is divisible 5y 9, (113.) Also, the difference 
between a number and the same number' reversed, is, when 
not a cypher^ divi^le hy 9. Thus, 8176 — 6718 = 1458, 
which is a multiple of 9. For, in casting the nines out of 
each number, we have the same remainder^ and, by the sub- 
traction, ^ Temaind,eT is cancelled or destroyed. Hence, in 
accounts, an error, divisible by 9, may suggest that a number 
has, by miittdke, been reversed. 

9. Because 7JU13=== 1001, the numbers 2002, 3003, 
4004, &c. to 9009, included : also, 51051, 63063, 324324, 
561561, &c., whieh are. easily recognized as multiples q/'lOOl, 
are divisible by 7, 11^ and 13. Also, when the difference 
between the numbers in the two periods is 7, 11, or 13, or a 
multiple of any one of them, the number is a multiple of that . 
fattiUT <ic€ordingly. Thus 561554 is a multiple of 7: 561539 
is a multiple of li \ and 561522 is a multiple of 13. 

10. Because 3*17 = 51, 6*17=^102, and 17.59 = 1003, 
ike primie 17 wiU measure a number; when the unit figure is «* 
\ of the part on the left, or when the number expressed by the 
two right'-hand figures is double the part on the left; also when 
the number in the first period is 3 times the part on the left, " 
17 and 59 wiU measm'e. Thus, 459 and 2448 are multiples 
of 17, and 157471 is a multiple of 17 and 59. 

11. Because 19*53 = 1007, either 19 or 53 will measure a 
number, when the number in the first period is 7 times the 
part on the left of that period. Thus, 12084 and 113791 are 
multiples of 19 and 53. 

12. Because 1009 is prime^ when the number in the first 
period is 9 times the part on the left, the factors of this part 
aad 1009 are the factors of the number. Thus, in the num- 
W 91819^ the &ctors of 91, which are 7 and 13 and 1009 are 
the only factors. In like manner, when .the number In the 
first period ia Uf 19; 21, 31^ 38, 89, 49, 51, 61, or 63 times, 
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that in the second, we should recognize the number as a mid' 
tiple of 1013, 1019, 1021, 1031, 1033, &c., respectively, each 
of which is aprim^ number. Thus, in the number 22682, we 
recognize the factors 2, 11, and 1031. 

176. The binomial values of the alts 100, 10000, 1000000, 
&c. ; that is, of those having an even number of ciphers on 
the right, are 99+1 ; 9999+1 ; 999999+1, &c., the nines 
of each being divisible by 11. Therefore, iif we divide each of 
these alts by 11, the remainder will be 1 : consequently, if we 
divide an alt figure in any of the odd places by 11, the remainder 
ioill be that figure. Hence the figures of a number, in the odd 
places, may be considered as remainders of so rrtany single 
unitSy the value of each having been divided by 11. 

• The alt 10 is (11 — 1) : hence 40 is (11 — 1)4 : or 11 + 
11 +11 + 11 — 4; or 11 + 11 + 11 + 7 : that is, in dividing 
the alt 4 by 11, the remainder is its undecimal complement 7, 
or what it lacks of W. 

K we divide 4000 by 11, the first division, that of 40 hun- 
dreds, gives 7 for remainder ; the next, of 70 tens, gives 4 ; 
and the last, of 40, gives 7, as at first. Hence, the division of 
any figure in an even place by 11, gives for remainder the 
undec. comp, of that figure. The figures of a number in the 
even places are, therefore, the undec. comps. of the rem^ainders 
that would arise in dividing the value of each by 11. 

177. If, from a number, we subtract the sum of the figures 
in the odd places, and, to the remainder, add the sum of the 
figures in the even places, the result will be a multiple of 11. 
iFoTy we thus take away the remainders that would arise in 
dividing y by lly the value of the figures in the odd plaices : and 
add the complements of the remainders that we should find in 
dividing the value of the figures in the even plaices; and it is 
plain that the sum of these remainders and their comps. is a 
multiple of 11. 

Wherefore, because addition and subtraction destroy each 
other, when the sum of the figures in the even places is equal 
to that of those in the odd places: or, when the difference 
between these sums is 11, or a multiple of 11, the number 
is a multiple of 11. The numbers 121, 341, 297, 792, 3464, 
18579, 73986, 87969871 are therefore divisible by 11. 

As the figures in the odd places may be considered remain- 
ders, it is plain that, when their sum is 11, or a multiple of 
11, and there are ciphers in the even places, the number is 
divisible by 11. Thus, the numbers 209, 902, 308, 803, 605, 
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606, 80602, 20306, 20603, 60203, 60302, 90805, 9090807, 
8070909, &c., are multiples of 11. 

Also, if we place a nought on the right of each of these 
numbers, as this will not affect the exactness of the division, 
we say that, when the sum of the figures in the even places is 
11, or a multiple of 11, and there are ciphers in the odd places, 
tJie number is divisible by 11, The numbers 2090, 9020, 
3080, &c., are therefore multiples of 11. 

From the above it is obvious that, when a number is divisble 
by 11, the sum of ike figures in the odd places must be equal 
to that of those in the even places ; or the difference between these 
sums must be 11 or its multiple. 

Also, when the number is not divisible by 11, the remainder 
will be, when the sum of the figures in odd places is the greater, 
the difference between the two sums ; and, when the sum of the 
figures in even places is the greater, the undec, comp. of that 
difference. 

When the first of these two sums is greater by more than 
11, subtract 11 from the difference, till the remainder is less 
than 11. When the last is greater by more than 11, subtract 
the remainder from the nearest multiple of 11 that exceeds the 
difference. 

Thus, in the number 92918, the first sum is 8 -f- 9 + = 
26 ; the last is 1 + 2 = 3 : then 26 — - 3 = 23, the difference, 
and 23 — 22 = 1, the remainder found in dividing 92918 
by 11. 

11) 92918 

8447 — 1 

Having first found the remainder, we may by it find the 
quotient : thus we say, 1 from 8, the right-hand figure of the 
dividend, 7 ; .which we write under 8 : then proceeding to- 
wards the left : 7 from 11, four, which we write under 1. Then, 
having added 10, we add 1 to the 4 just written, and say, 5 
fix)m 9, four, which we write under 9. Then, 4 from 12, eight ; 
which we write under 2 . Lastly, adding 1 to 8, we say 9 
from 9, nought, which we do not, write. This is the counter- 
march of the method of multiplying by 11, (126). 

In the number. 909281, the sums change places, the last 

being 26, and the first 3. Having found the difference 23, 

we subtract it from 33, the nearest multiple of 11 that exceeds 

it : thus, 33 — 23 = 10, the true remainder. 
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11 )P09281 

82661 — 10 

Here we say, 10 from 11, one ; 2 from 8, six ; 6 from 12, 
six ; 7 from 9, two ; 2 from 10, eight 

178. The sum found by adding a nnmber, consisting of aik 
even number of figures, to the same number reversed, is a 
multiple of 11. Thus 6718 + 8176 = 14894, which is a 
multiple of 11. 

By reversing the number, the figures in odd and even 

places change with each other, so that though 6718-5-11, gives 

a remainder of 8, 8176 -h 11, gives a remainder of 3, the undec. 

, comp. of 8. Hence, the sum of the numbers, which includes 

the sum of these remainders, is a multiple of 11. 

When the number of figures is odd, the difference between a 
number and the same number reversed iS; when not a cipher^ 
divisible hyW., 

Thus, 975 — 579 = 396, a multiple of 11. 

Here, in reversing the number, the figures in odd and even 
places do not change ; consequently, in dividing each number 
by 11, we have the same remainder, and by subtraction, the 
remainder is cancelled; hence, the result is divisible by 11. 

But the result (175, par. 8) is divisible by 9 : therefore, when 
the number of figures is odd, the result is divisible hi/ 9 and 11, 
that is, by 99. , 

Also, when the number of figures is odd, and the nnmber 
odd, and odd also when reversed, the difference is even, and 
hence divisible by 2 : that is, it is divisible by 2, 9, and 11, 
and consequently hy 198. 

When an accountant, therefore, finds in his calculation an 
error of 198 or its multiple, this should induce him to suspect 
that an odd number, consisting of an odd number of figures, and 
having its left-hand figure odd, has been reversed. 

179. The square, cube, &c. of one prime number cannot he 
a multiple of another prime number , much less of the square, 
the cube, &c. of that other number. For, if possible, let 25, 
which is the square of five, be a multiple of '3. Multiply 3 
and 5 together, then because 3 measures 25 and 15, it will also 
(172) measure 10, which is their difference. Also, because 3 
divides 15 and 10, it will divide their difference 5, which is 
absurd. 

Again, let 25 be a multiple of 7, which is greater than 5. 
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Find the product of 7 and 5, and because 7 divides 36 and 25, 
it will divide 10, their differeilce, or its multiple 20. Also 
because 7 divides 25 and 20, it will divide their difference 5, 
which is. absurd. Now if the square, cube, &c. of a prime num- 
ber cannot be a multiple of another prime number, it is evident 
that it cannot be a multiple of any of the powers of that other 
number. Wherefore, because, the powers of different primes 
have no oommon factor, (that is to say, because no number can 
be found that will divide any two of them,) they are said to be 
prime to each other. Hence, the numbers 8, 9, 25, 49, &c. 
are prime to each other. Hence .also, the squares, cubes, &c. 
of numbers prime to each other, are still prime to each other. 

180. The product of two or more primes, can never he a 
multiple of any other prime number. Also, if several numbers 
be primes or primes to each other, no number less than their 
product can he their common multiple. First, if possible, let 
the product of the two primes 11 and 5 be a multiple of 7. 
Multiply 7 and 5 together. Then, because 7 divides 55 and 
35, it will divide their difference 20, or its multiple 60, Also, 
because 7 divides 60 and 55, it will divide their difference 5, 
which is absurd. 

Wherefore, if several numbers be prime to each other, the 
product of any two of them is prime to a third, and consequent- 
ly, that of any three of them is prime to a fourth and so on : 
therefore, when several numbers are primes or primes to each 
other, their product is their least common multiple. Hence, 
it is plain that one number cannot measure another, unless all 
its factors are factors of that other. 
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PRIME FACTORS — ^LEAST COMMON MULTIPLE — GREATEST 

COMMON MEASURE, RATIO, &C. 

181. To find the prime factors of any composite number, 
divide the given number by the least prime number by which 
this can be done. Divide the quotient by the same prime, if 
possible. Continue to divide each successive quotient by the 
same prime till this is no longer possible. Then divide in the 
same manner, by the next least prime till it is exhausted, and 
^en by the next, and so on, till the qxretient is a prime num- 
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bcr. The several divisors and last quotient will show the 
prime factors of the given number and the highest power 
of each. For example, we find the prime factors of 2520 as 
follows : 



2) 2520 B J which we see that 2 X 2 X 

2) 1260 2 X 3 X 3X 5X7, or, which 

ON oo n is the same, 2" . 3® , 5 , 7 = 

^1^ 2520. Also, by variously 

3)315 multiplying the factors, we 

3) 105 find that 2520 is a common 

5)35 multiple of 2, 4, 6, 8, 9, 10, 12, 

— 7 14, 15, 18, 20, 21, 24, 28, 

30, 35, 36, 40, 42, 45, &o. • 

For practice, the prime factors of the following numbers may 
be found in Hke manner : 24, 64, Sl, 512, 6561, and 8712. 

But the student nee^ not confine himself entirely to this 
routine ; for, availing himself of the properties of numbers al- 
ready known, he may, in many cases^ abridge the operation. 
Thus, by adding the digits of 24, he will easily discover, that 
this number is composed of the factors 2' and 3 : that 64, being 
2'X2% is 2®; that 81, being 9®, is necessarily 3*, and so on. 

182. It is evident,^ that any power of a nimiber is a mul- 
iiple of all the inferior powers of that number. Again, from 
what has been said (179 and 180) it is evident that a number 
which is a multiple of another number, must be a multiple of 
aU the prime factors of that other number y each being taken in 
the highest power in which it is found factor in that number. 
Also, that when a number is a multiple of all the factors of 
another number, each taken in the highest power in which it 
is found factor, it is also a multiple of that other number. 

From which we easily infer, that the least common multiple 
of several composite numbers is the product of the several prime 
numbers which enter into these composite numbers as factors^ 
each being taken only once, and in the highest power in which 
it is found factor in any of the numbers. For example, to find 
the least common multiple of 16, 24, 48, 60, 81 and 128, we 
find by resolving these numbers into their prime factors, as in 
•the proceeding article, that they are respectively 2*; 2^.3 ; 2*.3 ; 
2«.3.5 ] 3* and 2' ; then taking each prime in its highest power, 
and rejecting the others, we have 27x3*x5, or 128x81x5= 
51840, the required multiple. 
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What is the least common multiple of the numbers 12, 18, 
21, 63, 72, 114, 216, and 231 ? 

183. When the same power of the same prime number is 
factor in each of two composite numbers, if we divide both by 
that prime number, and continue the division as often as pos- 
sible, it is evident that the number of divisions will he the index 
of the power. Again, if any number of multiples, containing 
different powers of the same prime, be divided by that prime, 
and the division continued as long as the prime will divide any 
two of them, this division will exhaust all the inferior powers 
of the prime J and the quotient arising from the division of the 
multiple containing the highest power will still retain the prime, 
as factor, the number of times expressed by the difference between 
its index in this multiple and its index in the multiple contain-' 
ing its next lower power. If, therefore, this last quotient and 
the several divisors be multiplied together, the prime will be 
found factor in the product the same number of times as in the 
multiple containing its highest power. Therefore, to expunge, 
that is, to drive out or efface, all the inferior powers of the 
prime factors of several composite numbers, so as to find, by 
the multiplication of those factors, each in its highest power, 
the least common multiple of all the composite numbers, we 
have the following 

Rule. 

Write the numbers in a horizontal line ; draw a line under- 
neath, and divide as many as you can, which must be at least 
two of them, by the least prime number by which this can be 
done, placing those numbers which cannot be divided ^below 
the line, together with the quotients. Divide the numbers be- 
low the line in the same manner, by the same divisor, and con- 
tinue so to divide as often as possible ; that is, till the same 
divisor will no longer divide two of them. Having exhausted 
the first divisor, take for a divisor the next least prime that 
will divide two or more, with which proceed as with the first. 
Continue thus till the numbers below the line are prime to each 
other. Lastly, multiply the divisors and numbers below the 
hne together, and the product is the least common multiple. 
When the quotient is a unit, it need not be written. 

Example, 

To find the least common multiple of 8, 9, 12, 15, 24 and 

27, we place the numbers thus : 

9* 
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2) 


8,9, 


12, 


15, 


24, 


27 


2) 


4,9, 


6, 


15, 


12, 


27 


2) 


2,9, 


3, 


15, 


6, 


27 




3)9, 


3, 


15, 


3, 


27 


. 


3)3, 




5, 




9 



5, S 

2X2X2X3X3X3X5 = 1080, the least common multiple. 

We then first divide 8, 12 and 24 by 2, and place the qno- 
tients 4, 6, and 12 respectively under the numbers divided, at 
the same time placing below the line, together with the quo- 
tients, the numbers 9, 15, and 27, in which 2 is not factor. We 
then divide 4, 6, and 12 by 2; placing the quotients 2, 3, and 
6, and the numbers 9, 15, and 27 below, as before. Finding 
that 2 will still divide two of the numbers, we divide 2 and 6 
by 2, and omitting the quotient 1, we place the quotient 3 and 
the numbers 9, 3, 15, and 27 below, as before. Then, as 2 will 
no longer divide two of the numbers, and as they are all divisi- 
ble by 3, we divide all by 3, and place the quotients 3, 5, and 
9 below the line. Again, as 3 and 9 are divisible by 3, we 
divide and place the quotient 3 and the prime number 5 below 
the line. Lastly, as 3 and 5 are prime, we multiply these and 
all the divisors together, and have 1080 for the least common 
multiple. 

By this method, we have amongst the divisors all the prime 
factors which are common to any two of the given numbers, 
and each is repeated as often as it is common factor in any 
two. Also, if any of these is still factor in one of the numbers 
below the line, that number is still retained, and 4s never again 
divided by the same factor.. Therefore, each prime which is 
several times factor in any of the given numbers, will be just 
as many times factor in the multiple as in that number in 
which it is oftenest fector. 

Again, as we have below the line all the numbers, whether 
prime or not, which have no common factor, it is eyident that 
when we multiply these and the divisors together, the product 
is the product of all the prime factors of the given numbers, 
each taken in the highest power in which it is found in any 
one of them. Wherefore this product is a common multiple 
of all the given numbers. 

^ow 08 BO prime number \a fovxnd i%A\fyt amongst the num- 
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bers multiplied often er than in some one of the given numbers : 
also, (180,) as no nunaber can be a multiple of another, unless 
all the prime factors of that other enter into it as factors, it is 
evident that the product is the least common multiple. For, 
if we omit any one of the prime factors, (180,) the product 
must cease to he a multiple of the number in which that prime 
is of tenest factor, 

184. Though the above rule is infallible, it will appear 
clumsy to one skilled in discovering the prime factors of num- 
bers. For, by a mere inspection of the numbers 8, 9, 12, 15, 
24, 27, we easily see that the only prime factors are 2, 8, and 
5 ; that 8 is the highest power of 2 ; that 27 is the highest 
power of 3, and that 5 is only once factor : we, therefore, say, 
8x27X^ = 1080, the least common multiple. 

185. The least common multiple of several numbers is the 
greatest of those numbers; or^ if not, it is a multiple of the 
greatest. Wherefore we may often readily find the multiple 
thus : see if the greatest number is a multiple of all the others ; 
if it is, it is the least common multiple. If it is not, try twice 
that number. If this does not succeed, fri/ 3, 4, &o. times the 
greatest. Thus, if we would find the least common multiple 
of 6, 9, 18, 27, and 54, we see at once that it is 54. Again, 
if we would find the- least common multiple of 2, 4, 6, 8, 12, 
16, we first try if 16 is a common multiple of all the other 
numbers ; it is not : we then try twice 16, which is 32 ; as 
this also fails, we try 3 times 16 ; and, as this succeeds, 48 is 
the required multiple. 

Also, the least common multiple may often be conveniently 
found by selecting tJie greatest numbers that are prime to 
each other, and finding their product Thus, if we would find 
the least common multiple of 2, 3, 4, 6, 8, 9, 12, 18, 24, and 
36, we select the numbers 8 and 9, which are prime to each 
other ; and, having multiplied them together, we find that their 
product 72 contains all the given numbers, and is, consequently, 
(179,) their least common multiple. 

If the greatest number, or any other, be a multiple of any 
of the given numbers, those numbers may, in operating by 
the general method^ be omitted. Thus, if we would find the 
least common multiple of 3, 4, 6, 9, 12, 18, 27, 48, and 54, 
as 54 is a common multiple of 3, 6, 9, 18, and 27, we omit 
these numbers. Again, as 48 is a common m\i\t\^V^ q^ \. ^\A 
12, we omit these a^o. We therefore seek l\ie \e«t'a»\i ^wxixs^sja 
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multiple of 48 and 54, and we find 432, which is also the least 
common multiple of all the given numbers. 

Examples, 

1. Required the least common multiple of 3^ 5^ 7, 4, and 11. 

Answer 4620. 
To multiply numbers wHh faciUty, much often depends on 
the order in which they are taken. Thus, in the present ex- 
ample, without writing a figure^ we first say, 4 times 5 is 20 ; 
and, leaving till the last, we say 3 times 2 is 6^ and 7 times 
6 is 42. Then, (126,) for 11 times 42, as the sum of 4 and 
2 does not exceed 9, we place their sum 6 between those 
figures, and have 462. ' Lastly, we place on the right, and 
have 4620 for the product. 

2. Required the least common multiple of 2, 5, 1\), 11, 
and 55. Answer, 110. 

3. Required the least common multiple of 5, 8, 9, 11, 
and 13. Answer, 51480. 

4. What is the least common multiple of the nine digits ? 

Answer, 2520. 

5. What is the least common multiple of 3, 17, l^y 51, 
and 54 ? Answer, 918. 

6. What is the least common multiple of 6, 14, 39, 42, 78, 
and 91 ? Answer, 546. 

7. What is the least common multiple of 18, 28, 33, 42, 
48, 63, and 99 ? Answer, 11088. 

8. What is the least common multiple of 6, 8, 12, 14, 16, 
18, 21, and 22 ? * Answer, 11088. 

186. The number which divides the greater of two numbers 
and the less, will (172) divide their difference. Supposing the 
difference greater than the less number, the number which di- 
vides the less and the difference will also divide their differeiice. 
Again, supposing the difference still greater than the less, the 
number which divides the less number and this second difference 
will also divide their difference. Now, this continual subtraction 
of the less number is the same as the division of the greater 
number by the less. The final remainder must be less than 
the less number, and we might reason, as above, with respect 
to this remainder and the less number. • Again, if there be 
still a remainder, the same reasoning may be pursued with re- 
spect to this remainder and the first remainder. Pursuing the 
same method, as a greater number cannot divide a less, tJie last 
remainder which succeeds in dividing the preceding will be 
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the greatest common measure. Wherefore, to find the greatest 
common measure of tw© composite numbers, we have the fol- 
lowiug 

Rule. 

Divide the greater number by the less ; if there is no re- 
mainder, the number divided by is the greatest common 
measure. 

If there is a remainder, divide the less number by this re- 
mainder, and if this division gives no remainder, the number 
last divided by is the greatest common measure. 

K there is still a remainder, divide the first remainder 
by the second ; and thus continue, always dividing the pre- 
ceding remainder by the last, till the division becomes exact. 

The last divisor is the greatest common measure. 

When the last divisor is a unit, the numbers are prime to 
each other. 

Examples. 

1. Kequired the greatest common measure of 9388 and 
16429. 
We proceed, according to the rule, thus : 

9388) 16429 (1 
•9388 

7041) 9388 (1 
7041 

2347) 7041 (3 
7041 

and have 2347, tbe last divisor, for the required measure. 

Because 2847 divides 7041, it will evidently divide 7041+ 
2347, which is 9388. Again, because 2347 divides 7041 
and 9388, it will divide their sum, which is 16429. There- 
fore 2347 is a common measure of 9388 and 16429. * 

No number greater than 2347 can be their common mea- 
sure : for, if possible, let x be greater than 2347, and, at the 
same time, their common measure. Then, because x measures 
9388 and 16429, it measures their difference 7041 : also, be- 
cause it measures 9388 and 7041, it measures their difference 
2347; that is, a number greater than 2347 measures it, 
which is absurd. Therefore 2347 is the greatest common 
measure. 
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2. Required tlie greatest common measure of 3675 and 
5880. . Answer, 735. 

3. Find the greatest common measure of 4437 and 5899. 

Answer, 17. 

4. Find the greatest common measure of 23205 and 31395. 

Answer, 1365. 

5. Required the greatest common measure of 46503 and 
57546. Answer, 9. 

6. Required the greatest common measure of 698 and 5343. 

Answer, — . 

7. Required the greatest common measure of 34177 and 
1012924. Answer, 11. 

OF RATIO. 

187. In division we say that the greater the dividend is, the 
greater will the quotient be, and the less the dividend, the less 
the quotient, (165.) This relation of the dividend and quo- 
tient is called direct ratio. 

Again, the greater the divisor is, the less will the quotient 
be ; and the less the divisor, the greater the quotient. This re- 
lation of the divisor and quotient is called inverse ratio. 

188. A simple ratio is the relation which one number bears 
to another, with respect to how often the one contains the other, 
or to what part the one is of the other ; and is, in either case, 
expressed hy that one divided hy that other. Thus, if we 
would have the ratio of 3 to 5, or find what part 3 is of 5 : as 
1 unit is ^ of 5, it is plain that 3 units must be | ; that is to 
say, the ratio of 3 to 5 is 3 divided by 5. Again, if we would, 
have the ratio of 5 to 3, or find how often 5 contains 3, this is 
evidently |. 

Let A and B be any two homogeneous quantities — that is, 
quantities, the units of which are alike ] then, if A be greater 
than B, -^ shows how often A contains B : and, if A be 
less than B, -5- shows what part A is of 3} for, B being a 
whole or unit divided into equal parts, determines the value 
of these parts, and A is the number of the same parts which 
constitute the fraction -|-. Wherefore, the ratio of A to B is 

4", and that of B to A is ^-^ The ratio of 8 to 4 is | =2, 
and the ratio of 4 to 8 is | 5= ^. 

Hence, every fraction expresses a ratio ; namely, the ratio 
of the numerator to the denominator. 
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The ratio ^ is called the reciprocal of the ratio -|- ; that is 
either ratio (or either fraction) is the reciprocal of the other. 

189. A compound ratio is that which involves two or more 
simple radios* 

J£ two fractions have each the same denominator, the ratio 
of the one to the other is the simple direct ratio of their nnme* 
rators. Thus, the ratio of f to 4 is the same as that of 3 to 
5 ; namely, ^ ; being (188) no more than the ratio of 3 units 
of a certain order to 5 units of the same order. 

Again, if two fractions hare each the same numerator, they 
have to one another the inverse ratio of their denominators. 
Thus, the ratio of |i» | is J. For, the greater the number 
of parts in the unit, the less they are in value: therefore, 
whatever number of times 7 is greater than 5, so many times 
are the units of the fraction | less than those of | ; or, so 
many times are the units of | greater than those of f . But 
J is this number of times : therefore, | is the ratio of | to ^. 
The ratio of ^ to y^ is ^^- = 2 ; which shows that I is twice 
^. Again, the ratio of ^ to | is ^^ = ^ ; which shows that 
j% is one-half of |. 

Wherefore, any two fractions bave to one another tJhe direct 
ratio of their numerators^ and the inverse ratio of their deno* 
minators. The ratio of one fraction to another, therefore, 
being compounded of both these ratios, is a compound ratio. 
Of this we shall treat more fully hereafier. 

190. As a fraction is composed of one or more units, gene- 
rated by the division of some standard unit into a certain 
number of equal parts, the number of which is signified by 
its denominator, we call one of these equal parts the generic 
unit of the fraction. Thus, the generic unit of | is |, that 
of j| is 4 9 &c. Now, as fractions, having like numerators, are 
to one another inversely as their denominators, the geneno 
unit of one fraction is to that of another in this same ratio, 
which is found hy dividing the denominator of the second hy 
that of the first. Thus, the ratio of ^ to ^ is |; the ratio 
of 1 to 4 is 4, &c. Hence we say, that fifths are to sixths 
as 6 to o; fifths to ninths as 9 to 5, &c. 

How many times greater are thirds than tenths? 

191. A whole number is expressed in the form of a fraction 
^ giving it a unit for denominator; this unit, being the ge- 
neric unit of the number, both before and (190) after it is so 
expressed. Thus, f =3. Now, as both terms of f may be 
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multiplied by any number in the scale 2, 3, 4, 6, 6, &c., ad 
inf., without (165) altering the value of the number 3, it is 
evident that we can give this, or any other whole number, any 
denominator that we please, without at all altering its value — 
namely, - hy first multiplying the whole number by that deno^ 
minator. Thus, if we would express 6 as a fraction, having T 

for denominator, we say 6 = —=:- = -^. 

We have already defined a fraction to be that which is less 
than a unit : consequently, that which is equal to, or greater 
than, a unit, though in fractional form, is not really a fraction. 
Therefore, when the numerator is less than the denominator, 
we call the fraction a proper /ractio)u But, when the nume- 
rator is equal to, or greater than the denominator, we call the 
fraction an improper fraction. The expression ^^^ is, there- 
fore, an improper fraction. 

Express each of the numbers 3, 4, 5, 6, 7 as an improper 
fraction, having 8 for denominator. 

To reduce a mixed number to an improper fraction : 

192. Express its integral part (191) as a fraction, having 
the same denominator as its fractional part : then, as the generic 
unit is the same in both parts, add their numerators together, 
and place the sum over the common denominator. Thus, 

V !> A^ fi * .^ 4x5 20 ^, 20 , 3 23 
if we have 4|, we first put 4 = — ^ = -=- , then -=-+ ?-=-=- : 

o 5 5 

that is, 4| = -^g3. In the same manner reduce the following 

numbers: 9f, 11^, 15y\, 14/^, and 34/3. 

193. Having well understood the preceding article, we may 
proceed more expeditiously, thus : multiply die integral part 
by the denominator 0/ the fractional part; and, to the product, 
add the numerator of the fractional part, for a numerator, 
under which place the denominator of the fractional part 

Thus, 5J = ^><|±1 = ^, and 13| = H>^ = 6Z. 

So also the following : 

1. 8| = Mj 25| = -i^,andl06,% = ^. 

2. 98i| = iffij 34J|=4P,and504|J=-'>'«' 
8. 69i| = ^ 5 1731? =lMi, and 429/^ = 

194. A fraction is in its lowest terms, when those terms 
are prime to each other. Let ~ be a fraction, of which the 



40 

1 3307 
31 • 
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terms A and B are prime to each other. Let D be less than 
B; and, if possible, let -5- == -5-; being, as usual, a whole 
number. Then, if m be the value of the ratio (-|-) of a unit 

of A to a unit of 0, «tA = 0. Now, mA = ^. But, B 
being greater than D, and prime to A, cannot (180) measure 
their product. Therefore, cannot be a whole number. Thus, 
if we would reduce f to Ji/ths : as the ratio of 4 to ^ (190) 
is 4, the ratio of | to J is 3 times f or 1^== 24; that is, 

J} -^. { = 24. Hence, (141,) 24 X i = ^ is the value of ^ ex- 

01 o 

pressed in fifths. Proof, -^X4 = l| = f Hence, it is 

evident that, to reduce the fraction -I- to an equivalent frac- 
tion, having another number, D, for its denominator, and a 
whole nunu>er, B must not only be greater than B, but, as 
A is prime, D must be a multiple q/*B. 

To reduce a fraction to its lowest terms : 

195. Divide both terms by their greatest common measure. 
The quotients, having no longer any common factor, are prime 
to each other, and are, consequently, (194,) the lowest terms 
of the fraction. Thus, if we require the lowiest terms of 

Yisisf ^® ^^^ ^^ (1^^) *^^* *^® greatest common measure 
of 6209 and 11513 is 887. We^ then divide both terms of 

Yrifj ^y ^^*^ f ^^^c^ (1^^) ^*s no effect upon its value, and 
gives ^^ for its lowest terms. 

Examples, 

1- m = r> 118 = 1; T%V = § "^d iSI = A- 

2. f f 18 = f ; III? = 114 and ifii J = %m- 
3- if If? = n ; urn = hi «»d Ms = • 

196. The lowest terms may often be obtained with greatei 
facility, by dividing the terms of the given fraction by what-* 
ever numJber we can discover to be a common measure ; (175 
to 178 ; also 173 ;) and, if not the greatest, continuing so to 
divide, until the terms are prime to each other. For example, 
ifAV = A% = i- ^rst, as the unit fi^re in each is 4, and 
the tens even, we see that 2 is more than once fiictor in each 
term i we therefore try 8, and have -f^^ for the result. Then, 

xo 
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by adding the figures of each term, we find that 3 is factor. 
Also, as the tens in each are double of the unit figure, we know 
that 7 (or indeed 21) is factor; wherefore, dividing by 21, 
we have |. 

Or, having found ^'g, we may observe that the nnit figures, 
3 and 8, are prime to each other, and that the tens,- 6 and 16, 
are in the same ratio ; and hence that the fraction is |. In 
the same manner we easily discover that i|i} == ^ ; ^|| = | ; 

197. When the terms are nearly equal, try to divide hoth 
hy their difference^ (1^3.) If this does not succeed, try its hdlfj 
third y fourth, &c. To reduce j-Hfl; we take the difference 
between the terms, which is 8d8. But, because no whole 
number of times the unit figure 8 can produce 9 or 7, we take 
half the difference, which Is 419. Dividing both terms by this, 
we have || for the terms sought. Thus, we find that 

80919 — 49. and iflfliid'y — t9 

198. In order to add two or more numbers together, or 
subtract one from another, the numbers must be homogeneous: 
that is, the generic unit in each must be the same. For, if we 
would add | and ^y the units of which are not alike, we cannot 
combine the numerators by saying 3 and 3 is 6; because this 
number could neither be denominated fourths nor sevenths^ al- 
though comprising no other denomination. 

Again, if we would subtract | from |, we cannot say 3 from 
3, nought ; because this would imply that there is no (Sfference 
between liie fractions, which (189) is absurd. 

199. It is obvious, then, that before we can add dissimilar 
fractions together, or subtract one from the other, their units 
must be rendered similar : that is, (190,) they must aU have 
the same denominator. This is called reducing them to a comr 
mxm denominator. But (194) this must be a multiple of each 
denominator ] and, for convenience in calculation, the less it is, 
the better. Therefore, we take for a com. denom. the hast 
comm^on multiple of all the denominators. 

To reduce Dissimilar Fractions to their Least Common 

Denominator. 

200. First find the least common multiple of all the denomi- 
nators, and call it the common denominator. 

2. Multiply each numerator by the number of times that its 
denominator is contained in the common denominator. 
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3. Place each of the several products over the common de- 
nominator^ which will give the required fractions. 

Examples, 

1. Reduce | and | to a common denominator. 

When there are two fractions with prime denominators, each 
denominator shows how often the other is contained in the 
product of the two denominators ) which is their least common 
multiple. Wherefore, by the Rule : multiply the numerator 
of each fraction by the denominator of the other, and place the 
prodtLct over the com. denom. This is the same as to multiply 
the two terms of each fraction by the denom. of the other^ 
which (165) does not alter its value. Thus, we have 3x7 = 
21 ; 3X4 = 12, and 7X4 = 28. Therefore, 

11 and ^§ are the fractions required. 

Or thus : 

3_3X7_21, 3_3X4_12 

4""4X7'"28' 7""7X4"~"28* 

When there are more than twofractixmz having prime deno' 
minators, — The product of the denominators being, as before, 
the least com. denom., multiply each numerator into all the 
denominators eoccept its own, and place the product over the 
com. denom. It is easy to see, as above, that this is the same 
as to multiply both terms of each fraction by the product of the 
denominators of all the others. 

2. Reduce f , |, and ^ to a common denominator. 

2X5X7 = 70") 3X5X7=105 com. denom. 

3X3X7 = 63 V numerators 

5X5X3 = 75 3 /^o^, ^, and ^^^y required fractions. 

3. \y I, and |, are equivalent to Jf , |J, and |f . 

4. I, I, h " « 

5. h %, 4, /t 

6. |,/5,tV " " " 

7 7 9 13 a a a 
'• T^> to? 28; 

201. When the denominators are not prime to each other, we 
find their least com. mult., (183 or 185,) which we take for a com. 
denom. Then, having placed the fractions by the side of each 
other, and drawn a line underneath, we divide the com. denom. by 
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the denominator of each fraction, placing the quotient below the 
line under the denominator which ffave it. Lastly, we multi- 
ply the two terms of each fraction by the corresponding num- 
ber below the line, and have the fractions sought. 

We need not midtiply each denominator by the number below 
the line, because we already know the result. Also, when the 
scholar becomes skilful, he may omit the placing of the num- 
bers below the line. 

To reduce |; |; 2^ and J^^ to a com. denom., we place the 

numbers thus: J — 1 — I — Li. and havine found ^185) that 

16 12 6 3 ° ^ -^ 

the least com. denom. is 48, we divide this successively by 3, 
4, 8, and 16, and place the quotients 16, 12, 6, and 3, each 
under the number which gave it. Lastly, we multiply the two 
terms of each fraction, or rather, the numerator only, by the 
number below the line, and have |§, |g, ||, and ^| for the 
required fractions. 

We easily see (190) that each of the numbers 16, 12, 6, and 
3, respectively, shows the number of times that the new common 
generic unit -^^ is less than that of the fraction under which the 
number stands ; and that in multiplying the numeratcnr by this 
number, we have a number of parts in each new fraction, which is 
jmt as many times greater as the number of times that the parts 
are less m value. Wherefore, the value <>f the fraction is not 
altered. 

Examples, 

1. f , \l, and f^, are equal to %%, |J, and |§. 

2. f, ?, II, hh " " 4i ^h ^h II- 

4. i, S, \h if, II, " " II, II, f }, if, I?. - 

^•l,H,il,li " " I3§, 181, l§l, Mf. 



SECTION IX. 



ADDITION, StJBTEACTION, MULTIPLICATION, AND DIVIBIOW Of 
VULOAR FRACTIONS AND MIXED NUMBERS ; — ALSO DIVI- 
SION BY FACTORS. 

Addition of Vulgar Fractions, 

202. When the fractions to be added have a com. denom., 
we add all the numerators, and place the sum over the com. 
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denom. The fraction thus formed, whether proper or improper, 
is the sum of the given fractions. 

The numerators, that is to saj, the fractions, being each com- 
posed of units of the order signified bj the com. denom., their 
^ sum is a number of units of the same order; and, for this 
reason, we give it the same denominator 

Thus, 4 + f = f. 

But when they have not a common denominator, (198,) we 
first reduce them to a com, denom,, (200 or 201,) and proceed 
€b8 be/ore. Thus, to find the sum of 4, |, and |, we first 
reduce these fractions to a com. denom., (200,) and have for their 
equivalents ||, ||, and ||. Then to find their sum we say, 

ai I 28 j_ 18 — ^l+^o+ lo — j.^ — ^^5 Wherefore 
I2 i^ ?2 T^ ?2 — 42 — *^ — ^2* wnereiore, 

the sum of ^, |, Mid ^ is 1||. 

Ikcamphs. 

*• ii"9~h? — 3T2"r2BTsi^2535 — 252 — ^^ 

— 9 41 . 

— ^563^ 

Hence, the sum of j, f , and ^ is 2^^^. Let the expressions 
in the following examples be vmtten in the same manner : 

^- t + ^ + TT— ^+^i-^— 2 — 5"*^*"~"^5^' 
The letters a h c represent the new numerators, s their sum, 
and d the common denominator. 

^ ^JU&JU'r — l£_1.20 1.21 — 10+*-'^+-^^ 57 — 19 — 03 

^' ^"FffT^H — 2fT-2¥n~2? — 24 — 21 — 8 — ^5* 

a b c e a-4-h-\-c4-e s ^ 

5- i + f + 3\ + SI=l; al80,TV + §+|f=l- 

7. 1? + Vs + 1*3 + 14 = 2i3!f I- 

Addition of Mixed Numbers, 
203. Mixed numbers may be added either by first changing 
them to improper fractions, and then proceeding as above, or 
by first finding the sum of the integral parts ; then, that of the 

fractional parts; and lastly, the sum of the two sums. 

10* 
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Examples. 

1. To add 5^, 6-|, and 7f , we may proceed thus : 6^ = y ; 
6| = V > 7| = V ; (193,) therefore, 51 + 6| + Tf = 

11 , 27 I 61 44 I g4 , 61 ^^+54+61 _^5g 
2^4-1-8 8^8'1"8 g 8 ^^^* 

Or tjius : 5+ 6 + 7 = 18 ; the sum of the integral parts : then, 

^+l + l = l + H-f = ^±|^ = -T = li5 *»»«»™ 
of the fractional parts; and lastly, 18 + 1| = l^i? ^s before. 
The student may pursue the method which seems most con- 
venient, according to circumstances. The one also proves the 
other. 

2. 2^+H + 34 + T^'^=8. 

3. lOlJ + 315f + M =417^f 

4. 4| + 5| + lf + 12i = 24V^V 
6• I + A + 8| + 19f 8 + 623 = Slym- 

Subtraction o/IVaciions, 

204. When the given fractions have a com. denom., we 
subtract the numerator of the less from that of the greater, and 
place the remainder over the com. denom. ; thus, ^ — f = 4* 

The numerators being each composed of units of the or- 
der signified by the com. denom., their difference is evidently a 
number of units of the same order ; for which reason we give 
it the same denominator. 

When the fractions have different denominators, we reditce 
them to a com. denom., as in addition ; because we cannot pb- 
tract units of different orders ; afler which we proceed as be- 
fore. 

Uxamples. 

1 6 2 18 14 4 

O 6 1 16. IT 8 1 .6 I2—II 

Q 7 4 3 . 11 6 13. IS. 5_ "7 

4. /3 - p=^U ; IH - ^ = tW J 118 - A = M- 

^' H i = i^SB'y II Il = 3i5 3 §if III == ' 

R 32 34 . . 213 2 07 . 4 2 4JL 

. — 1 
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Siihtraction of Mixed Numhers, 

205. We may reduce the mixed numbers to improper frac- 
tions ; and, when the denominators are not alike, bring them to 
a common denominator, and subtract as above. For example : 
if, from 7^, we would subtract 2|, we say 7 J = y, and 2| =i 
Y; therefore, 

171 03 6_7 1J7 399 1 3_6 899—1 36 268 4^39 

But, when the integral part of one or both numbers is very 
great, the following method will be found more convenient : 
If the fractional parts have different denominators, we first re- 
duce them to a com. denom. We then write the less mixed 
number under the greater, and, having drawn a line underneath, 
we subtract the numerator of the lower fraction from that of 
the upper one, and place the remainder over the com. denom. 
for the difference of the fractions. Lastly, we find the differ- 
ence of the whole numbers, as usual. 

When the numerator of the lower fraction is the greater of 
the two, we subtract it from the sum of the terms of the upper 
fraction ; and, having placed the remainder over the com. de- 
nom., we carry one to the unit figure of the lower number, and 
proceed as usual. 

As the denominator is a unit, and the numerator the frac- 
tion, when we add the denominator to the numerator, we add 
a unit to the fraction ; therefore, having added a unit to the 
upper number, we add a unit to the lower, by which means 
both numbers are increased alike, which cannot ^ect the dif- 
ference. 

Examples. 

1. To subtract 2^ from 7^, we first find that^ | and ^ are 
equivalent to /^ and || ; we then place the numbers thus : 

7 "7 

924 



m 

aad, as 24 is greater than 7, we say 56 — ^ 24 = 32 ; and 32 -f- 
7 = 39, which we place over 56. Then, having added a unit 
to the upper number, we add a unit to the lower number 2, say- 
ing, 3 from 7,/ow. Wherefore, 7^ — 2^ = 4||. 

2 ion 9111 — 1528 1283 ^ ?_^— ^—^ -^^ 
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Or thus : 1| and || are equivalent to |6| and ||| ; then, 

from lOligf 

we take 94i|| 



and have 7y|^ for remainder, as before. 

Here, as -|-| is greater than ||, we do not add a unit to either 
number, as m the preceding example. 

3. To subtract 94|| from 101, we place the numbers thus : 

101 

and, as there is nothing above |J , we subtract it frt)m a unit, 
and carry a unit to the figure 4, as in the first example. Now, 
in reducing a unit to a fraction, having 13 for denominator, 
(191,) we have 13 also for the numerator ; but, as this is the 
same as the denominator, we subtract the numerator of || from 
its own denominator, and, placing the difierence 2 over 13, we 
have /^ for the difference between i| and a unit; we then 
carry a unit to 4, and, having subtracted, we find that 6y^ is 
the difference between the given numbers. 

The difference between a fraction and a unit is called the 
complement of that fraction : thus, \\ and -^ are the comple- 
ments of each other. 

4. 15| — 3| = 11| 3 and 15| — 11| == 3|. 

5. 9|i-.6| = 2/^; and9|-J-2J»^==6|. 

6. 28| — m = 18 j ; and 28| — 18| = 9^^. 

7. 65/^ — 191^ = 455% ; and 9 — 4| =44. 

8. 101 — 6^% = 94f J ', and l^—l^& = ^\. 

9. 1043/^ — 65/;y = 978/^4^. Prove this and the sue- 

ceeding example by addition and subtraction. 
10. 3171 yV = 980/y = 2190f f 

Multiplication of Fractions, 

206. To find the product 'of several fractions, toe multiply 
all the numerators together for a numerator^ and all the de- 
nominators for a denominator. The fraction thus formed is 
the product. 

For example, to multiply | by |. If we (165) first multi- 
ply by 2, we have |. But | is (146) the third part of 2; 
nence, the product | is 3 times too great, and must be divided 
by 3. Now, this is done (165) in multiplying the denomina- 
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tor 4 by 3, wbicii gives /^ ^^ the q^otieDt ; theFefore, 

4 ^3"^4x3^12'~2 

Or, to multiply | by 2 ; we divide (165) its denominator by 
2y and bave | for tbe product. But this, as above, ib just 3 
times tbe true product : we, therefore, (165,) divide its numer- 
tor by3, and have ^ for the true product, as before. 

Operation. 

The striking out of a numerator and denominator, as here 
shown, is called cancelling. We do not always write the quo- 
tient 1 above or below the figure wholly cancelled ; because 
we know that, when all tbe numerators ase cancelled, the result 
is 1 .; seeing that any power of 1 is 1. 

The reasoning applied above to the multiplication of two 
fractions, will apply to the multiplication of their product and 
a third fraction ; to that product a^d a fourth, &c., and, conse- 
quently, to the continued multiplication of any number of 
fractions. Hence, we see Uiat, in multiplying any number 
of fractions, the resulting numerator is ^e product of all the 
numerators^ and the denomiaator, the product of aU the deno- 
minators. 

207. Let us obserre that, in iDultl|dying by a fraction, we 
not only perform a multiplication, but also a division ; and, as 
the number by which we divide is greater than that by which 
we multiply, the quantity multiplied .by a fraction, instead o& 
being increased, is diminished. 

Examples. 
1. To multiply |, |, |, and | together, we proceed thus : 

?X^X^X6 

The lines drawn through the numbers 3, 4, 5, show th^t 
they cancel each other ] that is to say, because the value of | 
would not be altered, (165,) if both its terms were multiplied 
by tbe product 3x4x5, we omit the multiplication of these 
numbers, which «aves the trouble, not only of this multiplica- 
tion, but also of reducing the final product to its lowest terms. 

When two opposite terms are equal, the^ may he omitted : 
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when one is a multiple of the other, we may divide the greater 
hy the lesSf and do with the quotient as we shoiM have done 
with the greater : also, when they have a common measare, 
divide both by it, and operate with the quotients as with the 
numbers; because, in each case, the effect is the same as to 
divide both terms of the final product by the same number, 
which (165) does not alter its value. 

2. j%XjhXUXn = -6% = i\' 

The prime factors of 9x26x36 and of 13x24x27 are the 
same, namely, 3*, 2", and 13 : therefore, omitting these ntm- 
bers, we have -^^ = y\- for the total product, 

3. lXiXi = ||,and|X|Xil = i. 
4- *XfXii = i,and|Xi4XfJ = f 

5. §Xi«rXH = 4.and||X|Xfi = 2V 

6. 4XfX|X?Xii = i,and/3XJ4Xil = i8§f 

7. |XfXiXAXiJXH=^Wi- 

208. To multiply a fraction by a whole number, is the same 
as to multiply the whole number by the fraction; for, in 
either case, (191,) having expressed the whole number as a 
fraction, we multiply the whole number and the numerator of 
the fraction together, and divide the product by the denomi- 
nator, (206.) Thus : 

2136X1 =-^^X| =-fi^^ =1602. 

Or, by cancelling, if practicable, first divide the whole number 
by the denominator of the fraction, and multiply the numerator 
by the quotient. Or, if the whole number divide the deno- 
minator of the fraction, divide the numerator by the quotient. 
Thus: 

2136X1 = 534X3 = 1602. 

Also, when the numerator and denominator differ, as in the 
present case, by only one unit, we may, when we have divided 
the whole number by the denominator, subtract the quotient 
from the whole number : thus, having found the quotient 534, 
we say, 2136 — 534 = 1602, as before. 

Therefore, to take |, ^, |, |, &c. of a number, is to dimi- 
nish it by |, ^, I, ^, &c. of itself. 

When tne whole number is the same as the denominator 
of the fraction, the result is the numerator. Thus, 

1X4 = 3; iixl2==ll,&o. 
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Uxamples, 

3. gxll=9|; 134X11 = 123^5 i?X204 = 182J8. 

Multiplication of Mixed J^umhers. 

209. Reduce tlie mixed numbers to improper fractions, 
and multiply tbem (206) aa fractions. Also, when there are 
whole numbers, express them as fractions ; and, in all cases, 
cancel as much as possible. 

Examples. 

1. 53 X 6| = -^ X ^ =-^ = 284|. Or (138) thus : 

63 X 5 = 265, and 53 X | =^ = Wg : then, 265 + IQJ 
= 2841. 

2. 2ix4|x3| = Hx^X^ = 33. 

3. 15fX5|. (138.) 151 

it. 

Product of 15 X 5 .- 75 

" 1X5 - 3| or 5^ 

" 15X1 - 13Jor-3»f 

1X2 - ^ U 

By the general method, 15^X^1 = ^X^X^ = 92j^, 
u before. 

4- T\X2|Xi=l; 2fx3jX4=39; 33jXl04=360. 
■ 6. |X3T\X2|XiJ = 63\; 6^x3315X2 = 39^. 
6. 94f X 77ii = 7341ie j 69,^ X ^Qr,^ = 27d7|f. 

210. The calouktion u often &oilitated % ttriking a faetior 
from one number and introducing it into another. Thus, 
itrildng the &«tor 11 from 33 j^, we have 3 j^, ; then intro- 
daciog it into 13^, we have 152, and multiplying the results, 
instead of the numbers, we have 468) for the product, as 
fellows: 
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1. 13/t X 33 j^ = 152 X 8y\j = 456 + 12| = 468|. 

2. 6|Xl6|=50x2i = 100 + 5f = 105f. 
8. 16| X 18| = 50 X 6^ = 312^. 

4. 18f X 14? = 129 X2i = 258 + 141 =272|. 

5. 115| X 250f == 578 X 50 J == 28900 + 96| = 28996^. 

211. A fraction of a fraction is called a compownd fracti(m. 
Thus I of I is a compound fraction. 

To take i of | is (144) to divide 2 by 5 j that is, ri65,) to 
multiply its denominator 8 by 5, which gives /^ ; therefore, 
I of I must be 3 times /^ ; and this (165) is found in multi- 
plying the numerator 7 by 3, which gives | J. HencC; we may 
substitute the sign X fi^ '^ word ofj and proceed as in mul- 
tiplication of fractions. Wherefore, |ofg = |XH = fi- 
Also, it is evident that | of J of y\ = |^ of y®y 3 that is, as 
above, 5 J X t\ = If ?• ^® ^^^y therefore, that to reduce a 
compound fraction to a simple one, the fractions composing 
the compound fraction must all he multiplied together. 

Examples, 

1. |of|of9 = |Xf Xf = |;ioffof|i = :^. 

2. Jof |of J = ||j I of ^5 of 25 = 15. 

3. ^of|of |of^ = §; |off of32 = 16. 

4. I of II of 51f = 42f f ; ^-V of ^\ of 284 = 1- 

Division of Fractions. 

212. To divide a quantity Q by any fraction -y, multiply the 

dividend hy the reciprocal of the divisor; that is, by — . Thus, 

J -.J n 

Q H — =- = Q X — = — J tbe required quotient. 
Q a n n 

First, — is the quantity divided by the numerator. But 

n 
(208) n = ~ X <^» that is, ni& d times too great; conse- 

quently, (165,) — lad times less than it should be; where- 

fore, (165,) Q must be multiplied by dy wbieh gives — for 

the true quotient. 

Examples, 

1. 24-f-j=24x|=8X8=64,and 24^-1 =24X1=82. 

2. 36-s-2=?^ = M8x414,and 36-5-3 = 46$. 
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8. 43 _j. ^^ == 157|, and 99 -- ^^ = 2476. 
4. 528 ^ H = 576, and 528 -^l\ = 1152. 

213. Let Q be any fraction ^ . Then, Z -j- ~ = :^ X - 

pd p p ^ q d q n 

=-^. For— -f-» is-^, (165:) but, as 7^ is cZ times too 
nq ^ q nq ^ 

great, — is c? times less than it should be; wherefore, we mul- 
nq p^ 

tiplyp by <?, and have ^-- for the true quotient. 

To divide by a fraction, therefore, we have this simple rule : 
invert it, (that is, turn it upside down,) and multipli/. 

Examples. 

^' Tff • F — Iff A vy — T? ; T2 * 3¥ — T2 A JT — ^' 

2 3 _i_4 3. 6_i_ 7 14 . 6_s_3 Oil 

3 8_^_a_ I'y.is.^j — 4.5. 8_j!_ 1 900 

A 15_s_JJ 16_9 2U* 23_5_19 178 

^" tI"iS — 54 — ^S?^ 3T • 2¥ — ^5S5- 

214. The ratio of ^ to ~> which (188 and 213) is ^, is 

q ^, p d ' nq' 

(189) compounded of the ratios — And — , and is, evidently, 

the product of these ratios. ^ 

Thus, we see that the quotient arising from the division of 
one fraction by another is a compound ratio, and is the pro- 
duct either of the direct ratio of the numerators and the 
inverse ratio of the denominators, or that of the dividend and 

the reciprocal of the divisor. Hence, the ratio of ^— to — id 
*^ nq 2/ 

' ^ . and is compounded of the two ratios — and— ; or of 
''^ p d V nq X 

the three ratios ~ , — , and -^ : that is, a ratio compounded 

n a X 

of any number of ratios is the product of those ratios. 

Examples. 

1. Find the ratio of -=- to ( ~ -. Y 

f> \d qJ ^^^ 

Answer, -= — . 
' acq 

2. Find the ratio of (L^l.\ io (^ ^^\ 

\q xJ \y nJ ^py 

Answer, -^^— . 
nqy 

11 
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8. What is the ratio, compounded of the ratios A* to B, 

BtoC, andC toD? . a 

' Answer, — . 

Hence it is plain that, if we have any number of quantities, 
the ratio of the first to the List is compounded of the ratios, 
the first to the second, the second to the third, the third to 
the fourth, and so on to the last. 

4. What is the ratio of a fraction to its reciprocal ? 
Answer, the duplicate ratio, or square of the fraction. Thus, 

the ratio of ^ to ^ is ^-f-l=^ X ~= ~. 

q p q p q q q^ 

5. What is the ratio of a fraction to the square of its reci- 
procal ? 

Answer, the triplicate ratio or cube of the fraction^ 

6. What is the ratio compounded of the ratios r to - , - to 
d d e ' odd 
— , and — to -? ? . of 

e ' e / Answer, ~. 

7. What is the ratio cojnpounded of the ratios to | to |, § 
to f , and I to 4 ? Answer, |. 

215. As^^^=^X-=-^; Bo-P^-^2=^X^ 

q a q n qn qn y qn x 

= S^. Hence,^-^^-^^ = :Px^ = ^. Thath, 
qnx q d y q nx qnx 

to divide a quantity, successively, by any number of fractions, 

we multiply that quantity by the product of their reciprocals. 

In the same manner we find that 4-5-^-T-|-:-f -5-|-f-| = 252. 

216. A quantity divided by a fraction is always increased; 
because the reciprocal^ by which we multiply, is greater than 
a unit. Also, it is increased in the ratio of the numerator of 
the reciprocal to its denominator. Wherefore, if this nume- 
rator be one unit greater than the denominator, the quantity 
will be increased by sv^ch part of itself as is signified by the 
denominator. Thus : 

24-5-4 = 24 X5 = (24X1J)== 24 + 4 = 28 
24-f-| = 24x| = (24xli) = 24 + 8 = 32 
24-f-| = 24x| = (24xH)=24 + 12 = 36 

Divide 168, successively, by ^, |, |, 4, J, and find the sum 
of the quotients. Answer, 1200. 
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Division of Mixed Niimhers. 

217. Kednce mixed numbers to improper fractions ; express 
whole numbers as fractions^ and reduce compound fractions to 
simple ones : after which proceed as with ordinary firactions. 

Examples, 

Thus we see that the divisor, divided by the dividend, gives 
the reciprocal of the quotient, which serves as proof. 

2. 87-^6^ = V-¥=¥x^'5 = ^ = 13tV 

Also, 64 H- 87 = 4^X5', = 2^3- 

3. 7f^3|=|f=l|f,aii(i3|-5-7| = ||. 

*• fiT "^ 5 ^^ 7 "* ^2 — f ^^ 7 f /\ T^ — T52* 

6. iof9J^-^4of|of2 = 2/3V 

6. nm^?>^^s=^iiiij,. 

7. 1435|-^.62==23:jVff- 

8. 37296 ^ 31^ = 9622^?. 

9. 14351-5-23/^95 = 62. 

10. 44983^^ -28675 = 157fg||f 

218. When we divide a unit by a fraction, the quotient is 
the reciprocal of that fraction. Thus, l-f-| = |X| = |- 
But the dividend is the product of the divisor and quotient ; 
that is, the product of any fraction multiplied by its reciprocal 
is a unit. 

Wherefore, to divide or multiply hy a fraction^ is to multi- 
ply or divide hy its reciprocal. 
To divide one whole number by the factors of another : 

219. As the object of this method is, not only to expedite, 
but facilitate calculation, the number of factors is usually li- 
mited to two : because, where strict accuracy is required, and 
the dividend is prime to the factors, a greater number would 
render intricate the calculation of the final fraction. 

Whenever, therefore, the divisor can be resolved into two 
factors, neither of which exceeds 12^ we first divide hy one 
factor, and then divide the quotient by the other. 

For example, to divide 165369 by 45 : As 45 is the pro- 
duct of 9 and 5, we first divide by one of these factors, no 
matter which, and then by the other, as follows : 
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5) 165369 
9) 380731 



36745 + ,\ 

Having divided by 5, the qnotient is 33073 1. 

Again, in dividing the integral part of this quotient, which 
is 33073, by 9, we have 3674 J ; and, in dividing the frac- 
tional part I by 9, (165,) we have -^^, We have,, therefore, 
86745 + :j\ for the final quotient. 

But, to have only one fraction, we add the two fractions \ 
and -^^ together. Now the denominator of 5 is the last divisor, 
and the denominator of -^^^ the product of the two divisors : 
consequently, as 9 is contained in 45 as often as expressed by 
the first divisor; to reduce | to a fraction, the denominator of 
which shall be 45, we must multiply the numerator 7 by the 
first divisor 5, which gives |f ; then, adding the two fractions 
II and t'V together, we have || for the sum. The numerator 
39 of this sum is composed of the last remainder 7 multiplied 
by the first divisor 5, plus the first remainder 4 : the denomi- 
nator 45, being the product of the two divisors, or whole num- 
ber divided by ; and it is easy to see that the same kind of 
reasoning will hold, whatever may be the two remainders or 
divisors. 

Hence, we have the following general rule : When there 
are two remainders, multiple/ the last remainder hr/ the first 
divisor J and to the proditct add the first remainder; under 
this sum write the product of the two divisors, and reduce the 
fraction, if necessary, to its lowest terms. 

The above example, performed by this rule, will stand thus : 

5 ) 165369 

9) 33073 . . . 4 1 7x5-f4 _39_13 

3674 . . . 7> 45 ~"45~l5 

3 674 II quotient 

It is evident that 3674l| is the quotient of 165369 divided 
by 45 ; because (144) in dividing by 5, we take I ; and, in 
dividing by 9, we take ^ of ^, which (211) is ^*^. 

When there is but one remainder, it is easy to perceive that 
if it belongs to the first division, it will take the product of the 
two divisors for a denominator; because it is apart of the divi^ 
dend which has not yet been divided by either divisor, and that. 
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if it belongs to the last division^ it will take the last divisor 
mdyy for a denominator; because it has no more division to 
undergo. 

EocaTTvples. 

1. 237543 -f- 25 = 9501^f . 

2. 768539 -f- 54 = 14232^1 

3. 5970509 -^63 = 94769 J§. 

4. 1084624 -^ 56 = 19368f . 

5. 21165897 -f- 49 = 431957,V 

6. 99392745 -f- 35 = 2839792f . 

7. Divide 169281735, separately, by each of the numbers 
24, 32, 36, 48, 81, and find the difference betvreen the sum of 
the quotients and the dividend. Answer 146619403|||. 

^. In the preceding question, what is the ratio of the sum 
of the quotients to the dividend ; or, in other words, what part 
of the dividend is the sum of the quotients ? 

Answer jV/s* 
9. What is the ratio of 146619403|||, to 169281735 ? 

Answer |§||. 

The ratios of each of two numbers to their sums are the com- 
plements of each other. 
10. What is the ratio of 169281735 to 2266233I5V5 ? 

Answer ^«^/. 

Here the dividend divided by the sum of the quotients gives 
its ratio to that sum. Hence, it is the product of the sum of 
the quotients and that ratio. Now, if the product of two num- 
bers be divided by either, the quotient will be the other. There- 
fore, if we divide the dividend by its ratio to the sum of the 
quotients, we shall have that sum for the result. That is to 
Bay, any quantity divided by its ratio to another quantity ^ wiU 
give that other quantity. 

But to divide by a fraction is the same as to multiply by its 
reciprocal. Wherefore, any quantity multiplied by the recip- 
rocal of its ratio to another quantity , wiU give that other quan^ 
%. 

11* 
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220. The word decimal, derived from the Latin word decern, 
ten, is applied to that which is numbered by tens. Hence, the 
scale of Natural Numbers (Sec. I.) is properly termed, the deci- 
mal scale of Natural Numbers. If, on the right of this scale, 
we place a comma, and consider a single unit, or unit of its 
right-hand order, to be an alt unit of the same scale continued 
downwards, that is, towards the right, it is eyident (37) that 
this unit is greater than any definite number of figures which 
can stand on the right of the comma; consequently, those 
figures constitute a^ fraction, properly termed a decim,al frac- 
tion, (often simply a decimal.) 

22i\, As the whole scale is decimal, subject to a universal 
law, that ten units of any order constitute one unit of the next 
order on the left, or, inversely, that an alt unit of any order is 
equal to ten units of the next order on the right, it is plain, that 
every natural number, whole, fractional, or mixed, is a decimal 
number', notwithstanding which, the figures on the right of the 
comma are, by way of distinction, exclusively called decimal 
figures, or decimals) and those numbers alone, which con- 
tain, or, by reduction, are supposed to contain, prders on the 
right of the comma, are called decimal numbers. 

222. Considering the scale of Natural Numbers to extend, in 

both directions, from the comma to infinity, it is now complete; 

the part on the left of the comma being integral, that is, (36,) 

capable of expressing any whole number, and that on the right 

fractional^ that is, capable of expressing any fraction^ or at 
126 
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least (158) its approximate value, within any assignahle 
quantity, 

223. Beginning at the comma^ if, on the right of it, we sup- 
pose a series of nines, thus, ,9999, &c., to extend ad inf.) these 
(221) according to the universal law, are successively 9 tenths^ 
y hundredths, 9 thousandths, 9 ten-thousandths, &c. ; as vulgar 

fractions, y»^, yg^, y^^^, Tu^TJiy? ^°- > *^^* ^^> *^® denominator 
of each is a unit followed by as many ciphers as there are deci- 
mal placesj counting from the comma to the figure inclusive. 
But any number of consecutive figures on the right of the 
comma, as well as in any other part of the scale, may (48) be 
read as a number of units of the order of the right-hand figure 
of the number taken. Thus, if we take, consecutively, one, 
two, three, four, &c. nines, we read, 9 tenths, 99 hundredths, 
999 thousandths, 9999 ten-thousandths, &c. These, as vulgar 
fractions are y% ^^^, y^jftF; toV(Aj» &c. Wherefore (48) the 
denominator of any decimal number, expressed as a vulgar 
fraction, is a unit followed by as many ciphers as there are 
places of decimals in the number, counting from the comma 
to the right-hand place inclusive. 

224. The complements (205) of the fractions Z^, y^s, yVoV 
<fcc. are y\y, yj^, i^j^-q, &c ; that is, the complement of a deci- 
mal series of nines, beginning at the comma, is a u/nit of the 
lowest order of the series ; also, (87,) the integral unit, on the 
left of the comma, is the alt of the series, and is first, second, 
third, fourth, &c. ; that is, it is 10, 100, 1000, 10000, &c., 
according to the number of nines in the series. Hence, it is 
plain that a definite number of these nines can never equal a 
unit; but because the part lacking, or complement, is ten 
times less at each remove from the comma, it is easy to see 
that the ultimatum or limit of the series is a unit. 

Let S = ,9999, &c. ad inf. 

then 8 = ^5 + yg^ + y^^^ + y^§^^, i&c, ad inf. 

Multiply both sides by 10. Then 

lOS = 9 + (y% + t8u + TT?u^ + ttjStjtj. &c , ad inf.) 
substitute S for its equivalent {f^, yj^, y^^^, y^giy^; &c. 
ad inf.) 

Then we have lOS = 9 + S. 

Subtract S from both sides. Then 98 = 9 ; and, 
dividing by 9, we have S = 1. Therefore, 
the series ,9999, &c. ad inf. =1. 
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225. The alt, therefore, of a decimal is its denominator, when 
expressed as a vulgar fraction ; and is a unit followed hy as 
many ciphers as there are places of figures in the decimal, 
whether those places are supplied with significant figures or 
ciphers. Wherefore, to express a decimal as a vulgar fraction, 
"we first write the decimal as a whole number, for the numera- 
tor, and underneath we write its alt for denominator. When 
there are ciphers between the comma and the highest order of 
the decimal; we omit them in writing the numerator, Thus^ 

,05; ,25 ; ,1250 ] ,0625, and ,00875, expressed as vulgar frac- 
tions, are yj^, f^ji, yVififty, lilUy aady^u%^. 

These in their lowest terms are 

5u; h i T5> a°^ 5?TF 

In the same manner the student will find that 
,5 = ^ ; ,75 = I . ,375 = I ', ,1875 = ^3^ ; ,03125 = ^^, 

and ,0015625 = g|^. 

226. Ciphers, placed on the right of a decimal, do not alter 
Its value, because, for every additional cipher in the decimal, 
or numerator, we have one more cipher in the alt, or denomi- 
tor, (165 and 225.) Thus: 

,25 = ,250 = ,2500 = ,25000 = ,250000, &c., that is (165) 

Hence, if the number of decimals in several decimal numberd 
be different, it may be rendered the same in each, without al- 
tering their value, hy placing ciphers on the right of those which 
have an inferior number, till they all have as many as that 
which has the greatest number. Thus, instead of 

25,8, ,416, ,7854, and 3,141592 

.we may write 

25,300000; ,416000; ,785400, and 3,141592 

227. To write, in its natural form, a decimal number, 
given in the form of a vulgar fraction, we first write the nu- 
merator as a whole number ; then, beginning on its right-hand 
figure, we count towards the left as many figures, for decimals, 
(225,) as there are ciphers in the denominator, and, placing 
the comma on the left, we have the required decimal number. 
When the number of figures is not sufficient, we make it so, by 
placing ciphers on the left. 
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Thus, to express j^^j^ in its natural form, we first write 
83. Then, as there are four ciphers in the denominator, be- 
ginning on 3, we count towards the left, one, two, three, four, 
placing a cipher, as we say three, and another as we ssij/our ; 
and, prefixing the comma, we have ,0083 for the required de- 
cimal. 

228. In the scale of Natural Numbers, (222,) the value of 
any figure is determined by its distance from the comma^ 
Therefore, in any finite number, to remove the comma one, two, 
three, &c.' places to the right, is the same as to advance each 
figure one, two, three, &c. j^laces towards the left; that is, (36,) 
it is the same as to multiply the number by 10, 100, 1000, &c» 
Also, to remove the comma one, two, three, &c. places to the 
left, is to advance each figure one, two, three, &c. places to^ 
wards the right; that is, (223,) to divide the number by 10, 100, 
1000, &o. ^ 

Wherefore, to multiply a decimal number by 10, 100, 1000, 
&c., we remove the comma one, two, three, &c, places to- 
wards the right. Also, to divide the number by 10, 100, 
1000, &c., we remove the comma one, two, three, &c. places 
towards the left. Thus : 

,7854 X 10 = 7,854 ; ,7854 X 1000 = 785,4. 

If, in either direction, we do not find a suflficient number of 
places, we supply the deficiency with ciphers. Thus : 

785,4 X 100 = 78540 ; 1,6 -- 100 = ,016 ; ,7854 -^ 1000 
= ,0007854 ; ,7854 X 1000000 = 785400 

Numeration of Decimals. 

229. The denominator of a decimal figure is (223) a unit 
followed by as many ciphers as there are places from the com- 
ma to the figure inclusive ; and is also (225) the alt of a whole 
number containing the same number of places. We have, there- 
fore, two methods by which to determine the order of any de- 
cimal figure ; namely, we can point off the places of figures 
from the figure, considered as units, to the comma. Then, 
having read the figure, we pronounce the name of the alt or 
unit of the next higher grade with the usual denominating ter- 
aination, ths. Or, beginning at the comma, we can pronounce 
on the places successively, tenths, hundredths, thousandths, ten- 
thousandths, hundred'thousands, millionths, ten-millionthSf 
hmdred-millionths, billionths, &c., till we reach the figure. 

230. In the scale of Natural Numbers, a number of consecu- 
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tive figures, taken at pleasure, may (48) be read as a number 
of units of the order of the right-hand place of the part taken. 
To read a decimal fraction, therefore, we find, by either of the 
above methods, the name of the order of its right-hand place, 
which name we give to the whole, after reading it as a whole 
number. For example, to read the fraction ,5083020461079, 
haying separated it into periods, as a whole number, we fiud 
that its highest order is units of trillions, and hence, its alt (87) 
ten trillions; consequently, the fraction is a number of ten- 
trillionths. We therefore read, five trillions, eighty^three bil- 
lions, twenty millions, four hundred and sixty-one thousand 
and seventy-nine ten-triUionths, 

If all the figures of the above fraction, except the two last, 
were ciphers, we should still separate the places of figures into 
periods, find the denomination, as above, and read seventy-nine 
teri'trillionths. Express in words the following 

Examples, 

1. ,235 I 3. ,6187 

2. ,7089 I 4. 7,08017 

5. 91,002009 

In reading a mixed decimal number, we insert the word and 
between the integral and decimal parts. The present example 
is read ninety-one, and two thousand and nine millionths, 

6. 310,1065203 

7. 70019,00700311 

8. ,0034580275 

9. 30375,000020067 

10. ,81302000625031171811132569 

231. From the above, we easily derive tlie method of writing 
the figures of a decimal fraction from its expression in words. 
Omitting the last word, write the number efiwuivced as a whoie 
number. Ascertain the number «f ciphers in the alt, which is 
the last word divested of ths. Count from right to left, upon 
the figures of the number written, (and, if necessary, (227,) 
supply ciphers,) as mani/ places /or decimals, as there are ci- 
phers in the alt. Then place a comma on the left, and the de- 
cimal is complete. Thus, to write ninety-five miUionthSf we 
first write 95 as a whole number. Then, as there are six ci- 
phers in the alt, which is 1000000, we begin on 5 and count, 
towards the left, six places for decimals, supplying, of course, 
four ciphers; and have, 000095 for the required decimal. 
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We write two hundred and nineteen, and three hundred and 
twenty-seven hillionths, thus : 

219,000000327 

first the integral part 219, with a comma on the right; then, 
as there are 9 ciphers in a hilliony and only 3 figures in the 
number 327, we write 6 ciphers on the right of the commai 
and on the right of these the number 327. Express in figures 
the following 

ETXLTn/plei, 

1. Nine units, and twenty-seven thxyasandths, 

2. Six hundred and three units, and ninety-five ten-ihou' 
sandths, 

3. Eighteen units, and twelve thousand six hundred and 
four mUlionths, 

4. Ten thousand and twenty-five ten-mtUionths, 

5. Five millions, sixty thousand and eleven hillionths. 

6. Forty millions six hundred unit%j and ninety-seven thou- 
sand three hundred and fifty-eight hundred-mxlUonths. 

7. Sixty-four billions, forty-two millions, eleven thousand 
and seventeen hundred-hiUionths. 

8. Write nine unitSy and twenty-seven thmsandihs ; say how 
many thousandths this number contains, and how many times 
it would be lessened by changing it to mUUonths. 

9. How many ten-thcnisandtTis are there in five hundred and 
four units, and sixty-seven ten-thovsandths f and how many times 
would this number be lessened by changing it to hundred-mil' 
lionths f 

10. How many miUionths are there in seventy thousand units^ 
and thirty-six thousand and twenty-five miUionths f and how 
many times would this number be lessened, by changing it to 
hundredrhillionths f 
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ADDITION OP DEaMALS. 



232. *As the unit of any order, whether on the right or 
—I of the comma, contains ten units of the next order on the 
right of it, wo add numbers containing decimals, or decimab 
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alone, in the same manner as whole numbers ; that is to say^ 
we add units of the same kind together, and, for every ten in 
the sum of any order, we carry one to the next order on the 
left. 

We also place the numbers under each other, so that the 
commas mxny he under each other ; that is, so that units of 
the same order may be under each other, and place a comma 
in the sum on the left of the tenths, before we add the units. 

For example, to add 54, 75,2, 95,56, and ,273, we place the 
numbers thus : 

64, 
75,2 
95,56 
,273 

225,033 

and having added the tenths, we place a comma on the left 
under the other commas. 

We prove hi/ adding hoth waySy as in whole numbers. 

Examples. 

1. 376,3 + 5,674 + ,23 + 150 = 532,204 

2. ,36 + ,536 + 789,3 + 1,16 = 791,356 

3. 373 + 25,25 + ,789 -f 236,1 + 5,4 = 640,539 

4. ,234 + ,5 + ,567 + ,462 + ,0005 = 1,7635 

6. 532,204 + 791,356 + 640,539 + 1,7635 = 1965,8625 

The scholar may prove this example by adding the numbers 
which compose the four preceding examples. 

Subtraction of Decimals, 

233. Place the numbers so that units of the same order 
may he under each other : subtract as in whole numbers, and 
place the comma in the remainder on the left of the tenths, 
or under the other commas, as in addition, (198.) 

When one of the given numbers has more decimal figures 
than the other, we may (226) render the number the same in 
both. Or, without placing ciphers on the right, we may sulh 
tract a« though they were so placed. 

For example, to subtract 78,358 from 80,3, we place the 
numbers thus : 
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80,300 or thus : 80,3 
78,358 78,358 

1,942 1,942 

Sabtract as usual, and, placing tbe comma on the left of the 
tenths, we have 1,942 for the remainder. This and the suc- 
ceeding examples may be proved both hy addition and mbtrao- 
Hon, 

Examples. 

1. 652,34 — 58,603 == 593,737 

2. 1009,3 — 9,6389 = 999,6611 

3. 711,823 — 70,9 = 640,923 

4. 21000 — ,5001 = 20999,4999 

5. 1 — ,99951807324 = ,00048192676 

6. What is the difference between the sum of the answers to 
the five preceding examples, and 100000 ? 

Answer : Seventy-six thousand, seven hundred and sixty- 
nx units, and seventeen billions, eight hundred and fi%'-one 
millions, eight hundred and seven thousand, three hundred and 
twenty-four hundred-biUionths. 

Multiplication of Decimals* 

234. The denominator of a decimal number (225) is a unit, 
followed by as many ciphers as there are decimal places in the 
number. Therefore, (206,) the denominator of the product of 
two such numbers is a unit, followed by as many ciphers as 
there are decimal places in both numbers : that is, (227,) there 
are as many decimal places in the product as in both factors. 
Hence, the following rule : Place the numbers and multiply 
them as whole numbers ; and, in the product, point off for de- 
<»mals as many places as there are decimal places in both feus- 
tors. 

When the number of figures in the product is not sufficient, 
we complete it iy placing ciphers on the left, and then prefiaa 
the comma. 

To multiply 7,54 by 7,1, without regard to the comma, we 
place the numbers thus : 



.53,534 



12 
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and hAving multipled and proved as in whole numbers^ as there 
are three decimal places in the two factors, we point off the 
three right-hand places of the product. 

Again, we multiplj, as in whole numbers, ,1853 bj ,013, 
thus: 



,0024089 

and, as there are 7 decimals in the two factors, and but 5 figures 
in the product 24089, we place two ciphers on the left, and 
prefix the comma. 

The student may prove the following multiplications, by 
multiplying both ways, and by caatilig out the nines : 

Examphi* 

1. ,163 X ,82 X ,017 = ,00213282. 

,153 .82 

,82 ,017 

306 ,01394 

1224 ,153 

,12546 4182 

,017 20910 



,00213282 ,00213282 

2. 7,813 X ^,69 X 2,17 :^ 

3. 11,917 X 1261,4 X 2,84 =« 

4. ,05418 X 4,816 X 76,15 == 
6. 1926,48 X 17,34 X 1,632 = 
6. ,00626 X ,039 X ,05 X ,8 = 

7. Bequired the difference between the sum of the producte^ 
^f the ^x preceding examples, and one millicm. 

Answer. Nine hundred and two thousand, seven hundred 
and nine units; and four hundred and twenty-six millions, 
MVen hundred and thirty-two thousand, four hundred and 
ninety-eight hiUionths. 

235. When the product is only required to a proposed de- 
gree of exactness, the work may be abridged by the following 
method, given by Bezout : We reverse the order of the figures 
of the multiplier and write it under the multiplicand, so that 
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its unit figure may stand under the second place on the right 
of that to which the product is required. We then mnltiplj by 
each figure of the multiplier, beginning with the figure under 
which it stands, and place the first figure of each new product 
under that of the preceding one' Haying added the products, 
we suppress the two right^nd figures, observing however, to 
increase h^ a unit the last of those which remain when the 
suppressed figures exceed 50. Lastly, we point off the places 
of die proposed limit. 

Required, the product of ,2345678 X 85,276 within a thou- 
sandth. 

,2345678 
67258 

1876536 

117280 

4690 

1638 

138 



20,002$(^ 



As the figures suppressed exceed 50, we increase the next 
figure 2 by a unit, and have 20,003 for the product within a 
thousandth. The true product is 20,0030037128. 

In placing the unit figure of the multiplier under the second 
grade below the proposed limit, the product is of the order of 
that grade. Also, by the inverted order of the figures, the 
next lower order of the multiplicand is multiplied by a tenfold 
higher order of the multiplier ; and the next higher order of the 
multiplicand by a tenfold lower order of the multiplier, and so 
Dn in succession. Therefore, all the products are of the same 
order, which accounts for placing their first figures under each 
other. 

Again, because the part rejected cannot equal a unit of the 
order midiiplied, the product of this part by any figure cannot 
equal a unit of the next higher order : therefore, each product 
is within a unit of the neoct order on the right of the proposed 
limit Hence, the rule, as an approximation, may in all oiv 
dinary cases be relied on. 

When there is no unit figure in the multiplier, place in 
its stead. Also, when there are not enough of decimal plaoes 
in the multiplicand, supply the deficiency/ with ciphers. 
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Find the product of ,227538917 X ,5664178 to the seyenth 
decimal inclusive. 

/ ,227538917' 

87146650 

113769455 

13652334 

1365228 

91012 

2275 

1589 

176 

12888200^ 

Product ,1288821. 

The student may prove the following examples by multiply- 
ing in the ordinary way : 

Examples, 

1. Required, the product of 376,273495 multiplied by 
2,73486, correct to one-thousandth. Answer, 1029,055 +. 

2. Required, the product of 83,4679215 X 67,89341, cor- 
rect to a hundred-ihoiisandth. Answer, 5666,92182. 

3. Required, the product of 75,82344 X ,196497, true to 
five decimals. Answer, 14,89908. 

4. Required, the product of ,7358462199 X ,324162549, 
correct to nine decimals. Answer, ,238533786 -{-. 

Division of Decimals, 

236. When the divisor is a whole number, the quotient, 
(150) being of the same order as the dividend, must have the 
same number of decimals, 

237. When the divisor is not a whole number, we place a* 
many ciphers on the right of the dividend^ when integral, or 
remove its comma, when decimal, (annexing ciphers if ne- 
cessary,') as many places to the right, a>s there are decimal places 
in the divisor, in which we then suppress the comma. Both 
numbers being thus (228) multiplied by the same number, the 
quotient (165) is not altered. The divisor being now a whole 
number, we divide as usual, and point off for decimals, in the 
quotient as many places as there are decimal places in the divi" 
dend. 
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When the divisor ia rendered integral, ciphers on the left 
of its highest grade are effaced. But ciphers between the 
comma and the highest order of the dividend, though neglected 
in the operation, are retained to ascertain the place of the 
comma in the quotient. Also, we place any number of ciphen 
at pleasure, as decimal places, on the right of the dividend| 
when it does not contain the divisor; 

IJxamplea. 

1. 6236 -^ ,128 = 5236000 -5- 128 = 40906,25 

• We here first multiply both numbers by 1000, which ren* 
ders the divisor integral, and (165) does not affect the quotient* 
Then, to avoid confusion in distinguishing the annexed ciphers 
in integral, from those in decimal places, we at once determine 
the place of the comma, thus : As the part 523, which is tens 
of thousands, contains the divisor, the quotient figure 4 is (150) 
tens of thousands ; that is, there will be 5 integral figures in 
the quotient: therefore, having found these, we place the 
comma on the right. 

2. 6,375 -f- 85 = ,075 

Having divided, as in whole numbers, and found 75 for the 
quotient, as there must be (236) as many decimal figures in 
the quotient as in the dividend, we place a cipher on the left 
bf 75, and, prefixing the comma, we have ^075 for the true 
(quotient. 

238. When the divisor and dividend have each the same 
bumber of decimal places, the comma in both may be sup*^ 
pressed : Because the equimultiples of any two numfers (165) 
give the same quotient as the numbers do. Thus : 

6,375 -5. ,075 = 6375 -4- 75 = 85, (237.) 

239. If, after we have rendered the divisor integral, the 
dividend does not contain it, we place a comma in the quotient^ 
and also on the right of the dividend, if integral. We then 
place just as many ciphers on the right of the dividend as 
toill make 'it contain the divisor ; and, on the right of the 
comma, in the quotient^ as many ciphers, less one, as there 
are now decimal places in the dividend ; because the^ quo- 
tient figure itself will occupy the place of the last cipher in the 

dividend, which (150) is its true order. 

12* 
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Examples. 

1. ,128 -T- 81,92 = 12,8 -i- 8192 = 12,800 -j- 8192 

Having thus prepared the numbers, as the diyidend now 
contains three decimals, we write ,001 in the quotient, which, 
when complete, b ,0015625. 

2. ,128 ^ ,0015625 = ,1280000 -^ ,0015625 == 1280000 
^15625 = 81,92 

Having rendered the numbers integral, as the first partial 
dividend is tens, we know that there will be two integral 
figures : as soon, therefore, as we obtain these, we place a comma 
on the right and continue the operation. 

240. Ciphers on the right of an integral divisor may always 
be suppressed hy removing the comma in the dividend one 
place to the left for every such cipher. 

Examples, 

1. 2248318,477 -4- 970000 = 

224,8318477 -f- 97 = 2,3178541 

2. 27445863,6 -- 36000 = 

27445,8636 -f- 36 = 27445,8636 -f- (6 X 6) = 
4574,3106 -f- 6 = 762,3851 

241. When both numbers terminate with the decimal form 
of some well-known fraction, having, in its denominator, no 
fisictor prime to 10, such as ,25 and ,75, which are \ and | ; 
,125 ; ,375 ; ,625 ; and ,875 ; which are 4, |, f and | ; or, 
,0625; ,1875; ,3125; ,4375; ,5625; ,6875; ,8125, and 
,9375; which are J^, ^^, j%, f^, j%, IJ, l|, and i|; the 
work may often be greatly facilitated by multiplying both 
numbers by the denominator of the known fra<ition, in doing 
which we recognize, without calculation, the num^erator of the 
fraction^for the product of the terminating figures. 

Examples, 

1. 536,25 -r- ,75 = 2145 ~ 3 = 715 

We here consider ,25 and ,75 as the numerators of the 
fractions which they represent. Wherefore, in multiplying 
the dividend by 4, we begin on the left of ,25, and say, 
4 times 6 is 24, and 1 is 25, &c. 
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2. 45616,875 -i- ,625 = 4561,6875 -i- ,0625 = ^^^^ == 
72987 

By simply cbanging the place of the comma in both num- 
bers, or conceiving, it to be changed, one place to the left, 
which (165) does not affect the quotient, we here recognize 
,6875 and ,0625 as the numerators, 11 and 1, of their equi- 
valents. Then, beginning on the left of ,6875, we multiply 
by 16, saying, 6 times 1 is 6, and 11 is 17, seven and gol} 
then 6 times 6 is 36, and 1 is 37, and 1, on the right of 6, is 
38 ; eight and go 3, and so on. 

3. 136581,25^,9375 = 2185300-^-15 = 

437060 -T- 3 = 145686,66, i&c. 

Without regard to the comma, we begin on the left of 8125, 
and say, 6 times 5 is 30, and 13 is 43 ; three and go 4 : then^ 
6 times 6 is 36, and 4 is 40 ; and 5 is 45, and so on ; taking 
care to multiply the result by 100, because the comma is 2 
places to the right. 

4. 23587,40625 -5- ,4375 = 53914,0714285 -f 

To divide by a fraction is to multiply hy its reciprocoL 
Therefore, to divide by -^^ is to multiply by \p == 2§. 

Proof. 
23587,40625), . ,, , 

23587,40626 \ *^'^^ ^^^ °^°'^^'- 
6739,25892 f of the number. 

53914,07142 +. 

5. 358127,95625 ~ 68,75. Multiply both by j%. Then 
57300,473 -^- 11 = 5209,13390909, ad inf. 

The student has seen (176) that, in dividing by 11, the 
primary alternate figures^ first^ thirdy fifthy &o. are remain- 
ders ; and the secondary — that is, the second^ fourth^ sixth^ 
Ac. — are undecimal complements of the remainders; also, 
that when the sums of primary and secondary are equal, the 
number is a multiple of 11. Hence, if the sum of the primary 
is the greater, the difference is the true remainder ; but, if 
that of the secondary is the greater, the undecimal complement 
of the difference is the remainder. Now, in the number 
67300,473, as the sum of the primary is 14, and of the se- 
oondaiy 15, the complement of* the difference 1, that is to say, 
10 is the true remainder. Beginning with the right-hand 
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■figure 3, we subtract the remainder, saying, 10 from 13, three. 
This we write as the right-hand figure of the quotient. Then, 
before we again subtract, we add 1 to this 3, for the 10 pre- 
viously added, and say, 4 from 7, three ; which is the next 
figure of the quotient towards the left. Then, 3 from 4, one, 
which is the thirds on the left of v which we place the comma. 
Then, 1 from 10, nine; 10 from 10, nx)ught; 1 from 3, two; 
2 from 7, Jive ; and 5 from 5, nx)ught ; which last we do not 
write. We thus obtain the quotient 

5209,13314 = 5209,1339090 ad inf. 

This, which is merely the countermarch of the operation 
of multiplying by 11, (126,) we certainly do not give for its 
practical utility, but to accustom the student promptly to re- 
vert to previously acquired principles. 

6. 77892,541875 -f- 812,5 = 

1246,28067 -=- 13 = 95,86774 + ^^ 

The scholar should, without again writing the numbers, di- 
vide thus : 13 in 124, nine times, and 7 over; writing 9 in 
the quotient : 13 in 76, five times, and 11 over; writing 5 
and placing a comma on the right : then 18 in 112, eight 
times, and 8 over : 13 in 88, six times, and 10 over : 13 in 
100, seven times, and 9 over : 13 in 96, seven times, and 5 
over : 13 in 57, four times, and 5 over. 

242. With an integral divisor, the quotient must (236) 
have as many decimals as the dividend. Now, if we divide 
the divisor, (165,) we multiply the quotient ; therefore, (237,) 
for every decimal in the divisor, we must move the comma in 
the quotient one place towards the right. Hence, there will 
ultimately remain in the quotient a number of decimals eqtial 
~to the difference between the number in the dividend and the 
number in the divisor. 

Again, the product of two decimal numbers has (234) as 
many decimals as both factors : therefore (60) the dividend 
has as many as the divisor and quotient. Hence, we have 
the following general rule : Separate by a comma a number 
of the right-hand figures of the quotient, equal to the number 
by which the decimal figures of the dividend exceed those of 
the divisor, and where the number of figures 18 not sufficient) 
supply the deficiency with ciphers, and prefix the comma. The 
previous mel^ds are perhaps preferable. 
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JSxamples, , 

1. ,0658 -i- 3266 = ,000020208 + 

2. ,654 -f- ,002191 = 298,4938 + 

As the terminating figures 38 are much nearer to 40 than 
30, if we required but 3 (decimals, we should write 298,494 — . 
The sign -^ indicates that the quotient is somewhat too great. 

3. 23 ^ ,71875 = 32 ; and U = 3,8125 

4. 149,172-^,496 = 800,75 

5. 63261^-64,8=976,25 

6. 52095,10875 — 6358,49 = 8,193 + 

7. 3,141593 ^ ,7854 = 3,9999 + 

8. 149 -T- 15,36 = 9,7005208 + 

9. 21,4 -^ ,536 = 39,92537 + 

10. ,2673 -5- 39 = ,00685384615 + 

11. ,7103 -s- 8549 = ,0008386 — 

12. 1,2193 -^- 136324 = ,000089440597 + 

243. The work is often contracted &y performing the sub^ 
traction, as we multiply each Jigwre of the divisor^ and 
writing, instead of the product, ^ remainder only. 

Thus, to divide 473804 by 899 : 

899) 473804 (b27^Vg 
2430 
6324 
31 

Having found the quotient figure 5, by saying 9 in 47, we 
say, 5 times 9 is 45 : then, 45 from 8 being impossible, we 
say, 45 from 48, three, and write 3 under 8. Then, having 
added 4 tens to 8, we add 4 units to the next product : thus, 
5 times 9 is 45, and 4 is 49. Then, 49 from 53,/(mr, which 
we write under 3. Having added 5 tens, we add 5 units to 
the next product, thus : 5 times 8 is 40, and 5 is 45. Then, 
45 from 47, two, which we write under 7. To the right of 
the remainder 243, we bring down the figure 0, and have 2430 
for the next partial dividend. 

With this we proceed in like manner, always adding oa 
many tens as will enable us to subtract, and (85) 1 to the 
next product for each ten added to the upper figure, 

244. When we only require the quotient within a unit, to 
contract the calculation, we suppress of the right-hand figures 
of the dividend cw mxiny, less one, as there are figures in the 



142 DIVISIOK OF BEOIMALS. 

divisor. Haying exhausted this dividend, if there is no re- 
mainder, we place, on the right of the quotient, a cipher for 
each figure sujppre&sed in the dividend. If there is a remain- 
der, we consider it the new partial dividend. We then strike 
cutj hy a bar, as in oancelling, the rightrhomd figure of the 
divisor y always taking the remainder for a new dividend, and 
suppressing, at each division, ^ right-hand figure ^the divi- 
sor, till the divisor is exhausted. 

To find the quotient of 9968592476 -^ 52493, within a 
unit, we suppress the figures 2476 of the dividend, and divide 
996859 by 52493, contracting the work as above, thus : 

5^^ia0 996859 (189903 

471929 

51985 

4744 

19 

4 

We first divide by the M^hole divisor till we have exhausted the 
dividend, and have 18 for the quotient and 51985 for the 
remainder. We then bar the figure 3 in the divisor, and di- 
viding by 5249, we have 9 for the quotient and 4744 for the 
remainder. Again, because 9 is nearly a unit of the next 
order to the left, in barring it, we add a unit to the next 
figure ; and, dividing by 525, we have 9 for the quotient and 
19 for th^ remainder. Barring again, we divide by 52, and 
have for the quotient and 19 for remainder. Barring for 
the last time, we divide 19 by 5, and have 3 i&r the quotient 
and 4 for the remainder. Thus, then, wd have obtained 
189903 for the quotient, within a unit. The true quotient is 
189903 i|f ||. 

245. If, after barring the right-hand figure of the divisor, 
the partial dividend is too small to contain it, we place a cipher 
in the quotient, and again bar the right-hand figure of the di- 
visor. If the dividend is still too small to contain the divisor, 
we place another cipher in the quotient, bar another figure rf 
the divisor, and so on. 

Also, when the division becomes exact, befete the divisor is 
exhausted, we place as many ciphers, less one, in the quotient 
as there are figures remaining in the divisor. 

When the figure which we bar in the divisor, also when 
the left-hand figure of the part suppressed in the dividend, 
exceeds 5, we increa^se "by a unit the next figure on the left. 
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To divide 1911740575899 by 546118, so that the quotient 
stay be within a unit, we suppress the figures 75899 of the 
^Vidend ; and, adding 1 to 5, the next figisre on the left, we 
have 19117406, which we divide by 546118, thus : 

blljLif) 1Q117406 (3500600 
2733866 
3276 

Having found the quotient 35 and the remainder 3276, as 
this does not contain the divisor 54612, after barring the 
figure 8, we place in the quotient, and bar the next figure 
of the divisor; but, as 3276- does not contain 5461, we place 
another cipher, and bar the next figure. Then, as the divisor. 
m contained exactly 6 times, we place 6 in the quotient, and, 
on the right, two ciphers for the two remaining figures, which, 
we should have barred. 

The true quotient being 3500599|||^j|, the quotient, ob- 
tained by contraction, is not only within a unit, but within 
one-Jifth of a umt. 

246. If, after the suppression of the right>hand figures, the 
first dividend does not contain the divisor, we suppress, at onccy 
as many as are necessary of the right-hand figures of the di- 
visor, in order that it may he contained. 

To have the quotient of 2349658 -f- 49786, within a unit, 
we first suppress the figures 9658 of the dividend, increas- 
ing, by a unit, those which remain. TheU, as 235 does not 
contain 49786, we at once suppress the figures 786, and 
increase, by a unit, those which remain. We then divide 235 
by 50, thus : 

50) 235 (47 
35 

and have 47 ftr the quotient, which is within one-fif^ of » 
unit; the true quotient bdng ^l-^yf^ 

247. With an integral divisor, the quptient is a number qf 
wiits of the order of the right-hand figure of the dividend: 
consequently, we can, by the same method, find the quotient 
within a wait of any order of decimals; namely, by assuming 
88 many decimals on the right of the dividend as will reduce 
it to the required order. 

Suppose we would have, within a ten-thousandthf the quo- 
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tient of 7258 ^- 6319. As the dividend would reqnire 4 de- 
eimalsy and the divisor ihat we should suppress 3 figures, we 
place one cipher on the right of 7258 ; and, prooeding as beforoi 
we point off; in the quotient, 4 figures for 

631J*) 72580 (1,1486 

9390 

O0fk 8071 

543 

39 

3 

decimals. The true quotient being 1,148599 -{-, the quotient 
obtained by contraction is within not only a ten-tJumsandth, 
but a mtUiorUh of a unit. 

248. When there are decimals in one or both of the given 
numbers, we may render them integral, (226 and 238,) and. 
operate as in the preceding example. Thus, to find the quo- 
tient of 562,49 -^- ,3927, within a thousandth, we have (238) 
5624900 -^ 3927. Then, bb the dividend would require 3 
decimals, and the divisor the suppression of 3 figures,, the 
numbers remain as they are. 

392/) 5624900 (1432,366 — 
16979 
12710 
9290 
S^^ 1436 
257 
23 

As the figure 3, increased by a unit, and consequently too 
large, is contained in the remainder 23 nearly 6 times, we place 
6 in the quotient with the sign — . 

The above is easily applied to the reduction of a vulgar firac- 
tion to a decimal having a limited number of figures. Thus, 
if we would have the vdue of ||f within a ten-thousandth, as 
the dividend requires 4 ciphers, and the divisor the suppres- 
sion of two figures, we divide 37500 by 629, as usual, and have 
,5962 — for the quotient. 

62j*) 37500 (,5962 - 

6050 
6;af 889 
11 
The true quotient is ,59618 -f . 
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249. By the suppression of its unite figure, the divisor, each 
time, becomes of a ten/old higher order j and requires the quo- 
tient to be o/" a ten/old lower order to give an invariable pro- 
duct. Each new product and new dividend is therefore of the 
mmt order; that is, all the products and dividends are of the 
order of the right-hand jigwre of the fvrst-^repared dividend. 

The division of the suppressed part^of the dividend by the 
divisor^ could not give a unit in the quotient ; that is to say^ 
the quotient cannot^ on account of this suppression, be a unit 
too small. 

Again, the suppression of the figures of the divisor tends to 
increase the quotient \ that is, to counteract the error occa- 
aioned by the suppression of part of the dividend. Also, as 
we take the divisor within half a unit, increasing, when neces- 
saary, its right-hand figure; the error, which cannot exceed about 
half a unit of the next order on the left of the denominatingi* 
or right-hand order, is sometimes plus and sometimes minus. 

Hence, we infer, that for all ordinary purposes, where only 
a small number of decimals is required, the method, as an ex- 
pedite approximation, may be relied on. 

Kequired the quotient of ,527694735 -^ ,28748, within a 
ten-thousandth. 

Removing the comma 5 places to the right, we have 
52769,4735 -5- 23748, (237:) then, as the dividend is a num- 
ber of ten-thousandths, and the divisor requires the suppres- 
sion of 4 figures, we divide thus : 

23749?) 52769 (2,2220 
23^^ 5273 
523 

2;^ 49 

1 

The divisor 24 being too great and the last fraction |, we 
may, if we please, write the quotient thus : 

2,2211 — . The true quotient is 2,222059 +. 

250. When the denominator of a fraction, which we would 
reduce to a decimal, is the product of two or more convenient 
&ctors, we divide as in article 219 ; except that here we can 
carry the division, where it is not exa«t, to any proposed degree 
of approximation, without noticing the final remainders. For 
example, to find the decimal value of ||5, within a tenrthovr 
icmddi, we proceed thus : 

13 
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1 1) 120,0000 

11 ) 10,9090 

,9917 + 
The quotient ,9917 is (37) within a teTv-thausandih. 

Again, to have the yalae of ^^f , within a teip-tfuyusandthy 
as it is easy to perceiye, from what has been said on the pro- 
perties of numbers, tha<r495 = 5 X ^ X H; we proceed thus : 

5 ) 119,0000 

9) 23,8000 

1 1) 2,6444 

,2404 

As the next figure would be a cipher, the quotient ,2404 
is not only within a ten-thousandthf but within a hundred' 
thousandth. 

Examples, 

1. i=,5; i = ,25; | = ,75; A = ,125. 

2. I =,375; I = ,625; i=,8t5; ^^=,^625. 

3. ^3^ = ,1875; ^^=,3125; y^5=,4375. 

4. /5 = ,5625; | J =,6875; }| = ,8125 ; i| = ,9375. 

The above fractions being of frequent recurrence in business^ 
the scholar should remember their decimal equivalents. 

5. %%i = ,998347107438016 +. 

6. II 1 = ,998737373+. 

Let the following divisions be performed according to the 
method of contraction, art. 248 and following : 

7. Bequired the value of ^^^^, within a ten-thousandth, 

I Answer, ,0345 — . 

8. Bequired the value of ^|^, within a hundred-thousandth. 

Answer, ,17909—. 

9. Bequired the value of Jy\, within a hundred-thousandth. 

Answer, ,10055. 

10. Bequired the value of fff, within .a ten-thousandth. 

Answer, ,9655. 

11. Bequired the value of $|^||, within a hundred-ihm' 
Kmdih, Answer, ,99832. 

12. Bequired the value of ^^tI?' within a hundred-thm> 
9andth, Answer, ,00168. . 
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SECTION xn. 

BEPEATINO DECIMALS. 

251. When the value of a faction cannot be exactly ex- 
pressed in decimals, we find; by sufficiently extending the di- 
vision, a periodical return of the same figures in the quotient 
without end, whence they are often called periodical^ circulate 
ingy or infinite decimals. Thus, in finding the value of y\, we 
have, 6363, &c.; where, in continuing the division, the ngurea 
6 and 3 will succeed each other without end. The reason of 
this will appear evident as follows : the remainder must be one 
of the numbers 1, 2, 3, &c., but cannot equal the divisor : 
therefore, if we have a different remainder at each division, we 
eauTiot perform as many divisions as there are units in the 
divisor^ without falling upon some remainder that we have 
had before, in which case the quotient figures will return in 
the same order. 

252. The figures which repeat, constitute what is called the 
period. Thus, in the expression ,6363, &c., the period is 63. 
In the expression ,568568, &c., the period is 568. 

To distinguish the period with iaciUty, if it contains only one 
figure, a point is placed over tiiis figure : thus, ,1111, &c. is 

written ,1 : and 333, &c. is written ,3. If it contains more 
figures than one, it is distinguished by two points, one of which 
is placed over the first figure, and the other over the last, thus : 

,6363, &Q. is written ,63 ; and ,568568, &c. is written ,568. 

253. As a unit, in any place towards the left, is composed 

of a number expressed by as many nines as there are places on 

the right of it, plus 1 ; it is plain that in dividing a unit by 

9,99,999, &c., as the remainder will always be a unit, the only 

significant figure in the continued quotient will also be a unit. 

Thus we see that ^ = ,11111, &c. ,* ^^ = ,0101, &c.; ^^^ = 

,001001, &c. 

Now we may consider the periodical decimal fraction ,6363, 
• • • • 

4o. ; or ,63 as the product of ,0101, &c., or ,01 multiplied by 

63. But, ,01 = ^1^ ; therefore, ,63 = ^^ X 63 = |f In 
the same manner we find ihsX any periodical decimal fraction 
« equivalent to the vulgar fraction of which the numerator is 
the period, and the denominator as many nines as there are 
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• • • • 

places of figures in the period. Thus, 568 = |||; ,016 = 

^Vu, and ,603i = ^1 J^. 

254. It frequently happens that the period does not com- 
mence with the first decimal figure, in which case, we consider 
the figures on the left of the period as units. On the right of 
these units, we place the vulgar fraction equivalent to the pe^- 
riod, and reduce the mixed number, thus formed, to an impro- 
per fraction. Lastly, on the right of the denominator we place 
as many ciphers as there are decimal places beHoeen the period 
and the comma. 

For example, if we would reduce ,325656, &o., or ^256 to 
its equivalent vulgar fraction, as the period is equal to ||, the 

fraction ,3256 is ,32|g. 

Suppressing the comma, and reducing 32|^ to an improper 

fraction, we have ^ff^. But, in suppressing the comma, we 
render the number 100 times its farmer value; we must 
therefore divide ^-|-* by 100, which is done (55 and 165) in 
placing two ciphers on the right of the denominator 99. We 

have therefore ,3256 =||§J. 

It is easy to see that when the figures between the comma 
and the period are ciphers, we may proceed at once to express 
the period by its equivalent fraction, and place those ciphers on 
the right of its denominator : also that, in many cases, we mat^ 
reduce the fractional equivalents to lower terms. For exam- 

pie, ,002475 = ,i^|g, = ,§| J^ X i^'V^ja = ?*?• 

Let this example be proved by reducing ^ J^ to a decimal. 

Examples. 

1. ,62i = f4, and,227=:/5 

2. ,637 = 3Va°^.j0637 = 2^^ 

3. ,027 =^\, and ,00027 =^^^5^ 

4. ,729 = |?,and,00764 = ^?g3^ 

6. ,0099 = ^ Jt, and ,0002475 = ^^\j^ 

255. When two figures repeat, the denominator of the frac- 
tional equivalent (253) is 99. But 99 = 9 X H 5 wherefore, 
if the two figures which repeat be a multiple of 9, as the fac- 
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tor 9 in the numerator will cancel the same factor in the de- 
nominator, the fractional equivalent, in its lowest terms, will 
have 11 for its denominator ; that is to say, will be a number 

of elevenths. Thus, ,27 = -^j. Now the figure 2,^ in the 
place of tens, is 2 (9 -)- 1 ;) that is, it is 2 nines plus 2 ; and 
this remainder 2, with the 7 units, makes one nine more. 
Therefore, when the supi of two figures, which repeat, is 9, 
add a unit to the left-hand Jlgurey and the sum will be the 
number of elevenths equivalent to the repeating decimal fraction. 
Hence also, to have the decimal value of a proper fraction, 
having 11 for its denominator, we have only to multiply its 
numerator by 9, and the product will be the decimal period. 
Thus, to find the value of f^, we say 5 X 9 =45; therefore, 

A =,45. 

Tfj=fi9y fj = ,U; A = ,27; T*r=.,36; ^ = ,45 

11 — f^*f TT — ;^**i TT — r^> TT — y^^ f 7l — f^^' 

256. If a fraction be given in its lowest terms, its decimal 
value will be finite; which ^tneans exact or definite, w?ien its 
denominator is a measure of 10 or of some power of 10 ; that 
is, of one of the numbers in the scale 10, 100, 1000, &c. 
When the denominator is prime to 10, and consequently, to 
every number in the scale 10, 100, 1000, &c., the decimal vo- 
lue wUl be infinite ; that is, (251,) it will be a repeating deci' 
mal. For, in placing a cipher continually on the right of each 
remainder, we do the same as to multiply the dividend by 10, 
100, 1000, &c.; consequently, if the denominator is a measure 
of any number in this scale, it must be a measure of the nu- 
merator when multiplied by that number, and hence the quo- 
tient will be exact. Also, when the denominator is prime to 
the numbers 10, 100, 1000, &c., as it is prime to its numerator, 
it will (180) be prime to the product of the numerator multi- 
plied by any of these numbers, and the' quotient (251) will, 
consequently, be a repeating decimal. Now the denominator 
eannot measure any of the numbers 10, 100, 1000, &c. if it 
contains any prime factor which is not common to those num- 
bers ; that is, if it contains any prime factor other than 2 or 
5; we may therefore (181) ascertain the prime factors of the 
denominator, which will determine whether the decimal equiva^ 
lent will be finite or infinite. Hence, the possibility or im- 
possibility of expressing in decimals the value of a vulgar frac- 

13* 
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tion, depends entirely upon its denominator ^ for, if this con- 
tains any prime factor other than 2 or 5, it is impossiblie; if not, 
it is possible. Thus, we may have, in decimals, the exact 
value of tVj Ih i^y hh Ih I8> 12^ Uh &c., but not of \, 

1 7 1 1 1 4 1 9 3 7 irp 

257. When the exact value of a fraction cannot be obtained 
in decimals, we can, by the following examination of its de- 
nominator, find how many figures its decimal period will con- 
tain, and where that period will begin. 

Before the fractional equivalent of a repeating decimal is re- 
duced to lower terms, its denominator (254) consists of as many 
nines as there are places in the period^ terminated by as m,any 
ciphers as there are places between the period and the comma. 
Wherefore, as any of the numbers 9, 99, 999, &c. is prime to 
10, if the denominator of the given fraction terminates with 
ciphers, there must be, in its decimal equivalent, as many places 
between the comma and the period as there are terminating 
ciphers. These ciphers may therefore be suppressed and counted 
as so many places. Now, as the denominator of the period 
is prime to 2 or 5, and as either of these is only once factor in 
10, neither 2 nor 5 could be factor in the denominator of the 
given fraction, after the suppression of its terminating ciphers, 
unless' 10 were as pften factor in the denominator of the frac- 
tional equivalent first found, after the suppression of the same 
number of its terminating ciphers. Therefore, the remaining 
part of the given denominator, after the suppression of its ter- 
minating ciphers, may be divided by 2 and by 5 as often 
as possible ; and the number of divisors employed will show 
the remaining number of times that 10 is factor in the frac- 
tional equivalent, found as in art. 254; consequently, the num- 
ber of ciphers suppressed, if any, together with the number of 
divisors, will show the number of times that 10 is factor in the 
denominator of the first fractional equivalent ; that is, the 
number of ciphers in this denominator, and finally (254) the 
number of places between the comma and the period. 

Again, if we divide a unit by any number prime to 10, 
the quotient figures will repeat, as soon as the remainder is 1; 
therefore, as any of the numbers 9, 99, 999, &c. is 1 less than 
the corresponding one in the series (succession) 10, 100, 1000 
&c., if we divide a series of nines by the number prime to 10, 
the quotient will be exact, when we have reached the limit of 
tjhe period. But the decimal val^e of a, fraction is the same 
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(165) in whatever terms it is expressed. Therefore, in dividing 
a series of nines by the remaining quotient, after having ex- 
hausted the factors 10, 5, and 2, found in the denominator of 
the given fraction, the division will be exact, when we reach 
the limit of the period ; consequently, the number of nines di- 
vided will show the number of figures in that period. 

To find whether |J|^ is finite or infinite, and if infinite, of 
how many places of figures its period consists, as well as where 
it begins, we proceed thus : 

2) 104,0 
2)52 
2)26 



13) 99 (76923 
89 
119 
29 
39 

Having found a factor 13, which is prime to 10, the deci- 
mal will be infinite, (256.) Again, as we have suppressed one 
cipher and employed three divisors, there will be four places 
, between the comma and the period, and hence the period will 
begin at the fifth place. Finally, as we have employed six 
nines, in dividing the series to find an exact quotient, there 
will be six decimals in the period. 

Proof. The value of J8|^ in decimals is ,9990384615. 

For practice, the scholar may examine the following frac- 
tions, and prove as above : 

JUL ITL 2 and 2 8 87 

258. A unit, divided by any of the numbers 9, 99, 999, &c., 
can give no other figure (253) in the quotient or remainder. 
Therefore, if we except tne case of | = 1, any figure what- 
ever divided by 9, 99, 999, &c., will always give the same 
figure in the quotient and remainder. Now, if by 9, we 
divide a figure in the unit place, which is less than 9, as we 
must first reduce it to tenths, the first quotient figure will be 
tenths, and the repeater will, of course, begin at the comma. 
If we divide any figure whatever by 99, as we must first 
reduce it to hundredths, the first quotient figure will be hun- 
dredths; and, of course, we shall have in the place of 



152 LIMIT OF THE PS&LOt). 

tenths : but, as the remainder is the same figure, which, wbeB 
reduced to the next lower order, does not contain 99, the 
next quotient figure will be a cipher ; consequently, in this 
case also, the period begins at the comma. In the same man- 
ner we might show that, in dividing by any other number of 
nines, the period will begin at the comma. 

259. Excepting an equal number of nines, if by 9, 99, 999, 
&c., we diyide any number of figures, not exceeding the num- 
ber of nines divided by, these figures, in the order in which 
they are given, will be the only figures in the quotient and 
remainder; and the period will begin at the com,ma and con- 
sist of as many places as there are nines in the divisor. 

For example, if we would divide 678 by 9999, we may con- 
sider the division of each figure separately, thus : As any of 
the numbers 10, 100, 1000, &c., is greater than the corre- 
sponding one of the numbers 9, 99, &c., if any figure has as 
many ciphers on the right as there are nines in the divisor, it 
will contain that divisor. Now, the figure 6, which is 600 
units, must be reduced to 60000 hundredths, before it will 
contain 9999 ; consequently, the first figure 6, in the quotient 
and remainder must be 6 hundredths. The next figure 7, 
being 70 units, must, before we can divide, be reduced to 
70000 thousandths ; consequently, the figure 7 will take its 
place as a number of thousandths, in both quotient and re- 
mainder, on the right of the 6 hundredths already written in 
each. The last figure 8, being units, we reduce to 80000 
ten-thousandths ; consequently, the figure 8, as quotient and 
remainder, takes its place as 8 ten-thousandths, on the right 
of the 7 thousandths already written. Now, as the first figure 
6 is hundredths, there must be one cipher between it and the 
comma; the quotient found is, therefore, ,0678, which begins 
at the comma. 

When the number of figures in the divisor and dividend is 
the same, as we must, before we can divide, reduce the latter 
to tenths, the first quotient figure will be tenths : the period, 
therefore,: in this case, evidently begins at the comma. Also, 
from the above^ it is evident that, when the number of figures 
in both is not the same, the difference will show the number 
of ciphers between the first significant figure of the period and 
the comma. Wherefore, the period always begins at the 
edmma, and contains a number of figures equal to the number 
ofnineis in ike dimsor, 

260. A proper fraction, the denominator of which is prime 
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to 10, is equal (257) to a fraction, the denominator of which 
is a number of nines, equal to the number of figures in its de^ 
cimal period. Now, each of these two fractions must give 
the same decimal quotient : but the numerator does not con- 
tain more figures than the denominator ; and we have seen 
above that, in this case, the quotient will be a repeating deci- 
mal, beginning at the comma. Wherefore, when the denomi- 
nator of a fraction is prime to 10, its decimal period begins at 
the comvaa. 

For practice, the student may find the periodical decimal 
equivalents of the following fractions, performing the divisions 
as in Art. 243 ; namely, of 

113 ani) 1 
7> T5> TT> ^"*^ 7T- 

Also, if he wishes to obtain the fractions again from the deci- 
mal periods, the last of which will consist of 35 figures, he 
ma.y find (254) the fractional equivalent of eacH, and divide 
both terms by their greatest common measure, 

261. If we repeat a decimal period any number of times, it 
wiU assume for a new denominator, the number of nines in 
the denominator of its fractional equivalent, repeated the same 

number of times. Thus, if we repeat the period , 0678 three 
times, the denominator of the fractional equivalent will be 
999999999999 : and this is evident, because the new nume- 
rator ,067806780678 is the product of ,000100010001X^78, 
and the new denominator the product of ,000100010001 X 
9999; and because, as we have seen, ^259,) any number of 
figures, divided by an equal number or nines, will repeat in 
their exact order, beginning at the comma. Hence, also, a 
single repeater may be repeated any number of times, and will 
take, for a denominator, as many nines as there are places on 
on the right of the comma. Thus : 

,6 = ,66 = ,66^ = ,6666, &c., or | = f | = ||| = mi &c, 

262. Also, either of the above may (254) be represented in 
mixed form, thus : 

,06780; ,067806; ,0678067; ,06780678, &o. ; and 

,66; ,666; ,666666666, &c. 

Here we must observe, that although any period may be so 
expressed as to have any number of figures at pleasure between 
the comma and the period, it is only with a single repeater 
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that we can ma^e tlie period to coDsiiBt of as many figures as 

we please ; for example, if, in the expression ,0678, we leave 
out one or more figures, it is plain that, as these do not repeat, 
the value will be changed. Also, if we make the period to 
consist of more than four figures, unless the number is a mul- 
tiple of fDur, the figures will not follow each other in the same 
order, and hence the order of their units will be changed. 
Therefore, we can only increase the number of figures in a 
period consisting of diffierent figures, hy making the number 
of figures in the new period a multiple of the number in the 
given one, 

263. When the points which designate the period, which we 
call the extremes, are, in several decimal numbers, equidistant, 
that is, when the period in each begins at the same place, and 
has the same number of figures, these numhers are similaty 
Beeing that their fractional equivalents must (254} have a 
common denominator. When the extremes are not equidis- 
tUnt, the numhers are dissimilar y because their fractional equi- 
valents have different denominators. 

K we have several dissimilar repeating decimals, which we 
wish to render similar, it is evident that the number of figures 
in some of the periods must be increased ; but this (262) re- 
quires that the number of figures in the new period shall be a 
multiple of the number in the given one : if, therefore, we wish 
to find a common period for adl the given numbers, which we 
must do before they can be similar, it is plain that the num- 
ber of figures in this new period iQust be a multiple of the 
number in each: consequently, we take the least common 
multiple of the number in each, as the most convenient. 

Again, if some of the decimal figures are mixed, we must be 
careful to extend the definite figures, (254 ;) namely, those 
between the comma and the first figure of the repeating period, 
flo that the comm,on period may commence at the place next, 
on the right, to that of the lowest definite figure in any of this 
given numbers. Thus, if we have 

,6; ,06; ,639; ,09527; and ,47625, 

which we would render similar, we count the number of figures 
in each period, and find respectively 1, 1, 2, 2, 3, the least 
common multiple of which is 6 : wherefore, the common period 
must consist of 6 figures, and begin at the fourth place, the 
greatest number of definite figures being 3 ; that is to say, 
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^095. Tlie numbers; when rendered pimilar^ will; there&re^ 
stend thus : ,666666666 

,066666666 
. ,639393939 

,096272727 

,476256256 

Addition of Repeating Decimals, 

264. As we cannot add nnits of different orders, to add re*', 
peating decimals, we first render them similar. The period 
in each is then the numerator of a fraction^ and the common 
denominator (261) as many nines as there are places in the 
common period. Wherefore, the numbers being placed under 
each other, we find the sum of the periods, as m whole num- 
bers 3 and, if the sum does not contain more figures than the 
common period, — that is, if the sum of the le&hand column 
of the numbers within the period does not exceed 9^— m76 write 
it underneath; and, having marked the extremes of the total 
sum, we continue the addition as usual. But, if the sum of 
the left-hand column exceeds 9, we not only carry the l^tr 
hand figure of this sum to the next column on the lefi, hut we 
also add this same figure to the right-hand figure of the sum 
total of the periods. The reason of this is, that this left-hand 
figure has as many places on the right of it, as there are nines 
in the denominator of the period; and, if we divide its value ' 
by the common denominator, which shows the order of its 
units, we shall have the same figure (258) for both quotient 
and remainder. But the quotient is evidently a number of 
units of the next higher decimal order, and the remainder, 
being a number of units of the order expressed bv the com- 
mon denominator, haa its true value in being added to the 
unit figure of the period. 

For example, if we would add the numbers given in thp 
preceding article, having prepared and placed them a« directed, 
we proceed thus: ^666666666 

,066666666 
,639393939 
,095272727 
,476256256 

1,944256254 
2 .2 
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the addition being performed| from beginning to end, as in 
whole nnmbers, with the sole exception, that having found the 
sum 22 of the left-hand column of the common period, we 
write its left-hand figure 2 under the unit figure 4 of the 
period; to remind us that it must be added to that figure. 
The sum of the given numbers is, therefore, 

1,944266256 or 1,944256 

The scholar may prove the work by finding (254) the frac- 
tional equivalents, and adding them, as ususJ in vulgar frac- 
tions, thus : 

i +A+Il8+Tft,m+I3l?8 = fJMIiag =1,944256 

If definite or finite decimals be found amongst the numbers 
to be added, it is plain that we must extend the definite figures 
of the mixed and repeating decimals, so that the common 
period may begin at the next place on the right of the lowest 
order of definite figures in any of the given numbers. 

Examplez, 

1. 5,237+65,3+16,789+750,037+ ,9286=838,3263999 

2. ,0075+32,7+113,603652+2,987+,2359 = 

149,0128935269 

3. 25,8+9,541+2,007+,6258+97,97 = 136,043290472 

Subtraction of Repeating Decimals, 

265. As we cannot subtract units of different orders, we 
render the numbers similar, as in addition, and place them so 
that the commas may be under each other. Then, if the num- 
ber which constitutes the period in the lower number, be not 
greater than that of the period above it, as we have merely to 
diminish the upper period by a number of units of the same 
kind, the subtraction is performed throughout as in integers^ 
eoccept the marking of the period in the remainder. 

But, if the number in the lower period be the greater, we 
consider that, if to the upper period we add a unit of the next 
higher decimal order, this unit is equal to the common deno- 
minator, and in adding this, which is a number of nines equal 
to the number of figures in the period, to the upper period, 
— that is to say, the alt minus 1, — the unit figure of liiis pe- 
riod will be one unit less, the other figures of the period will 
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not be altered, and there will be a unit projected one place 
towards the lefl, which is ten with regard to the left-hand 
figure of this upper period. Now, in subtracting in the ordi- 
nary way, as the left-hand figure of the lower period, with 
what may be to carry, is supposed greater than the one above 
it, we shall have to add ten to this upper figure, and carry one 
to the next lower figure on the left : now, this carrying of one 
to the next lower figure on the left, is just what we should 
haye to do in consequence of having added a unit of this order 
to the upper number. Wherefore, we suppose the unit figure 
of the upper period to he one unit less ; the operation is, in 
every other respf ct, the same as in whole numbers^ eaxept the 
marking of the extremes in the remainder. 

For example, to subtract 3,2357 from 8,0235, we render 
the numbers similar^ and place them thus : 

8,02352352 
3,23575757 

4,78776594 

Then, as the number in the lower period is greater than that 
in the upper, instead of saying 7 from 12, we say, 7 from 11, 
four. In every other respect, we subtract as in whole num- 
bers, except that in the remainder we mark the extremes of 
the period. 

To prove the correftstness of the above result, as well as of 
those in the following examples, the -scholar may find the frac- 
tional equivalents, subtract as in vulgar fractions, and then 
reduce the j&abtional remainder to decimals. In dividing, he 
may proceed as in Art. 243, and, omitting the ciphers on the 
right of the divisor, continue the operation till the quotient 
figures begin to repeat. 

Examples, 

1. 5,6 — 2,6321 = 3,0345 

2. 23,065 — 7,35492 = 15,65012558 

3. 42,0036 — ,97684 = 41,02678 

4. 378,20583 — 67,37598 = 310,82984169 

14 ^ 
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Multipltcation of Repeating Decimals. 

When the repealing decimal is found in the multiplicand 
onlji and the multiplier ia a single figure. 

266. To multiply a aumheri is to i^ld it to itself a oe^tai^ 
numb^ of timep; we may, tbereforej suppose the period of thq 
rep^tiag deoimid written under itself a oertain aumher dt 
timesi and the taddition performed as in Art. 264 j that is, ^ 
Ute sum pr product of the left-hand order of the period does 
not exceed 9, ike whoh toorh is jperjbrmed as in whole nwih 
hers, except the marking of ijis extrejnes. But if the som Q¥ 
product of the highest ord^ of the period exceeds 9| we not 
only carry its tens to the next place on the Ufiy &u< add iSi^ 
as units to the right-hand figure of the period in the product 

If the period consists of a single figurei as this is a number 
of ninihsj we diyide its prodnet by 9, setting down the xe* 
mainder, which we mark as a repeater : then, carrying the 
quotient, we proceed as usual. For example, to midtiply 

6,35 by 6, 

6 

■ I . i n i 

we first s^y, 6 times 5 is 30« Now this is ^; and as the di^ 
vision gives the same figure for quotient and remiunder, we 
write 3 and cany 3^ after which we proceed a^ with ordi^naiy 
decimate. 
We may provq the work thus : 

6,36 X 10 = 63{ == 4|4 : 4|3 ^10= W 

572 i 572 

Again, if we have 5,758 to multiply by 7 : 

5,758 
T 



40,312 



we say 7 times 8 is 66 ; then to find the remainder, we cast 
out the nines, saying 5 and 6 is 11 ; 1 and 1 is 2 ; which we 
write and mark. Then adding the 9 cast out as a unit to the 



5 nines contain^ in 5^ ihe left-hand figure^ we cafrj 6; and pro- 
ceed 9ia natal. 

Proof. 575f=^: tiiettVuV:><?=-^^ = ^^* 

t±= 40, 3li as ^fore\ 

Ihsafti^les. 

1. 9,08x^ = 81,8 J 5,^X3=17; and 4,813x5 =24,06 

2. ,14 X 9 i=: 1,8 ; ,2617 X 9 = 2,356, tod 3,3 X3 = 10 

The scholar will easily see, that when the mnltipliei^ is 9, it 
destroys the divisor 9, or denominator of the period 3 therefore, 
in the product, the repeater vanishes. 

267. When the period contains more than one figure, we 
multiply as in integers ; and, if^the product of the last or left- 
hand figure of the period does not exceed 9, we write it under- 
neath; and haying marked the period, we continue the opera- 
tion as usual. But if the product of this left-hand figure ex- 
eeeds 9, we not only carry the left-hand figure of this product 
forward, to be added to the product of the n^xt figure, but we 
ftlso can^ it backward, to be added to the unit figure of the 
period in the product. Now, ad multiplication is a species 
of addition) ilie student is referred for the reason of this to 
art. 264. 

For example, 23,168 X 4 ==92,672 ; thd multiplication be^ 

ing performed exactly aa in Whole numbers. 

• • 
But, if we have 54,0987 to multiply by 8, having multiplied 

.the period and found 7896, as the 7 divided by 999 would 

give 7 for both quotient and remainder, we add 7 to the unit 

figure 6, which gives doS for the period; and carrying. the quo^ 
iient 7^ we proceed as usual. Wherefore, 

54,0987X8 ==432,7903 
Pwofc 54,09a7 X 8 =mU- X f == HpW"^ =432,7903 

Examples, 

1. 3,142 X 6 = 18,852, and 14,026 X 9 =: 126,234 

2. 4,0759 X 8 = 32,6076, and ,00925 X 9 = ,08325 

3. 35,6798 X 7 = 249,7590, and ,0928 X 9 = ,8360 
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When the multiplier contains several figures. 

268. When the period in the multiplicand contains but one 
figure, we multiply by each figure of the multiplier, as in art. 
266 ', and having found the several products, we continue the 
repeating figure in each to the unit place of the first partial 
product. Then having found the sum of the right-hand co- 
lumn, which is evidently a number of ninths, we divide this sum 
by 9, setting down the remainder as ninths, and carrying the 
quotient to Uie next column, after which we add as usual. 

For example, if we have 2,354 to multiply by 126, having 
placed the numbers 

2,354 
125 

11772 
282533 



294,305 

and found the tVo partial products, in multiplying by 5 and by 
12, as in art. 266, we repeat the figure 3 of the second product, 
80 that it may stand under the repeater of the first 3 and hav- 
ing added the first column, we mark the sum 5 as a repeater; 
for it is evident that as both figures 3 and 2 repeat^ their sum 
must also repeat. 

269. A mixed decimal, as well as any other, may be multi- 
plied by 10, 100, 1000, &c., h/ removing the commay as usual^ 
towards the right ; but if it should extend into, or beyond the pe- 
riod, care must be taken to repeal the period till there are as many 
figures on the right of the comma as are contained in the pe- 
riod. If, in proceeding thus, the order of the figures in the ' 
period on the right of the comma appears to be changed, this 
is of no consequence ; because they still repeat, in regular or- 
der, from the place where they begin, to infinity ; and because 
the ratio of increase and diminution isy in integral and dc' 
cimal numherSy the sams. 

Thus: 2,354 X 1000 = 2354,4; also, 2,354x100 = 235,435 
As the number 125 is the eighth part of 1000, if we divide 

2354,4 by 8, we shall have the product of 2,354 X 125. Thus : 

8) 2354,444, &c. 

294,305 
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^here we repeat 4 in the dividend, till we find that the quo- 
tient figure 6 will repeat, which we mark accordingly. This 

may serve as pro>of of the example in art, 268. 

• 

To multiply 6,567 by 25, we place the numbers and multiply 
as before. 

6,567 
25 



32838 
131355 



164,194 

But as the sum of 5 and 8, which is 13, exceeds 9, we divide* 
by 9 ; or rather, we say 1 and three is 4, which we write as a 
repeater underneath, and carrying the quotient 1, we proceed 
as usual. 

4) 656,777, &o. 

164,194 

This last operation, which may serve as proof of the pre- 
ceding, consists in multiplying by 100, and dividing by 4, 
because 25 is the fourth part of 100. 

Examples, 

1. 93,6485 X 875 =±= 81854,9861 
3. 27S,05S2X 927 = 254974,337 

3. ,6847 X 6,578 = 3,8466682 

4. ,018798 X 2,9479 =^ ,0554172445 

270. When there are several figures in the period of the mul^ 
tiplicaad, we multiply by each figure of the multiplier, as in art. 
267 ] and, having found the several partial products, we con- 
tftnue the repeating figures of each, in their proper order, to the 
right-hand or lowest place of the first partial product. Then,, 
taxing as many of the right-hand columns as there are figures 
in the period of the multiplicand, we consider them ap belong- 
ing to the common period, and add them as in art. 2d4. The 
reason for operating thus will appear plain, if we consider that 
the period in the midiiplicand is the numerator of a fraction^ 
which does not change the denominatum of its units in being 

14* 



162 MULTIPLIOATION OF REPEATING DSGIMALS. 

multiplied hy any number; the products, therefore, must all ter- 
minate at the same place as this period ; and we must have just 
the same number of repeating figures in the sum of these pro- 
ducts, or total product of the given numbers, as in the multi* 
plicand. 

For example, if we have 65,437 to multiply by 3462 : 

65,437 
3462 

130874 

3926246 

26174974 

196312312 

226544,408 

As the product of the period by 2 does not exceed 999, the 
first product is found as in whole numbers; its figures 874 
showing the limit of the period. The second product, 392624, 
is first found as in art. 267. If this stood alone, as the pro- 

duct of the multiplicand by 6, its period would be 624 ; but as 
the multiplier is 6 tens, this product must be ten times greater. 

Now, to multiply 392,624 by 10, we remove the comma one 
place towards the right; and, as this enters the period, we must 
(269) repeat the figure 6, which it passes, by placing it on the 

right of 4. The second product is therefore 3926,246. As 
the next multiplier is 400, we must, in the third product^ sup- 

?ose the comma to be removed two places, and repeat the figures 
4 of its period. As the last multiplier is 3000, we must, in 
the product, repeat the whole period 312. Thus, the products 
will always terminate at the right-hand place of the first pro- 
duct. 

The work may be proved by multiplying 65m by 3462, 
and reducing the product to decimals. 

If the multiplier had been 34,62, the product would have 

been 2265,44408. 

Examples, 

1. 5,i79 X 2222 = 11508,136 

2. 643,3462X59,4=38214,76633 

3. 7,395748 X 2731 = 20197,790402 
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271. When there are repeating decimals in both factors, we 
mdky find the fractional equivalent of the multiplier ^ multijply 
hy its numerator as in the preceding article, and divide the 
product hy the denominator^ taking care to repeat the period 
in the number we are dividing, till we obtain the quotient to a 
sufficient degree of exactness, or till its figures repeat, as may 
be thought proper. 

Or, we may find the equivalents of both factors, multiply 
them as vulgar fractionsy and reduce the fractional prodv>ct to 
decimals. The scholar may operate by both methods, and see 

which he prefers ; also, the one will be a proof of the other. For 

• • • • 

example, if we have 81,6275 to multiply by ,358, we may 

operate thus : ,358 X 10 = 3|| == %%^y and %%^ -4-10 =|f g. 

Now, though this fraction might be reduced, it may be as well 
to let it remain as it is ; then, 

81,6275 
355 

4081376 
285696346 

9 ) 2897,77722722722 
11 ) 321,97524746969 
29,27047704269+ 

having multiplied by 5, we multiply the first product by 7, for 
35. To divide by 990, we remove the comma one place to the 
left, which divides by 10, and then divide by 9 and by 11, which 
are the &ctors of the remaining number 99. 

Or thua : ,358 = M8 = tVh. "'d 81,6275 = 2|||f»: then, 
^-Mf 0- X tVs = VpVsWi? = 29,27047704269 +, as before. 

Examples. 

1 ,2376 X ,32 = ,0768 

2. 55,7645 X ,3564 = 19,8764826977747279 + 

3. 4,93625 X ,7625 = 3,7642741913 + 

4. 3,05 X 71,65 X 4,632 =1014,3177746646 + ^ 
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Division of RepeatiTig Decvniah, 

272. Find the fractional equivalents of the given numhen^ 

divide as in vfdgar fractions^ being careful to caned as muck 

uspossihlej and reduce the quotient to decimals^ 

* * * * 

If we hav6 9,2675 to divide by 2,59, we proceed tlras : 

9,2675-5- 2,59 =^^^ -^ W • ^^^^ 
9J666 jg.^ 92666 _?2666 ^3 
^^ ^257 101 X 257 25957 ^' ^ 

Examples. 

1:63,8-^12,7 = 5 

2. 289,0597 -T- ,3^647 = 798 

3. 63,296457 -5- ,372 = 143,12677644 + 

Or^find the fractional equivalent of the divisor only ; mvUi- 
ply the dividend by its denominator, and divide the product by 
the numerator. By this last method the scholar may prove 
any of the above examples. He will also see that it is, in 
many cases, the most convenient. 

273. We obtain a convenient method of multiplying or di- 
viding by 5, 5*, 5', 5*, &c., by finding the decimal value of a 
unit divided successively by ea^h of those numhers^ as in the 
following table : 

A unit divided by 5 = ,2 
" « 25 = ,04 

" " 125 = ,008 

« « 625 = ,0016 

« « 3125 = ,00032 

&o., &e. 

Now, if we divide any number by 5, it is evident that for 
every unit in it we shall have 2, which is the same as to mul- 
tiply the number by ,2. Wherefore, to divide a number by 
any of the numbers in the lefV-hand column of the above table, 
we have only to multiply by the corresponding owe inihe right- 
hand column: * 

Thus, to divide 76354 by 625, we have 

76354 X ,0016= 122,1664, which is easily performed with- 
out evon plaoing the numbeXB under each othef; 
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Again, the diridend 1, divided by the quotient ,2, mtiBt (60) 
^ve the divisor 5; consequently, any number divided by ,2, 
will give 5 times that nninber. Wherefore, to multiply by any 
Dumber in the left-hand column of the table, we have only to 
divide by the correspondiTig number on the right. Thus, to 
multiply 56479 by 3125, we have 56479 -^ ,00032; which we 
perform by rendering the number of decimals equal in each, 
and Buppreaaing the oomma, thus : 





Proo£ 


4)5647900000 


66479 
3125 


8)1411976000 
176496875 


1411975 
1760849 
176496875 



1. 584629-4-5 = 116925,8 

2. 584629 X 5 = 2923145 

3. 63792877X25 = 1594821925 

4. 63792877^25 = 2551716,08 

5. 919287326 -^ 125 = 7354298,6 

6. 919287325 X 125 = 114910915625 

7. 3587624953 X 625 = 2242265595625 

8. 3587624953 -=- 625 = 5740199,9248 

9. 11358642791 -!- 3125 = 3634765,69312 
10. 11358642791 X 3125 = 35495758721875 

The above examples nay be proved 1^ multiplying or di- 
viding in the ordinary way. 
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TABLES OF MONEYS; WEIGHTS; AND MEASURES^ WITH CAL- 
CULATIONS AND ILLUSTRATIONS. 

274. A nnmber; when not spplied to an j ^artionla^ species 
of quantity; is called ahstrctcL TbuS;- when We say 3; or 3 
timeS; the number 3 i& abstract. When applied^ to a particular 
specieS; as when we sa^r 3 books, 20 bufihels;. &o.,>it is called 
a concrete number. See Art. 18. 

Hitherto we have treated of numbers only a)^al>&trtict; but 
we shall shortly consider their applieation to Uie meastirement 
and valuation of quantities. We have already observed (3) 
that; to measure a quantity we must compare it with some 
known quantity of the same kind; which is called a unit 
NoW; as quantities differ in their natiure and magnitude; the 
tinits or measures to which they are compared viary accord- 
ingly. 

275. A number which is made up of units of different mag- 
nitudes is called a compound number.* ThuS; 6 pounds 
15 shillings and 6 pence is a compound number; because the 
pound differs from the shilling; and each of these differs from 
the penny. 

The following Tables will show what relation; or ratiO; the 

* Perhaps, as some haye suggested, it might more properly be called 
a complex number. 
160 
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different xtoikSf by "which w^ nsoally me^ao^ qiumtitieS; have 
\i9 enioh other, 

276. Accomtts )»re kept in England and Ireland, as well as 
in Canada and BeTeral other British colpnies, — and formeriy 
were in the United States^ — m pounds, shtUings, penccy and 
fanrthings; bnt, though each of these denominations has 
always die same ratio to each of the others, the ralne of each 
in one country is by no means the same as in every other. 

EIngluh or Sterling Mone^. 

The pound sterling is marked £, the shilling ^| the penny 
(f.y and sometimes the farthing qr, ; these being the initial 
letters of the Latin words libra, solidvs, denarius, and qua^ 
drans, which signify pound, shilling, penni/, and farthing 
respectively. 

4 farthings, qr^, inake • •••.••«» • 1 penny, d, 

12 pence, ox 483r«,.,„,, -..♦..,... 1 sbiJUng, «. 

20 sWUingfi^ 24(y,, or 960 qrs. . . ... . . I pound, £ 

^ shilliogQ.tt.Mttf.f^*^* » p>f 1 guinea. 



Farthings are usually written as fractions of a penny j 
thus: 

|d.^«««..,«««.....,Mone farthing. 

f^d,^ . .«., ,,o ...^ . ^ , . • .two farthings,, or half-penny. 
d. ;.,...three ferthings. 
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277. In the United States accounts are kept in dollars and 
cents, and the coins issued by goyemment are of gold, silver, 
and copper : a large proportion, however, of the actual specie 
currency is a mixture of Spanish, French, English, and other 
coins. The decimal division of the following Table was 
adopted by the Federal Government, on account of the great 
facility it affords in calculation : 

JFederal M<mey. 

10 mills, m., make 1 cent, ct, 

10 cents 1 dime, d, 

10 dimes, or 100 cents 1 dollar, % 

10 dollars 1 eagle, E, 

Mills are merely nominal. 



GOLD conrs. 

Double Eagle *20 

Eagle »10 

HalfEoffle %h 

Quarter Eagle 92^ 

Three Dollar piece. . . ^ . . $3 
Gold Dollar »1 



siLYBB conrs. 

Dollar lOOcis, 

Half Dollar 60ots. 

Quarter Dollar 25ct8. 

Dime lOcts. 

Half Dime 5ct8. 

Tri-cent piece 3 cts. 



The copper coins are cent and half-cent. 

In 12345 mills, how many eagles? How many dollars? 
Dimes? Cents? Read the number in dollars, cents, and 
mills. What part of a cent is the figure 5 ? Bead the num- 
ber in dollars and cents. 

278. The unit of each of the different denominations of 
Federal Money, from the highest to the lowest, being formed 
in the same manner as the unit of any order in an abstract 
number, — ^that is to say, of ten units of the n^ct inferior de- 
nominatioky — ^it is evident that the four cardinal* operations 
may be peiformed. upon these, as m>on abstract numbers. 

To find the sum of $29,37 and fl56,257, we place units of 
the same order under each other, and add th0m as abstract 
numbers, thus : 

29,37 
156,257 

185,627 

■ ' ■ " ' I ■ ' I ' 

* OasdmiBlf chief, prineijxd^ 
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The lowest denomination being mills, we may consider the 
sum 185627 as representing a number of mills. Now, in 
dividing this sum by the number of mills in a unit of any of 
the other denominations, it is evident that we may read it in 
any or all of those denominations ; but, as accounts are kept 
in dollars and cents, it is usual to consider the dollars as whole 
numbers, and the inferior denominations as decimals ; there- 
fore, as 1000 mills make a dollar, we divide by 1000, in 
separating, by a comma, three figures on the right, and read 
185 dollars and 627 thousandths, or (as 10 m. make Ic.) 
185 dollars 62 cents and 7 mills. 

Hence, we see that the calculation of Federal Money is the 
aame as ^at of abstract decimals. 

Examples. 

1. Find the sum of $5,16 j $29,457; $347,20, and $1,627. 

Answer, $383,444. 

2. From $1000,50 subtract $597,237. 

Answer, $403,263. 

3. Multiply $35,637 by 1,25. 

Answer, $44,54625, or $44,55—. 

4. Multiply $379,23 by 25. Answer, $9480,75. 

5. Divide $35,84 by 6,25. Answer, $5,7344. 

6. Divide $12 125 by 31,25. Answer, $388, 

279. Gold, silver, jewels, and very costly articles are 
weighed hi/ Troy Weighty the denominations of which are as 
follows: 

Troy Weight. 

24 grains, gr., make 1 pennyweight^ dwt, 

20 pennyweights 1 ounce, oz. 

12 ounces 1 pound, lb. 

We refer the student to what is said in Art. 4, from which 
he will understand that the grains here spoken of are wheat 
grains, taken from the middle of a full-grown ear. 

280. By the following weight apothecaries mix their medi- 
cines, but buy and sell by Avoirdupois : 

Apothecaries* Weight, 

20 grains, ^r., make 1 scruple, 9 

3 scruples...^ 1 drachm, 5 

8 drachms 1 ounce, § 

12 ounces 1 pound^ lib 

U 
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Apothecaries Wine Measure. 
1 minim. 
60 = 1 fluidracbm = ,2254 c. in. 

480= 8= lJl.oz.= 1,8047 " 

7680= 128= 1Q = 1 pt.= 28,876 " 

61440 = 1024 = 128 = 8 = 1 gal. = 231 cubic inches. 

Imperial Measure. Or. Troy. 

1 minim = ,91 

60 = I /I. dr. = 54,7 

480= 8= IJl.oz. = 437,6=1 02. 

9600= 160= 20 = ljp<. = 8750 =1,25«^. 

76800 = 1280 = 160 = 8 pts, = 1 gal. = 70000 = 10 Uf. 

Tea-cup = 4 fluid ounces. 
Wine-glass =2 " 

Table*spoon = 4 " 

Tea-spoon = 1 fluidracbm = | fl. oz. 

281. By tbe following weigbt are weighed things of a gross 
and drossy nature, groceries, chandlers' wareis, and metals, ex- 
cept gold and silver. Its name, Avoirdvpois, is derived 
from tbe French words avoir, to have, du, of the, and poids, 
weight ; that is, to have great weight. 

Avoirdupois Weight. 

16 drachms, dr,, make 1 ounce, oz. 

16 ounces 1 pound, lb. 

28 pounds 1 quarter, qr. 

4 quarters, or 1 12 lbs 1 hundredweight, ctot. 

*20 hundredweight, or 2240 lbs. 1 ton, T. 
A hundredweight is sometimes called a quintal. 
The pound Avoirdupois consists of 7000 grains Troy, and is 
to the pound Troy very nearly as 17 to 14. 

282. We have already noticed that B harley-coms, placed 
lengthwise in contact, make 1 inch, and 12 inches, 1 foot 
The foot, thus constituted, is, however, differently divided to 
suit different kinds of measurement. In Carpentry, it is di- 
vided into inchesj and these into halves, quarters, eighths, and 
sixteenths. In Civil Engineering, for the sake of the conve- 
nience of decimal calculation, it is divided into tenths aid 

* By some a short ton is sometimos used, consistiiig of 2000 lbs, and a 
short cwt, oonsistiDg of lOO lbs. 
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hundredths; and, in philosophical investigatioDS; it is fre- 
quently divided into inches and lines, as in the following 
Table : 

Long Measure. 

10 lines Eng., or 12 lines Fr., ^., make... 1 inch, in, 
12 inches 1 foot, ft. 

3 feet 1 yard, yc?. 

6 feet , 1 fathom, /a^A. 

5^ yards, or 16^ feet 1 rod or pole, P. 

40 poles, or 220 yards 1 fiirlong,/wr. 

8 furlongs, or 1760 yards 1 mile, M. 

3 miles...... l^league, L. 

A handj by which horses are measured, is 4 inches. 

Though the league and fathom are chiefly confined to mari- 
time* affairsy they are, by some nations, and particularly the 
French, often used to denote distances on land. 

283. The scholar has seen (211) that a compound fraction 
is the product of two or more simple fractions. But (188) 
everj fraction is a ratio ; wherefore, substituting the word 
ratio for the word fractiony we say that a compound ratio is 
the prodtict of two or more simple ratios. Hence, every com^ 
pound fraction is a compound ratio. 

A unit of any of the lower denominations of a compound 
number is a frojction of that of the next higher, and a com- 
pound fraction of a unit of any order higher than the next. 
For example, a farthing compared with a penny is |, which is 
a simple fraction. But, as the penny is ^^ of a shilling, the 
&rthing, compared with the shilling, is \ of -A^y which is a 
compound fraction. Compared with a pound, it is \ of y\j of 
^^j which is also a compound fraction. 

As \ is the ratio of a farthing to a penny, and y'^^, the ratio 
of a penny to a shilling ; and as Aj the ratio of a farthing to 
a shilling, is formed by multiplying 4 and y\j together, the 
ratio of a farthing to a shilling is said to be compounded of 
the ratio of a farthing to a penny, and of that of a penny to 
a shilling. The ratio of a farthing to a pound is a ratio com- 
pounded of the ratio of a farthing to a penny, of the ratio of 
a penny to a shilling, and of that of a shilling to a pound. 
Thus, i of j\ of jJ^^i X 1*2 X is'o = vhji7 tliat is, ^J^ is a 
ratio compounded of the ratios J, j\, and j*^. 



* MaritimCf belonging to tho ocean. 
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The ratio of 1 inch to 1 mile is g^^g^ ; of what ratios m ift 
compounded ? 

284. By the following measure are measured cloths, kees, 
ribbons, &c. : 

Ohth Measure, 

2\ inches, tn., make 1 nail, n. 

4 nails.. 1 quarter, gr. 

4 quarters 1 yard, t/d. 

» 2\ quarters, or 10 nails 1 ell Hamburgh, E, H. 

3 quarters 1 ell Flemish, KF. 

5 quarters 1 ell English, E.E. 

6 quarters 1 ell French, jE7. i^. 

The ratio of 1 inch to 1 ^. Fr, is -^^ ; of what seven ratios 
is it compounded ? What is the value of each ratio ? 

285. The scholar has already been informed (110) that the 
space contained in any surface, called its content y is estimated 
ia squares, and that the content of any right-angled figure of 
four sides is found by multiplying its length, taken in any 
measure, by its breadth, taken in the same measure. The 
units of the following Table are those chiefly used for measur- 
ing surfaces ; and, as some of them refer solely to the measure- 
ment of land, the table is called 

Land or Square Measure. 

100 Eng. or 144 Fr. square lines, s. ?♦, make 1 square inch, s.in. 

144 square inches 1 square foot, s./. 

9 square feet 1 square yd, s. yc?. 

30J square yards, or 272| s,f. 1 pole, or perch, p. 

40 poles in length, and one in breadth. . 1 rood, r, 

4 roods, or 160 poles lacre, a. 

4840 s.yds., or 43560 s,f. 1 acre. 

640 acres 1 square mile, s.wi. 

In the actual measurement of land an instrument is usually 
employed, called the 

Surveyor s or Gunter's Chain, 

7,92 inches make 1 link. 

25 links 1 rod, pole, or perch. 

100 links, 22 yds., or 66/^ 1 chain = 4 rods. 

80 chains 1 mile. 

10 square chains — that is, 10 chains in length, and 1 in 

breadth — make 1 acre. 

100000 square links 1 acre. 
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The lengthy 10 chains, is 1000 links, and the breadth, 1 chain, 
is 100 links, and 1000 X 100 = 100000, the content of an 
acre in square links. 

286. To find the content of any right-angled piece of 
ground with Gunter's Chain, multiply the length in links hy 
the breadth in the same, and divide hy the number of square 
links in an acre; that is, jpoiTi^ off, in the product. Jive figures 
on the right for decimals. The figures on the left of the 
comma will be acres. Multiply the decimals by 4, pointing 
off five, as before, and the figures on the left of the comma 
will be roods, or quarters of an acre. Again, multiply the 
decimals by 40, pointing off as before, and, on the left of the 
comma you have the poles^ 

For example, the length of a piece of ground is 30 chains, 
57 links, and the breadth 20 ch. 23 links ; what is its content ? 

3057 
2023 

9171 
6114 
6114 



61,84311 
4 

3,37244 
40 

14,89760 

The content is, therefore, 61 A. 3 R, 15 P., very nearly. 

If you have not Gunter's Chain, multiply the length in 
yards, by the breadth in yards, and divide the product by 
4840 ; or, for greater accuracy, the length in feet by the breaddi 
in feet, and divide the product by 43560. In the above ex- 
ample the length being 2017,6 ft, and the breadth 1335,2 fb., 
I proceed thus : 

2017,6 X 1335,2 = 2693900 — . Then, 

^fm^ = 61 ^. 3 R, 15 P., very nearly, as before. 

The ratio of a square Fr.line to a square mile is -s^^n^i-sJsii^JiJi f 
of what ratios is it compounded ? What is the value of each ? 

287. We have shown the application of the proceeding mea- 
sure to surfaces, or figures which have only two dimensions — 
namely, length and breadth, (for, however irregular or various 

16* 
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their boundaries, they may all be reduced to a mean length 
and breadth ;) the following is that which is applied to solid 
bodies, or magnitudes of three dimensions — that is, having 
lengthy breadth, and thickness. The scholar has already seen 
that the content of such is estimated in cubes, and is the pro- 
duct of the lengthy breadth, and thickness, all taken in the 
same measure. 

Solid or Cubic Measure, 

1000 Eng. or 1728 Fr. cubic lines, c. l.,make 1 cubic inch, cin, 
1728 cubic inches 1 cubic foot, c. ft. 

27 cubic feet 1 cubic yard, c.^d 

40 feet of round, or 50 ft. of hewn timber 1 ton, t. 

42 cubic feet 1 ton of shipping. 

Tirewood, S/t. long, 4/j!. broad, and) , , 

4/^.high, or 128 cubic feet j '"^ ^^^^' ^' 

IQc./t. or I of a cord, in the N.E. States, 1 foot of wood. 

How many Eng. cubic lines in a cubic mile ? 

Ans. Two hundred and fifty-four quadrillions, three hundred 
and fifty-eight trillions, sixty-one billions, and fifty-six millions. 

288. The following measure is applied to dry articles, 
such as corn, fruit, seed, roots, salt, sand, oysters, coal, &c. 
The principal unit of this measure is the Winchester bushel, 
which is a round vessel 18^ inches in diameter throughout, and 
8 inches deep, and contains 2150| -|- cubic inches. The dry 
gallon contains, of course, 268 1 cubic inches. 

Dri/ Measure. 

2 pints make • 1 quart, qt. 

4 quarts 1 gallon, gal. 

2 gallons, or 8 quarts 1 peck, pk. 

4 pecks, 8 gals., or 32 qts..,. 1 bushel, bush. 

As ^jf 8 = |, the cubic foot, 1728 cubic inches, is to th» 
bushel, 2150 cubic inches, very nearly as 4 to 5. But the 
greater the magnitude of the unit, the less must be the num- 
ber to make a certain quantity, and the less the magnitude, the 
greater the number; wherefore, the numbers are inversely as 
the magnitudes ; that is, the magnitude of the foot being to 
that of the bushel as 4 to 5, the number of feet equivalent to 
a given number of bushels must be as 5 to 4. Therefore, 5 
feet are nearly equivalent to 4 bushels ; and hence we have the 
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following rule, wtich will be found very useful in rural econo- 
my, commerce, and shipping : — 

To reduce bushels to feet : To the number of bushels add 
4 of itself. To reduce feet to bushels : From the number of 
feet subtract ^ 0/ itself. 

If we have 1728 for the given number of bushels, we shall, 
by the rule, find its equivalent in cubic feet to be 2160, which 
is too great by 10, or i^ig part of itself, the true equivalent 
being 2150. Therefore, in finding by the rule, the equivalent, 
in feet, of a given number of bushels, we must, if we wish it 
exact, diminish it ^y 375 0/ itself. 

Again, if we have 2150 for the given number of cubic feet, 
we shall, by the rule, find, for its equivalent in bushels, 1720. 
But this is too little by 8 bushels, or ^i^ part of itself, the 
true equivalent being 1728. Therefore, m finding by the rule 
the equivalent in bushels, of a given number of cubic feet, we 
must, if we wish it exact, increase it hy -^\-^ of itself, 

289. We may however observe, that for any practical pur- 
pose, such as the construction of corn-cribs, caves, bins, grana- 
ries, pits, boxes, &c., for the preservation of com, roots, or any 
other articles measured by Dry Measure, or for the calculation 
of the capacity of such cribs, granaries, &c., tlie ride will he 
found sufficiently exact without the addition or subtraction of 
the fractional part. 

Suppose we would construct a crib to hold 1500 bushels of 
corn. As corn is put away in the ear, and as it requires, in 
measuring, to allow two bushels for one, and one of these well 
heaped, we shall allow 2 \ times the whole quantity of shelled 
bushels. We therefore say, 1500 X 2^ = 3300 ; adding to 
this \ of itself, we have 3300 + 825 =4125, the content of 
the crib in cubic feet. Now as this is a quantity of 3 dimen- 
sions, one of which is arbitrary — seeing that the average width 
of a corn-crib is generally not more than 4 or 5 feet Inside, that 
the air may pass freely — we find the factors of 4125, or inside 
dimensions of the crib thus : dividing by any convenient width, 

say 5 feet, we have ^-'^ = 825, for the area or content of the 
side. Then, if we wish the crib to be of a certain height, or 
length, we must divide the area of the side by that height or 
that lengthy and the quotient will be the remaining factor; 
that is the length or height accordingly. Thus, if we say 10 
feet high; we have 
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Sy^^ = 82 J feet, for the length. If we say 55 feet long, we 
have ®// =15 feet, for the height of the crib. 

If the crib be made only 4 feet wide at the bottom, it must 
be 6 feet wide at the top, because ^ the sum of these will give 
the average width, 5 feet. 

What must be the length of a crib to hold 3600 bushels of 
com, the average width being 5 feet, and the height 12 ? 

Answer, 165 feet 

What must be the height of a crib to hold 500 bushels of 
corn, the average width being 4 ft. 2 in., and the length 40 ft. 
6 in ? Answer, 8 ft. 1| in. 

290. If, of several factors, any one be diminished in a cer- 
tain ratio, that is, by a certain part of itself, the whole pro^ 
duct of those factors will he diminished in the same ratio; that 
is, fey the same part of itself 

Let P represent the product of the undiminished factors, and 
A the factor we intend to diminish. Then PA is the total 
product. Now, if we diminish A by | of itself; thus, A — ;}, 
the remainder \^, multiplied by P, will be -^^K But PA — 
— =:= ^^^^ ^^ = ^. Wherefore, the total product of PA is 
diminished in the same ratio as the factor A. 

Having a granary 43 feet long, 10 ft. wide, and 10ft. high, 
we wish to know how many bushels of grain it will hold, Now, 
^ by the rule (228) we must, from the content of the granary 
in cubic feet, which is 43 X 10 X 10, subtract 4 of iteelf ; we 
subtract from 10, which is of the factors, \ of itself, which gives 
43 X 10 X 8 = 3440 for the content in bushels. But this is 
too little by ^j^ of itself. We therefore say, 
84_Y = 16, and 3440 -f 16 = 3456, the number of bushels 
required. 

p^ . 43 X 10 X 10 X 1728 43 X 1728 „^,-„„ 
^"^^ 2150 =— 2i;5— = 2 X 1728 = 

8456 bush., as before. 

Having' 6912 bushels of grain, we wish to know to what 
depth it will cover a floor that is 43 ft. long and 25 ft. wide. 
4 ) 6912 

1728 one-fourth added. 

216) 8640 0. ft., by the Rule ^^l^ too great. 
40 is tjIj, which we subtract. 

8600 true content of grain in c. feet. 
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43 X 25 = ^^ = 1075 area, or surface of floor. 



4 



8600 -V- 1075 = 8 feet, the required depth. 
Proof. 43 X 20 X 8 = 6880, too little by ^i^ of itself. 
6388^ = 32 ; then, 6880 H- 32 = 6912 bushels. 

291. In the heaped bushel, used in measuring fruit, roots, 
&o., it is found that, according to pretty general usage, the 
heaped part is only about J o/the capacity of the vessel, which, 
as we shall shortly see, is by no means a large allowance. But 
custom is law, at least to the calculator ; wherefore, applying 
to this our approximate rule, (228,) as the internal capacity of 
the bushel (called the strlcJc huslieT) compared with the cubic 
foot, is as 5 to 4, and the heaped part ^ of 5, or 1, we have, for 
the ratio of the heaped bushel to the foot 6 to 4, or 3 to 2 ; 
hence the following rule : — 

To reduce heaped bushels to cubic feet : To the number of 
heaped bushels, add its half. To reduce cubic feet to heaped 
bushels : From the number of cubic feet, subtract its third part. 

To what length must a pit, 4 ft. wide and 3 ft. deep, be 
dug, in order to contain 3000 bushels of potatoes ? 

Ans. 375 feet. 

How many bushels of coal can be stored in a cellar which 
is 16 ft. long, 10 ft. wide, and 9 ft. high ? Ans. 960. 

292. In England, a bushel of potatoes is used consisting of 
80 lbs. weight Avoirdupois. This was probably based upon the 
following experiment : Let a tight half-bushel measure be filled 
with good-sized potatoes, by packing them with the hand; 
then,, if water be poured into it amongst the potatoes, it will 
contain about 8 quarts before the water begins to run over, 
which proves that, when* a half-bushel is thus filled, only one 
half its solid capacity is occupied by the potatoes ; much less 
when, as usual, it is filled with the shovel. 

If we nieasure oO lbs. of potatoes, shovelling them on the half- 
bushel as long as they will conveniently lie, the measure will 
be thus filled 3 times. A bushel, therefore, as they are fre- 
quently measured, will only weigh about 53 lbs. Now, as a 
bushel of good wheat, which weighs from 62 to 64 lbs., is often 
lower in price than a bushel of potatoes, the student will see 
that it is important to estimate as well as calculate. In Maine 
the bushel of potatoes is 60 lbs , Avoirdupois. 

293. By the following measure are measured brandy, spi- 
rits, cider, vinegar, molasses, oil, &c. 'Honey is sold by the 
pound Avoirdupois. 
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The gallon contains 231 cubic inches. Ten gallons make 
one anker. 

Wine Measure, 

4 gills, gi.y mske 1 pint, p^ 

2 pints I qnart, qt 

4 quarts 1 gallon, gal, 

31} gallons.... 1 barrel, bhl. or bar. 

42 gallons 1 tierce, tier. 

68 gallons 1 hogshead, hhd. 

84 gallons 1 puncheon, pww. 

2 hogsheads, or 126 gallons 1 pipe, p. or butt, h, 

2 pipes, or 252 gallons 1 tun, T. 

The following measure is used for malt liquor only. The 
g^on contains 282 cubic inches. 

Beer Measure. 

2 pints, pts.j make 1 quart, qt. 

4 quarts 1 gallon, gal. 

9 gallons 1 firkin, yir. 

2 firkins 1 kilderkin, kil. 

2 kilderkins 1 barrel, bar. 

3 kilderkins, or 1^ bar 1 hogshead, hhd. 

2 hogsheads 1 butt, b. 

2 butts 1 tun, T. 



SECTION XIV. 



or TIME, AND THE REGULATION OF CLOCKS — ASTBX)NO -j 

AND QEOGEAPHICAL MEASURE. 

294. No subject that we can contemplate is of deeper inter- 
est, or more serious consequence to mankind, than time. The 
wise in all ages have testified that on the proper improvement of 
it depends our present as well as future happiness ; and, though 
to some it may appear irrelevant to introduce in this place sub- 
jects of graver import than mere calculation, it may not be 
amiss to remind the student, in the words of Don Jos^ de Ca- 
dalso, (in a little satirical work entitled Los Eruditos d la 
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Violeta, published in honour of those who pretend to greai; 
knowledge with little i^tudy,) that the commoii object of all'thd 
BcienceS; and their utility to man, may be divided into two parts: 
one of which is, to obtain a leas mvperfect 'knoijoledge of the 
Supreme Being, by which the hfeart of man is disponed to fen- 
der him more profound and sincere worship j tlie other is, to 
render men more social; for, by irnpartrhg to eftch other thd 
productions of their understanding, they become tnited, as ^e 
may say, in spite of ocean and distance. 

The word time, though of frequent recurrence iu con vei*sa- 
tion, is by no means easy to define. Perhaps we tnay call it 
the measure of existence or the regular flow of duration. 

Duration, if unlimited, is called etemitt/: tiine is therefore a 
limited duration. 

We have abeady observed (4) thkt time is riieastired bjr 
the revolution of the earth about its axis, w'hich is a sublimely 
regular motion. By this revolution, whidh is from West to 
east, the sun, the fixed stars, and other celesti&l objects, kr6 
made, apparently, to perform a revolution round the edrHiftom, 
east to west. 

Besides the motion of the earth about !ts axis, t'^' continually 
revolves about the sun from west to 6a$t, ill an elliptical* or- 
bit, at the mean or average distaiice of about 95 'millions df 
m|les. The period of this revolution iscalled atropidklyear. 

The mean diameter of the earth's orbit is therefore nearly 
190, or, as we say, in found numbers, nearly 200 millions of 
miles, 

trhis distaiice, however, compared With thait of the ni^arest of 
the fixed sta;rB, is a mere pointy so very insignificant, thstt they 
are seen from any part of our orbit, eaxictly in the sdrUe point 
of the heavens. 

From the observations of tliemost sMlful^stronoinefs,'inkde 
With the finest instruments, it is concluded that Sifius,, dr th6 
Bog Star, wMch, from its superior magnitude and bfilHailcy, 
has been considered the nearest of them Ul, Cannot be at a less 
distance from the sun than ten million^ of rhillions of mites ; 
some have supposed that it is not nearer than 300 millions of 
millions ; from which the student will infer, that with respect 
to the distance of these splendid orbs from each other, man, 
with all his boasted science, is reduced to mere conjecture ; yet 
he must l)j no means imagine that the obsefvaitidns made niK^n 

* EUijpHcalf somewhat oval. 
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the starry heavens with powerful instruments, have been made 
in vain. They have, on the contrary, been of incalculable 
advantage in establishing many important and useful facts, 
upon which are founded the regulations of the calculation of 
time ; and, more especially, in perfecting the science of navi- 
gation. They have opened to our view, in an awe-inspiring 
manner, the immensity, beauty, and harmony of the works of 
the Almighty, profusely disseminated in the fear^l depths of 
illimitable space, and thus, by showing man how limited is his 
sphere of action in this vast creation, assured him of the insig- 
nijicance and folly of human 'pride. 

In a clear frosty night, we think we see with the naked eye 
an innumerable multitude of stars ; but the fact is that we can- 
not, under the most favorable circumstances, see more than 
two or three thousand above the horizon at the same time ; but 
we are informed that Dr. Herschel saw 588 stars in the field 
of his telescope at once, and computed, in a very small portion 
of the celestial hemisphere 258000 stars. 

To give the student a clearer idea of the distance of these 
orbs from each other, let us suppose the earth stationary at 
the nearest probable distance, and no doubt we might say 
possible distance, from Sirius, namely 10 millions of millions 
of miles ; that the creation took place 6000 years ago, (the 
year consisting of 365} days;) and that a cannon ball, shot from 
Sirius at that time, had continued to move, with its initial ve- 
locity of 1200 feet per second, in a direct line towards the 
earth : we find that it would have travelled 43033090909jV 
miles, or not quite the two hundred and thirtieth part of tne 
distance; and hence, that it would require, to perform the 
whole of its flight, upwards of one million three hundred and 
eighty thousand years. 

Let us close this article with the sublime words of the 
Prophet Isaiah, c. 40, v. 26 : " Lift up your eyes on high, 
and behold who hath created these things, that bringeth out 
their host by number : he calleth them all by names, by the 
greatness of his might, for that he is strong in power ; not 
one faileth.'' 

295. The extremities of the earth's axis — which points, with 
respect to the diurnal revolution, appear stationary — are called 
the North and South poles. 

The equator is an imaginary line which passes round the 
earth and is equally distant from either pole, 

A line drawn directly over the head of an observer, and 
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pointing north and soutli, is called a meridian tine, or tJie 
meridian of the place where he stands. This line, in its ex- 
tension round the earth, passes through the poles, and cuts the 
equator at right angles. 

When a star, in its apparent revolution, passes the meri- 
dian of any place, it is said to culminate^ and the time which 
elapses between any two culminations of a fixed star, or one 
entire revolution of the earth about its axis, k called a sidereal 
day, from the Latin sidus, a star. 

296. From the time that the sun's centre passes the 
meridian till it returns to the meridian again, is called a 
solar day. 

As the sun is not in the centre of the earth's orbit,'*' the 
motion of the earth in its orbit is somewhat accelerated by a 
nearer approach to, and retarded by a recession from that 
luminary. From this, as well as other causes, the solar day 
is not of tmi/orm length; it is, however, the medium length 
of a solar day, or average length of all the solar days in a year, 
which is the time shown by a well-regulated clock ] that is to 
say, we divide the time of a mean solar day into 24 hours, such 
as shown by the clock. This is the time in common use, called 
by astronomers 

Mean Solar, or Common Time. 

60 seconds, sec. make.. 1 minute, m. 

60 minutes 1 hour, A. 

24 hours .* ^..1 day, d. 

7 days., * • 1 week, w. 

2 weeks 1 fortnight. 

4 weeks 1 month, mo. 

13 months, 1 day, and 6 hours, ) 1 common or 

or 366 days 6 hours j Julian year, y. 

A labourer's month consists of 26 working days, and a 
mercantile month of 30 days. 

The odd 6 hours of the Julian year are not reckoned till 
they amount to a day : a common year, therefore, consists of 
365 days, and every fourth year, called bissextile or leap-year, 
0/366. 

The year is also divided into 12 calendar months, which, in 
nmnber of days, are irregular, ais follows : 

* Orbitf the fignre cirQumsoribed by the revolutioii of a planet ^ 

16 
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1st month. «. January. «•...... 81 days. 

2d February...^... 28 *^ 

8d March ,. 31 « 

4th April 80 ^« 

5th... May. 31 " 

6th June 80 « 

7th.., Juty... 81 '< 

8th August 81 '< 

9th September...... 80 " 

10th October 81 " 

11th November 30 " 

12th.... December 31 ** 

When the year is exactly divisible by 4, it is leap-ye^; in 
irhich the second month (February) h^a 29 days. 

297. The solar or tropical year is found, by observation, to 
consist of 365 d. 5 h. 48 m. 51 sec. 

Now, as the motion of the earth in its orbit and that on its 
axis are both in the same direction, it is evident that the earth 
must perform rather mare than one entire revolution . on its 
cms, while the sttn^ at a mean rate, appears to pass from any 
meridian to the same msridian again, "and that the succes- 
sive increments* will, in one year, amount to on^ entire revolu- 
tion of the earth ahotU its axis ; that is, the earth will, in one 
year, perform one more revolution on its axis than the number 
of apparent revolutions made by the sun in the same time. 
The ratio, therefore, of the sidereal day to the solar, being in- 
versely as the number of each which composes the solar year, 
will be neaarly as 865 to 866, or -|g|, and, therefore, if we 
multiply 24 hours by 865 and divide by 366, the result will 
be the length of a sidereal day, in mean solar time, very nearly. 

Thus : — ^^^ — = 23 h. 56 m. 4 sec. — , the length of a side- 
real day^ ex th« time in which the eaith pei^nns one revolu- 
tion on its axis. 

If we subtract the length of the iod^real fr^ax that of the 
solar day, we find that the difference is 3 m. 56 sec., or very 
marly 4 mintUes, Hence, a fixed star will culminate on any 
day nearly 4 minutes, hy the clock, sooner than on the preceedr 
ing day. If, therefore, you stretch a meridian line OTsr head; 
and with a plumb line set a. post directly underneath, you may 

* JncremetUs, portkons of increftse. 
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fix iti the post a piisce of tan -with a very small hole in it, 
through which you may observe the cnlmination of any fixed 
Btaf . A sfbr of the first magnitude, and having a good eleva- 
tion, is best; such as Aldebaran in Taurns, Bellatrix in Orion, 
or any other fixed star, which you can easily recognize. Then, 
if, by your clock or watch, the star culminates about 4 minutes 
tooner each night than on the preceding^ the clock or watch is 
well regulated. 

If, by the clock, the star culminates more than 4 minutes 
sooner, the clock goes too slow^ and the excess of time above 4 
minutes is the time the clock has lost. If, on the contrary, 
the star does not culminate till tha same hour as on the pre- 
ceeding evening, the clock hasgainedA minutes; and if it does 
not culminate till past the hour by the clock, 4 minutes added 
to the time jpast the hour^ will show how much the dock has 
gained^ . 

298. For the exact time of day, observe, through a screen* 
of some hindj to protect the eye^ the time when the sun's centre 
passes the meridian. This will be the mean solar noon, if the 
observation is taken <m or about the 15th of April, the Ibth of 
June, the \9t of September ^ or the 2^th of December, If the 
observation is taken between those times, look at the Almanack 
for the equation of time : then; if the sun is fast of the clock, 
subtract from the apparent noon ; if slow, add to the apparent 
noon, the equation of time, which wiU give the true time by 
the clock. 

299. The true solar year not being equal to the year of 365 
days 6 hours upon which Julius C^sar established the leap- 
year, (the difference, 11 m. 9 sec.,, amounting, in about 130 
years, to a whole day,) Pope Gregory XIII. ordered that every 
100th year, which, according to the Julian method, would be 
bissextile, should be a common year of 365 days, except those 
centurial years, which, when we cut off two ciphers on the 
right, are divisible by 4, which were to remain bissextile. 
This is called the Gregorian method, or new style, 

300. If the fixed stars could be seen in the daytime, the 
sun would, by the earth's daily motion in its orbit, from west 
to east, appear to progress among them in the same direction. 
The great circle or path described by the sun among the fixed 



♦ Very important The omission would certainly iigure the sight of the 
observer. 
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pt&TBf ib his apparent anntial revolutioDi caused by the real 
revolution of the earth, is called by astronomers, die ecliptic. 
A broad circle of the heavens, about 8 degrees ob each side 
jpf the ecliptic, is called the zodiac, from the Greek zo-on, an 
^nimal, because most of the twelve parts into which it was 
divided by the ancient Chaldeans or Egyptians were named 
after animals. The following are the divisions of the ecliptiQ 
or circle of the zodiac : 

Astronomical Meamire. 

60 seconds (") make 1 minute, '. 

60 minutes , 1 degree, ^. 

30 degrees 1 sign, «. 

12 signs, or 360^, the whole circle of the zodiac. 

Astronomers apply the above measure in calculating the 
motions and angular distances of the planets and other celestial 
bodies. 

301. A circle is a round figure in a plane, (104,) generated 
hi/[ the revolution of a finite straight line in that plane, about 
one of its extremities, which remains fixed; and this fixed 
point is called the centre. The line described by the motion 
of the other extremity is called the circumference, which is, 
of course, in all its parts, equally distant from, the centre; and 
hence all straight lines drawn from the centre to the circum- 
ference are equal. These straight lines are called radii of 
the circle, and any one of them a radius. 

If two straight lines cut one another at right angles, (108,) 
they may be considered as four straight lines which meet in 
one point, making equal angles with each other. Now, if 
round the point in which they meet, a 

called the point of intersection, . we 
describe a circle, its circumference 
will he divided into 4 equal parts, 
called arcs. Thus, in the circle 
ahde, the angles at the point c, being 
right angles, are equal to one another, 
and the arcs ae, ed, db, and ha, upon 
which they stand, are also equal. 

d 

First, it is evident that a straight line drawn through the 
centre, from side to side, divides the circle into two equal 
parts. For, in describing the circle, as the distance from th^ 
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centre c is always the same, the distance passed through on 
one side of the line must be the same as that passed through 
on the other. Therefore the arc bae is equal to the arc hde. 
Now, if bde is supposed to revolve on 6c, till it meets the arc 
hae, it will coincide with it } that is, the two arcs will form 
but one, because they are equal; and the point d will coincide 
with the point a, because the angles are right angles. But, 
if we suppose the arc abd to revolve on ad, the point b will 
coincide with the point e, for the same reason, and the arc ab 
with the arc ae. Wherefore the four arcs are equal to one 
another. Each of these arcs, being the fourth part of a circle^ 
is called a quadrant 

The straight line ad or be, passing through the centre, and 
terminated both ways by the circumference, is called a diame- 
ter of the circle ; and the arc bae or bde is a semicircle, or 
half circle. 

302. From the above, it is plain that if two straight lines, 
meeting in one point, make one and the same straight line, 
this line produced (continued) will be a diameter of all the 
circles which can be described about that point. Also, that all 
the angles formed by any number of straight lines meeting in 
* one point, as at c, on both sides of a diameter, must be equal to 
4 right angles, because they will be comprised in the four right 
angles bca, ace, ecd, and deb ; and their number will be equal 
to the number of lines meeting in the point c. If formed on 
one side of a diameter, they will, of course, be equal to 2 right 
angles, and their number will be one less than the number of 
lines meeting in c. 

308. If two points be taken in the circumference of a circle, 
and we suppose a radius to revolve from one to the other, it is 
plain that the radius will pa>ss over the arc and the angle 
which it subtends (stretches under) at one and the sams time. 
Wherefore, if two arcs be equal, the angles which they subtend 
mv^t also be equal : and, vice versa, if the angles be equal, 
the arcs must also be equal. 

Now, if 360 lines radiate from the point c, on both sides of 
a diameter, so as to make equal angles with each other, there 
will be 360 angles. Then, if any number of circles be de- 
scribed about the centre c, the circumference of each circle 
will be divided, by the radiating lines, into 360 equal arcs. 
These equal angles and equal arcs are called degrees. Hence 
the dnsaniference of every circle, however great or small, ia 

16* 
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said to consist of 360 degrees, and a quadrant, or right aDgle, 
of 90. 

304. The arc of a circle intercepted between the extreme 
points of any two radii, is called the measure of the angle which 
they form with ea>ch other at the centre* Thus a quadrant, or 
90 degrees, is the measure of a right angle. Also it is evi- 
dent that every arc of a circle is the sam,e part of the whole 
circumference of tha^ circle, that the angle which it subtencU 
is of four right angles. 

Geographical Measure. 

305. Geography is derived from two Greek words, G6, the 
earth, and grapho, I write ; and means the delineation and 
description of the earth's surface. 

The exact measurement of the globe we inhabit, is a subject 
of peculiar interest to the astronomer, geographer, navigator, 
and engineer, because many important calculations are founded 
upon it. It has, therefore, been attempted by skilful men of 
different nations, and though the results have been various, 
they have differed so little from each other, as to leave no doubt 
of their near approximation to the truth. 

The circumference of the earth in the direction of the me- . 
ridian, from measures taken in France, is supposed to be about 
24856 miles, and the polar diameter, or axis of the earth, nearly 
7912. The equatorial circumference about 24896 miles, and 
its diameter nearly 7925. 

Hence a degree on the meridian is 69,04 or 69^^^ English 
or common miles, nearly ; and a degree pn the equator about 
69 J* 

306. The degree on the equator, called a degree ofhmgi- 
tude, from the Latin longus, long, (the circumference being 
longer in that direction than on a meridian,) is divided into 
60 equal parts called minutes, and, by some, geographical 
miles. 

Hence, (288,) a common mile is to a geographical mile as 
21600 to 24896, or very nearly as 72 to 83. 

Longitude is either east or west, as it is measured on the 
equator, beginning at the point in which the meridian of some 
remarkable place cuts that line, which meridian is in longitude 
0°, and proceeding east or west round the globe to the point 

* Some suppose tfie mean diameter of tlie earth to be about 7920 miles, 
which makes the degree at a meaa for the whole sttifaee 69^ mileB, nearly* 
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where the same meridian cuts the equator again ; which last 
point, being the farthest possible, or opposite extremity of the 
semicircle, is in longitude 180°, or 0°, because all placea 
through which the same meridian passes^ are said to be in tJke^ 
Ubme longitvde, 

307. The degree on a meridian is called a degree of latitndey 
from the Latin, latu9j wide. 

Latitude is north or southy as it is measured on a meridian 
towards the North or South pote^ beginning at the equator^ 
which is in latitude 0°, and ending at the pole^ which is in^ 
lat. 90°. 

Lines passing round the globe, in a direction exactly east 
and west, and, consequently, parallel to the equator, are called 
parallels of latitude ; and all places intersected by any one of 
these parallels, are said to be in the same latitude, 

308. Mariners determine the position of their vessel at sea, 
as well as that of any place on the globe; b^ its latitude and 
longitude. 

Now, though all meridians are equal, the case is very dif- 
ferent with parallels of latitude, which diminish as they recede 
from the equator towards the pole. Hence, if one of these is 
at a considerable distance from the equator, the degree mea- 
fiWred on it is very different from the equatorial degree. For 
example, on the parallel of Philadelphia, a degree is about 46 
nautical, or 53,03 common miles. 

309. The meridian from which the longitude is reckoned, 
orfrst meridiauy is arbitrary. The French reckon from that 
^ the Observatory at Paris ; the English and Americans from 
dkat of ike Royal Observatory at Greenwich, near London ; 
and several other nations each from that of its own capital. 
But this is of little consequence, as it is easy to change one 
reckoning to the other. For example, the difference of longi- 
tude bein^een the French and English meridians is 2° 20' 16"; 
and, as the. French meridian is east of the English, we say 
that it is in. longitude 2° 20' 16" E., while the French consider 
the English meridian in longitude 2° 20' 15" W. Wherefore, 
to change Frejich longitude to English, add 2° 20-' 16" to the 
east longitude, and subtract it from the west, 

310. As the equator, as well as every circle or parallel of 
latitude, is divided into 360 degrees, and all these are> by the 
revolution of the earth from west to east, brought succes- 
sively to the Bieai^ solar UQpn exactly in 24 hpor^ it i9 fh&a 
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ttiat the noon of each degree in any of those circles^ (whete 
day and night alternate in one revolution,) will precede the 
noon of the next degree to the westward, by the 360th part 
of 24 hours; that is, hr/ 4 minutes of solar time. 

Hence, if we know the longitude of two places, we hava 
only to mvltiply their difference of longitude^ in degrees hy 4, 
which will give the difference of time hy the clock at €iosa 
places, in minutes^ This time, subtracted from the time at 
the easternmost place, will show that of the westernmost ) or, 
added to that of the last, will give that of the first. For ex- 
ample, suppose that it is noon at the Observatory at Green- 
wich, and that we would know the time at that of Paris : 

First, 2° 20' 15" = 2^^^ = Jg^^-" ; then, -W- X f = -W" 
= 9 m. 21 sec. 

Hence, as Paris is E. of Greenwich, it is 9 m. 21 sec, past 
noon at Paris. When it is noon at the Paris Observatory, it 
will, of course, be 23 h. 60 m. 39 sec, of the preceding day at 
Greenwich ; for it is thus that astronomers reckon the hours, 
from noon of one day to noon of the next. In common 
phrase, we should say 50 m. 39 sec. past eleven A.M., of the 
same day. 

Examples. 

1. When it is noon at Philadelphia, in lon^tude 75^ 16' 
W. of Greenwich, what is the time at Paris ? 

Answer, 5 h. 10 m. 25 sec. past noon. 

2. Being noon at Philadelp|iia, in long. 75^16' W., what 
is the difference of time, and what o'clock is it at each of the 
following places, taking them in an easterly order round the 
globe, from Philadelphia to Philadelphia again : Figueira, in 
Portugal, in long. 8° 52' W. ; Lemnos, in the Grecian Archi- 
pelago, long. 25° 15' E. ] Pekin, long. 116** 27' 30" E., and 
Cape Mendocino, in long. 124° 7' W. 

h. m. see. 

Answer: Between Philadelphia and Figueira 4 25 36 

^^ Figueira and Lemnos 2 16 28 

" Lemnos and Pekin 6 4 60 

" Pekin and Cape Mendocino. 7 67 42 

<^ Cape Mendocino and Philadelphia 8 15 24 

L I I 111 , I I i - - • !■ I I I ^ I ■ 1^ — ^ W L ,---,■ l_LM_BI I • 

* When the longitudes are both E. or both W., ikeit difference it ike 
4ifferenee of longihute ; but, when one is E. and the other W., their sum t« 
the difference of longitude. When this sum exceeds 180°, euhtraci it from 
860^1 and th^ remainder ieill be the difference of longitude^ 



Al80> it is at Figneira past QQCUi • 4 25^3$ 

" Lemnos , 6 42 4 

" Pekin 12 46 54 

« Cape Mendocino ........20 44 36 

Or, in otther wof ^^^ if it is noon on tlie first of June at Pkilar 
delphia, itis^ at Figi^eira, 25 pi. 36 seo. past 4 in tbe afternooni 
or 4 h. 25 m. 36 ^c^ P.M. ;* ^.t Lemnos^ 6^. 42 m. 4 sec., P.M.; 
at Pekin, it is 46 m. 54 seo. past midniglit, or, June 2nd, 46 m. 
54 sec.,. A.M. ; at Cs^pe MendeeinQ,,it is 8h. 44 m. 36 sec, A.M« 

3. Suppose that the above places are all situated on the pa^ 
rallel of 40° 4' N., — a degree on this parallel being 45,916 
nautical or geographical miles — what are the respective dis- 
tances of those places in such miles, proceeding eastward, as 
in the preceding example ? 

Kautical mfles. 

From Philadelphia to Figueira. 3048,87 — 

" Figueira to Lemnos 1566,52 -f- 

"- Lemnos to Pekin 4187,75 — 

*< Pekin to Cape Mendocino. &483,60 — 

« Cape Mendocino to Philadelphia. . 2243,03 — 

4. Reduce the distancea in tho preceding example to oom>- 
Tuoji miles. 

EagUsb miles. 

Answer: From Philadelphia tOi Figueira.. 4.»:..«^. 3 514,67 
<^ Figueira to Lemnos........... ^....1805,85 

" Lemnos to Pekin ,.4827,55 

'^ Pekin to Cs^ Mendocino 632 1,37 

<< Cape Mendocino to Philadelphia . 2585,72 



SECTION' XV, 



REPUCTION. 



311. This is the method of finding the equivalent of any 
number of units of a higher grade in units of a lower, or of 
any number of units of a lower grade in terms of those of a 

♦ P.M., Post Meridiem, Latin, afteraoon. A. M., Ante Meridiem, 
forenoon. 
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higlier. The first of these two is called redttetion dewencUngf 
and the last, reduction ascending, 

312. By reduction descending^ which is performed by mul- 
tiplication, we find the equivalent of a compound number in 
units of its lowest order, thus : descending in regular succes- 
sion, from the highest order io the lowest, we reduce the units 
of each higher order to those of the next lower, by wndtijplying 
them hy the number which shows the ratio of the unit of the 
higher to that of the lower, taking care to add the digits of the 
lower order to those of the product, which are of the same kind. 
For example^ to reduce £b 16 s. 4 d. to pence, we proceed thus : 

£ s. d. 

6 16 4 

20 



116 
12 

1396 



In multiplying by 20, it is easy to see that the uuit figure 
of the shillings to be added, will always be the unit figure 
of ihe product; we therefore say 0, but 6 is 6; then, twice 5 
is 10, and 1 is 11, which gives 116 s. for the value of £5 16 s. 

In multiplying by 12, we say, 12 times 6 is 72, and 4 is 
76 ; six and go 7 : then 12 times 11 is 132, and 7 ia 139. 
Thus we have 1396 for the number of pence, equivalent to 
£5 16 s. 4d> 

813. By reduction ascending, which is performed by divi- 
sion, we fitid the different denominations of a compound num- 
ber, from their equivalent expressed in units of its lowest order. 

For example, to have the value of 1396 pence in pounds, 
shillings, and pence : as 12 d. make 1 s., it is evident that as 
often as 12 is contained in 1396, there will be so many shillings; 
we therefore divide by 12, and have 116 s. 4d. for the quotient. 

Again, to bring 116 s. to pounds, we divide by 20 — ^because 
20 s. make £1 — and we have £5 16 s. for the quotient; which, 
together with the 4d., gives £5 16 s. 4d. for the value of 
1396 d, as was required. 

Thfi operation stands thus : 

1 2) 1396 
2,0 ) 11,6 sr 4 d, 
£5 16 s. 4 d. 
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To divide bj 20, we divide firat by 10, and then by 2. 
Now, to divide by 10, as we separate, by a comma, one figure 
to the right, the figure separated is tenths; but, in dividing 
these tenths by 2, they will (165) become twentieths — that is, 
twentieths of a pound, or shillings : wherefore, we consider 
the figure separated as signifying a number of shillings. In 
dividing the figures on the left; of the comma by 2, if 1 remains, 
as this, divided by 2, is £^ == 10 s., we always write this re- 
mainder 1, as ten, on the left of the figure separated. In 
reducing cwts. to tons, we divide by 20 in the same manner. 

Hence, we see that, to reduce units of^a higher order to those 
of a lower, we multiply hy the number which skows how Tnany 
of the lower make one of the higher ; and, to reduce units of a 
lower order to those of a higher, we divide hy that same 
fiufnber, 

Again^ to reduce 4 1. 13 cwt. 8 qrs. 14 lbs. to ponnds, the 
operation is as follows : 

T. ewt. qrs. Hm. 

4 13 3 14 
20 

93 value in ewto. of 41;. 18 cwt. 
4 

875 value in qrs. of 4 1. 13 cwt. 3 qrs. 
28 



3014 
750 



10514 value in lbs. of 4 1. 13 cwt. 3 qrs. 14 lbs. 

To reduce 10514 lbs. to tons, we proceed thus :. 

^ .,,10514 
28 



( 7 ) 10514 
I 4 ^1502 



1502 

4) 375 — 2 X7 = 141bs. 

2,0) 9,3 — 3 qrs. 

4t. 13 cwt. 3 qrs. 14 lbs. 

We -iiere flnst divide by 28, because 28 lbs. make Iqr. ; 
tihen bj 4, beoanse 4 qrs. make 1 cwt. ; and, lastly, by 20, be* 
beeaiose 20 «W(t. makes It.; observing that the 8 whidi we 
aeparttte in <yviding by 10, being 3 tenths, will, (165,) in 
dividi&g by 2; become 8 twentieth; we therefore oannder it 



192 REDUCTION. 

owts. \ also, Che unit irhioli remaiiiB in dividing by 2^ beibg 
4 1. is 10 Gwt, and is tberelbre placed on the left of 3, makiBg 
13 cwt 

Uxampks. 

1. In 78. 114 d., how many farthings ? Answer, 882. 

2. In 19 8. li j d., how many &rthings ? Answer, 959. 
8. How many Darleycoms will reach round the earth on the 

equator ? (306.) Answer, 4732231680. 

4. How many seconds are there in a solar year ? (297.) 

Answer, 31556931. 

5. How many cubic inches in a cubic mile ? 

Answer, 254358061056000. 

6. In 29 1. 17 cwt 8 qrs. 27 lbs. 15 oz. 13 dr., how many 
drachms? Answer, 17145853. 

7. In 382 farthings, how many shillings ? 

Answer, 7 s. ll|d. , 

8. In 959 farthings, how many shillings ? 

Answer, 19 s. ll|d. 

9. In 4732231680 barleycorns, how many miles ? 

Answer, 24896. 

10. Eedttce 31556931 seconds to days« 

Answer, 365 d. 5 h. 48 m. 51 sec. 

11. Eeduce 254358061056000 cubic inches to cubic miles. 

Answer 1. 

12. Beduce 17145853 drachms. Avoirs., to tons. 

Answer, 29 1. 17 cwt. 3 qrs. 27 lbs. 15 oz. 13 dr. 

314. If, under a given number of units of any order, we 
write, in the form of a fraction, the number which shows how 
many of those units are required to make a unit of some higher 
order ; as this expresses the division of the upper number by the 
lower, it is plain (313) that this fractiortj whether proper or 
improper y is a fraction of the higher order ^ because, as often 
as the given number contains this divisor, so often does it con- 
tain a unit of the higher order. Thus, to reduce 7 d. to the 
fraction of a shilling, as 12 d. make Is., we say 7d. = y^^8. 
To reduce 7 d. to the fraction of a pound : as 240 d. make klj 
we say, 7 d.= ^j?^ £. To reduce 440 yds. to the fraction of a 
mile, as the mile is 1760yds., we place. this number under 
440, and have yYs^ = h ^^ ^ required fraction. In effect^ 
this is nothing else than to divide 440 yds. by 1760. B^ 
(813,) in, dividing yards br 1760, we reduce diem to miksf 
the fraction yl^V^ or ^, is therefore the &aotioli of a mik. 



EEBUCXION* 1^ 

815. From wliat has been said, we can easily reduce all the 
inferior parts of a compound number to a fraction of the prin- 
cipal unit. For example, to reduce 17 s. 6d. to the fraction 
of a pound, we first reduce 6 d. to the fraction of a shilling, 
which (314) gives ^^^ = ^ s. We then have' 17^ s., or A^- s. 
Now to reduce -A^- s. to the fraction of a pound ; we divide by 
20 — ^that is, (165,) we multiply the denominator by 20 — ^which 
gives I ^, or |, for the fraction required. 

Or thus : we reduce 17 s. 6 d. to pence, which gives 210 d., 
under which we place 240, the number of pence in a pound, 
and have ||g = |, as before. Also, 210 d. and 240 d. are 
homogeneous numbers; and, (138,) by placing 210 over 240, 
we show what part 210 is of 240. But 210 d. is the value of 
17 s. 6 d., and 240 d. that of £1 : therefore, |JJ, or |, is the 
part or fraction that 17 s. 6 d. is of £1. 

Again, to reduce 2 fur. 26_p. 3 yds. 2 fiL to the fraction of a 
mile, we may proceed thus : 

2ft.=.|yd.,- 3|yds.=-y-yd.; '-^g»^ -f- 5^ = l-V- -5- J^?- 

~" 3 ^ M ~~^ 
26|p.=^/-p.; -«8*^-^40 = |fur.; 2| fur. = | fur. ; 

i^^y> I -^ 3 = I m. 

Wherefore, the compound number 2 fur. 26 p. 3 yds. 2 ft. jb 
I of a mile; or thus: 

2 fur. 26 p. 3 yds. 2 ft. = 1760 feet, and 1 m. = 5280 ft. : 
then ^IJg = 1 of a mile, as befare. 

Hence we see that,, to reduce the lower denominations of a 
compound number to a fraction of the principal unit, we 
reduce its lowest denomination to a fractixm of the next higher j 
to which we annex it We then first reduce this mixed num^ 
her to an improper fraction^ and then to a proper fraction 
of the next higher order ^ to which we annex ity and thus we 
proceed till we arrive at the fraction required. 

Or, we reduce the whole to units of its lowest order ^ and 
place the result over the number of units of this order con- 
tained in the principal unity reducing the fraction^ if neces- 
saryy to its lowest terms. 

The scholar may operate by both methods, which will serve 

«8proo£ 

17 
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Examples. 

1. Reduce 19 s. 5| d. to the fraction of a pound. 

Answer, |^J. 

2. Reduce 19 s. 10| d. to tlie fraction of a pound. 

Answer, l|J. 
8. Reduce 12 s. 9| d; to tlie fraction of a pound. 

Answer, i\, 

4. What part of a cwt. is | of an ounce Avoirdupois f 

Answer, ^^^jj. 

5. What part of a ton is 5 cwt. 2 qrs. 24 lb. ? 

Answer, |. 

6. What part of a league is 2 m. 7 far. 39 p. 4 yds. 2 fib. 
2^ in. ? Answer g|i^. 

7. Reduce 3 R. 6 P. 15 s. yds. 5j s. fk. to the fraction of an 
acre. Answer, yVA- 

8. What is the ratio of 1 R. 23 P. 28 s. yds. 3| s. f. to 3 R. 
89 P. 25 s. yds. 6 s. f. ? Answer, |. 

316. Haying seen (158) that a fraction may be considered 
as expressing the division of its numerator, as an integral 
number, by its denominator, we can^ by performing this divi- 
sion, find the value of a fraction of the principal unit, or of a 
unit of any superior denomination, in terms of the inferior de- 
nominations. For example, to find the value of JfJ o^ * 
pound, as this is the same as the nine hundred and sixtieth 
part of £791, we divide £791 by 960 in the following manner : 

791 
20 

960) 15820 (16 s. 6|d. 
960 

6220 
5760 

460 
12 



960) 5520 (5 d. 
4800 

720 
4 



960) 2880 (3 qrs. or | d. 
2880 



^*Ft*^ 
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It ia evident that, when the given fraction ia proper, we 
mnat reduoe the munoiator to the next lovor denomiaalioii 
before it can contain the denominator; and, if the product is 
yet too email, to the next lower, &e. In the above example, 
therefore, we first reduce £791 to shillinga, and dividing by 
960, we have 16 b. for the quotient, with a. remainder of 460 b. : 
this remainder, rednced to pence, is 5520 d.; and, dividing by 
960, we have 5d. for the quotient, and a remainder of 720d.: 
this remainder, reduced to ^rthings, is 2880 qre. ; and, di- 
viding by 960, we have 3 qrs., or id. without remainder. 
The value of £||J is, therefore, 16 b. 5j[ d. 

This operation may also serve as an illustration of the me- 
tiiod of dividing any compound number by a whole number. 
Or thus: »S|fi = 48)791(16s. 5Jd. 

48 
811 



JS = 4)23 ■ 

5|d. 

Here, as the divisor 960 is divisible by 20, we divide, and 
have 48, which we take for a divisor. Now 15820 = 791 X 
20, and 960 = 48 X 20. But, (165,) ip dividing the divi- 
dend and divisor both by the same number, the quotient is 
not altered : wherefore, 791 -i- 48 will give the same quotient 
as 15820 -i- 960. In like manner 23 -i- 4 will give the same 
quotient as 5520 -{- 960, because 5520 = 23 X 240 and 960 
= 4X240. 

Therefore, in all divisions like the above, whenever the mul- 
tiplier of the remainder wiU divide the divisor, tee may so 
divide, which will very ranch shorten the operation. 

In tiie above example, the scholar may obaerve that, as 960 
qrs. make £\., the numerator 791 represents a number of 
&r*Jiings, which may be reduced thus : 
4 )791 
12 ) 197j 



I. 

2. 


What i 
Whati 


16 s. 5| A 

Examples. 
B the value of ^H4 ? 
ia the value of ;e^|? 


1. 

Answer, 
Answer, 


19b 

13 f 


,.5Jd- 

,.9id. 
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S. What is the yabe of £1|| ? Answer, 19 s. 10| d. 
; 4. What is the value of ^^^g of a cwt. ? Answer, | oa. 

5. What is the value of i^ of a ton ? 

Answer, 5 cwt. 2 qrs. 241hs. 

6. What is the value of ||i^ of a league ? 

Answer, 2 m. 7 fur. 39 p. 4 yds. 2 fl. 2^ in. 

7. What is the value of ^^^ of an acre ? 

Answer, 3 K. 6 P. 15 s. yds. 5 J s. f. 

8. What is the value of ^ of a mile ? 

Answer, 5 fur. 28 p. 3 yds. ft. 5^ in. 

317. We can, with equal facility, reduce the lower denomi- 
nations of a compound number to a decimal fraction of the 
principal unit, and this again to the terms of the lower deuo- 
minations. 

This is done in the same manner as in the preceding arti- 
cles, except that we divide or multiply decimally. For exam- 
ple, to reduce 9 d. to the decimal fraction oi a shilling, we 
first reduce 9 d. to the vulgar fraction of a shilling, which 
gives y\ or I s. ; then, reducing -| to a decimal^ we have ,75 
for the fraction required. 

Or, we divide 9 immediately by 12, thus : 

12 )9,00 

In the same manner units of any infemr denomination aie 
reduced to the decimal of a higher denomination. 

To find the value, in pence, of ,75 of a shilling, we multi- 
ply by 12, thus : 

,75 
12 

9,00 

and we have 9d. Each operation^ therefore, proves the 
other. 

To reduce 5 s. 6^ d. to the decimal of a pound, we operate 
thus: 

2)1,0 



12) 6,5000 d. 

20) 5,5416' 8. 

£ ^77088 
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Having found ^5 the value of ^ d., we prefix the 6d.^ and 
have 6; 5 d. for the value of 6^ d. ; then^ to have the value 
of 6^5 d. in the decimal of a shillings we divide by 12^ and 

have ;5416 s. ; to which prefixing the 5 s. we have 5^5416 8. 

for the value of 5 s. 6^ d. Lastly, to reduce 5;54l6 s. to the 
decimal of a pound, we divide by 20, as in Art. 313 ; that is, 
we remove the comma, or suppose it to be removed, one place 

towards the left; and, dividing ,55416 by 2, we have ,277083 
of a pound for the value of 5 s. 6^ d., as was required. 

Again, we find the value of £ ,277083 in terms of the lower 
denominations, thus : 

2,77083 
2 



5,64166 
12 

6,50000 
4 



2,0 

To find the value of £ ,277083 in shillings, we remove the 
comma one place towards the right, and multiply by 2, which 
is the same as to multiply by 10, and again by 2 — that is to 
say, by 20 ; after which, as there are 5 decimals in the num- 
ber 2,77083, we separate as many in the product, and have 
5,54166 s., which is the same as 5 s. and ,54166 s. Then, to 

find the value of ,54166 s. in pence, we multiply by 12, and 
have 6,5 d. Lastly, we multiply ,5 d. by 4, and have 2 qrs., or 
X d. for the product. ' Wherefore, collecting the different 
denominations we have thus found, we have 5 s. 6^ d. for 
the required value. This last operation proves the pre- 
ceding one. 

In a similar manner, we reduce the inferior terms of a com- 
pound number of any other species to the decimal of a higher 
denomination, and this decimal, again, to the inferior terms. 
Also, we may, in any case, first reduce the given compound 
number to a vulgar fraction of the principal unity and then 
reduce this fraction to a decimal fraction. 

17* 
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Examples. 

1. Keduce 19 s. 5| d. to the decimal of a ponod. 

Answer, £ ,971875. 

2. Eeduce 19 8. 10| d. to the decimal of a pound. 

Answer, £ ,9947916. 

3. Bednce 12 s. 9| d. to the decimal of a pound. 

' Answer, £ ,640625. 

4. Keduce J oz. Avoirdupois to the decimal of a cwt. 

Answer, ,00048828125. 

5. Beduce f of an ell English to the decimal of a yard. 

Answer, ,89285714. 

6. Eeduce 2 qrs. 3| n. to the decimal of an ell English. 

Answer, ,571428. 

7. Eeduce 28 s. yds 2^ s. f. to the decimal of a square pole. 

Answer, ,§35064. 

8. Find the value of ,6697916 of a pound sterling. 

Answer, 13 s. 4| d. 

9. Find the value of ,857142 of an ell English. 

Answer, lyd. qrs. 1^ n. 

10. Find the value of ,06428571 of an acre. 

Answer, 10 P. 8 s. yds. 5i| s. f. 

11. Find the value of ,428571 of a league. 

Answer, 1 m. 2 fur. 11 p. 2 yds. 1 ft. 0^ in. 

12. Eequired the value of ,285714 of a ton ? 

Answer, 5 cwt. 2 qrs. 24 lbs. 

318. We have seen (256) that the decimal value of a frac- 
tion, the denominator of which is prime to 10, will be infinite; 
that is, (251,) it will be a repeating decimal. The decimal 
value of a proper fraction, therefore, having 7 for its denomi- 
nator, will be infinite. Now, in dividing a series of nines by 
7, we find (257) that the period will contain 6 places of deci- 
»lftb. Hence, in dividing a unit by 7, there must (251) be a 
^ffereftt remainder at each division, till we reach the limit 
#f\:the period; consequently the several remainders must be 1, 
2, 3, 4, 5, 6. Wherefore, in dividing by 7 any of the num- 
bers 1, 2, 3, 4, 5, 6, the same figures will always succeed each 
other, as soon as we find, for remainder, the figure first divided : 
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consequently, in dividing by 7, any number to wbicb it is 
prime, the decimal period, which (260) begins at the comma, 
will (251 ) always consist of the same 6 figures ; and these 
will succeed each other in the same order, although the period 
will not always commence with the same figure. Thus we 
find that 



4 = ,142857 
f = ,285714 
4 = ,428571 
4 = ,571428 



4 = ,714285 
f = ,857142 
f = 1,142857 
» = 1,285714 



Hence, the student will perceive that the twelfth example 
(317) may be performed as follows : 

Because ,285714 1. = § of a ton, or (158) the seventh part 
of 2 tons, we divide 2 tons by 7, thus : 

T. cwt. qrs. Ibe. 

7) 2 OOP 
5 2 24 

Wherefore ,285714 t. = 5 cwt. 2 qrs. 24 lbs. 
By operating decimally, thus : 

,285714 

20 

5^,714285 (See Art. 267) 
4 

2,857142 (267) 
28 



6,857142 
17,142857 (See Art. 268) 

23,999999 
we find the same result. For, as ,999999 id the same as its 
denominator, it is equal to a unit; therefore 23,999999 = 24. 



200 ADDITION Of COMPOUND NUMBERS. 



SECTION XVI. 

ADDITION; SUBTRACTION, MULTIPLICATION, AND DIYISION 

OF COMPOUND NUMBERS. 



Addition of Compound Numhers, 

319. We write the given numbers under each other, so that 
units of the same kind may be in the same column^ and oom- 
mence by adding the units of the lowest denomination. If 
their sum does not contain a sufficient number of units to com- 
pose a unit of the next higher denomination, we write it under 
its kind : but if it contains as many units as will make one or 
more, we reduce it (313) to that denomination, writing the re- 
mainder, if any, under the units of its kind, and adding the 
figures of the quotient to those of the same order in the next 
higher denomination, with which we proceed in like manner. 

Example 1. 

£ B. d. 

25 16 6 

332 19 11 

64 11 9 

58 9 6 

481 17 8 
As the sum of the pence is 32, which (313) ^ves 2s. 8d., we write 
8 under pence, and add 2 to the unit column of shillings : 
then as the sum of this is 27, we write 7, and carry 2 to the 
column of tens. The sum of this is 5, and as each unit in this 
5 is 10 s., two of these will make £1. We therefore take the 
half of 5 for pounds, which gives 2 and 1 over. This 1, which 
is 10 a., we place on the left of 7, and carry the £2 to the 
column of pounds. 

Example 2. 

A. R. p. s.yd8. 8.fl 



3 


3 


36 


26 


8 


36 


2 


27 


19 


7 


46 


3 


13 


25 


5 


16 


3 


35 


21 


6 


25 


1 


12 


12 


4 


129 


3 


6 


15 


H 
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Here, the sum of the s. f. is 80, which, reduced (313) to 
8. yds., gives 3 s. yds. 3 s. f. We therefore write 3 s. f. under 
the column of feet, and carry 8 s. yds. to the column of yards. 
The sum of the yards is 106 ; and, as 80| make a pole, we 
divide 106 by 30| = if i; that is, we multiply 106 by jU, 
which gives 42i^ or B^j P. Reducing this fraction of a poie 

to s. yds., we nave r^j X -|^ = "%~ = ^^i ^' J^^' ^^ have, 
then, fbr the sum of the yards, 3 P. 15| s. yds. We, there- 
fore, write 15 under s. yds. ; but, as it would be awkward to 
leave a fraction in connection with the s. yds. while we have 
a lower denomination in the question, we reduce j s. yd. to 
feet, in multiplying by 9, which gives | = 24 s. f.; and adding 
this to the 3 s. f. first written, we have 6^ s. i., which we leave 
under that column. Then, carrying 3 to the column of poles, 
we find the sum 126, and, reducing this to roods, we have 3 R. 
6 P. Writing 6 under poles, and carrying 3 to the roods, we 
find the sum 15, which, reduced to acres, gives 3 A. 3R. 
Laatly, we write 3 under roods, and carry 3 to the column of 
acres, the sum of which is 129. Having completed the addi- 
tion, the sum total is 129 A. 3 R. 6 P. 15 s. yds. 5^ s. f. 

3. Required the sum of the four last numbers of the pre- 
ceding example. Ans. 125 A. 3 R. 9 P. 18 s. yds. Si s. f. 

By adding this sum to the first number of Example 2, we 
shall again have 129 A. 3 R. 6 P. 15 s. yds. 5^ s. f., and this 
serves as proof of the correctness of the first addition. 

In the same manner the scholar may prove the following 

Examples. 

£ 8. d. £ 8. d. 

11 11 9j 79 12 3^ 

78 16 24 32 14 7| 

89 12 ll| 59 17 84 

65 19 71 43 10 2| 

14 13 61 86 4 in 

33 15 9| 97 13 6| 



£ 


8. d. 


cwt. 


qrs. 


lbs. 


OS. drs. 


23 


19 4> 


13 


2 


18 


12 8 


31 


6 11:: 


29 


1 


23 


14 9 


49 


18 7- 


34 


3 


27 


15 11 


63 


13 10 


67 


3 


19 


12 15 


77 


12 9, 


45 


1 


25 


14 7 


84 


17 5: 


,23 


3 


26 


11 6 
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A. R. P. 8. yds. «. f. 



7 


2 


31 


29 


8 


9 


3 


28 


19 


7 


8 


2 


17 


15 


6 


9 


3 


23 


25 


8 


6 


2 


39 


24 


7 


4 


3 


32 


16 


5 



bar. 


&L 


qt 


29 


27 


3 


13 


15 


3 


44 


11 


2 


52 


26 


3 


89 


29 


2 


93 


14 


1 



Subtraction of Compound Numbers. 

320. We place the less number under the greater in the 
same manner as for addition ; and, commencing with the low- 
est order, we subtract the units of each order in the less num- 
ber from the corresponding units of the greater, writing each 
remainder under the order which gave it. But, if the number 
of units of any inferior order of the less number is greater 
than the number above it, we add as m^ny units to the upper 
number as will make a unit of the next higher order, and, 
having subtracted the lower number from the sum, we add a 
unit to the next higher order of the lower number. The num- 
bers are thus both increased by the same quantity, which (84) 
does not affect their difference. 

Examples. 

A. R. p. s.yda. s. C 

From 129 3 6 15 5^ 
take 125 3 9 18 8^ 

3 3 36 26 8 

Here, as we cannot subtract ^ = | from \y we borrow a 
unit from the 5 s. f., which is equal to | : then 4 -f- ^ = |, 
and I — I = |> which we write underneath. Saving bor- 
rowed a unit from the 5 s. f., instead of diminishing this by a 
unit, we add a unit (84) to the 8, which makes 9 : then, as 9 
is greater than 5, we borrow a s. yd., reducing this to s. f., and 
addingit to 5, we have 14 : then 14 — 9 = 5, which we write 
under s. f. Having borrowed a s. yd., we add 1 to 18, which 
makes 19 : then as 19 is greater than 15, we borrow a pole, 
which, reduced to yards, and added to 15, makes 45| : sub- 
tracting 19, there remains 26^ : wherefore, we write 26 under- 
neath, and reducing 4 s. yd. to s. f. we have 2|, which added 
to the 5| s. f. already found, gives 8. This we leave under 
tbe eolamn of s. f. Having borrowed a pole, we add 1 to 9, 
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which makes 10 : we then say, not 10 from 6, but Borrowing 
a rood or 40 poles, 10 from 46, leaves 36, which we write 
underneath. We then add 1 to 3, which makes 4, and bor- 
rowing an acre, or 4 B., we say, 4 from 7 leaves 3, which we 
write underneath. Lastly, having borrowed an acre, we add 
1 to 5, which makes 6, and 6 from 9 leaves 3; which, when 
written underneath, completes the operation. 

This example is a proof of the second example, (319,) the 
greater number being the sum total of the five numbers added, 
the less, the sum of the four last numbers, and the remainder, 
the first number. 

Note, ^e may, in all cases, reduce both numbers to a vulgar 
or decimal fraction of the principal unity and findy after «tt6- 
tractiouy the value of the result. 

The student may prove the following examples by addition 
and subtraction : 

2. From J of | of £1, take f of J of 1^. 

Answer, 1 s. 10| d. 

3. From 3 1. cwt. 2 qrs. 6 lbs. 13 oz., take | of | of 1 cwt. 

Answer, 2 1. 19 cwt. 3 qrs. 27 lbs. 9 oz. 7^ dr. 

4. From 3 A. R. 4 P. 9 s. yds. 3 s. f., take ^ of 1 A. 

Answer, 2 A. 2 R. 30 P. 29 s. yds. 4 s. f. 72 s. in. 

5. From ,428571 of a league, take | of f of a mile. 

Answer, 5 fur. 5 p. 3 yds. 2 ft. 9^ in. 

6. From f of a square mile, take lOOf acres. 

Answer, 356 A. 1 R. 36 P. 5 s. yds. 64 s. f. 

£ s. d. 



A. 


s. 


p. 


8. yds. 


■.t 


23 


2 


21 


19 


6 


15 


3 


35 


24 


7 





ewt 


qrs. 


lbs. 


OZ. 


drs. 


(9.) 


22 


1 


13 


7 


8 




11 


3 


17 


8 11 



(7.) 23 2 21 19 6 (8.) 39 6 8^ 
" ^ 13 17 9} 



(10.) 13 19 2 
7 29 3 



Multiplication of Compound Numbers. 

To multiply a compound number by a simple or homoge- 
neous one : 

821. A fiuniliar instance, requiring this multiplication is — 
tohm a number of units of the same kind is given^ and Adt 
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price of one unit, to find the value of the whole, the price- 
being compound. It is plain that, in this case, we must mul" 
tiply the price of a unit hy the number of units. There aro 
gieYeral methods of effecting this : that, however, which se^ms 
to be most naturally snggested is, to multiply by the given 
iiinltiplier, each order of units, from the lowest to the highest ; 
and, when any product exceeds in value a unit of the next 
higher order, to reduce it to that order, as in addition. 
• For example, we find the value of 17 yds. at 6 s. 11| d. pei 
yd., liius : 

^ 6 111 

17 

£6 18 7| value of 17 yds. 

Beginning with the farthings, we say, 17 X 3 = 51 qrs. = 
1<2| d., we write |, and carry 12 : then 17 times 11 is 187, and 
12 is 199 d. = Id s. 7 d., we write 7, and carry 16 : lastly, 17 
times 6 is 102 and 16 is 118 s. = £5 18 s., whieh we write, 
and the work is done. 

The work may be proved thus : — 6 s, 11| d. = 335 qrs. =^ 

£|i J : then £^^^^= ^^%^^ = £6 18 s. 7| d. 

Or thus : 11| i = 11,75 d. = ,9791^ a., and 6,97916 s. 

= £,3489583: then £ ,3489583 X 17 = £5,9322916 = 
£5 18 s. 7|d. 

By both these methods the student may prove the following 

Examples, 

1. Kequired the cost of 19 yds. of cloth, at 17 s. 6 d. per yd. 

Answer, £16 12 s. 6 d. 

2. Whatis the cost of 13 yds. at 18 s. 9| d. per yd. ? 

Answer, £12 4 s. 6| d. 

3. .What is the weight of 17 hhds. of sugar, each containing 
9 cwt. 3 qrs. 14 lbs. 8 oz. ? 

Answer, 8t. 7 cwt. 3 qrs. 22 lbs. 8oz. 

4. What is the content of a farm consisting of 11 fields, 
each containing 39 A. 3 R. 23 P. 29 s. yds. 8 s. f. Ill s. in.? 

Answer, 438 A. 3 R. 23 P. 27 s. yd«i. 1 s. f. 141 s.m. 

'' 822. When the multiplier is too large to multiply by at (mee, 
and can be resolved into 2 or more convenient factors, we mu^ 
Hply, mccemvely, by dU (he factors, taking ih^ih m any ordef 
iMAdh.m^ seem moat convmient. 
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Examples, 

1. How mncli land is there in a township^ consisting of 385 
fiirmS; each containing 129 A. 3 E. 6 P. 15 sq. yds. 5| s. f. I 

8.in. A. B. P. B.7d8. s.f. 

129 3 6 15 6i 

5.7.11 = 385 



1 


8 8 82 17 8i 

■7 


7 


62 2 28 84 

11 



78 49 1 28 10 0| 

In the multiplier 385, it is easy to recognize the 3 factors 
5, 7, and 11. We therefore intiltiply by these In succession, 
and find that the township contains 78 square miles, 49 acres, 
1 rood, 28 poles, 10 square yards, and | of a square foot, or 
108 square inches. 

2. How much land is there in a township, consisting of 495 
fiurms, eacli containing 568 A. 3 E. 2^ P. 6 s. yds. 6^ s. f. ? 

Answer, 440 s. m. 

323. When the multiplier cannot be resolved into convenient 
factors, take the nearest composite wtmber inferior to it^by 
which mtdttpl^f as in the preceding a/rticle : then multiply the 
ffiv^conipoUnd number by the difference hetvoeen the composite 
number arid the given multiplier. This last product, added to the 
prodiict given by the composite number, is' the required product. 

Examples. 

1. What weight of coffee is there in 236 bags, each con- 
taining 1 cwt. 1 qr. 4 lbs. 5 oz. 6 dr. ? 

T. ewt. qr. Ibfl. ok. dr. 

114 5 6 

3.7.11 + 5 = 286 



3 


3 


13 2 — 3 times 

7 


17 





7 14 21 times 
11 


14 17 
6 


2 
1 


21 9 10 231 times 
21 10 14 — 5 times 


15 4 





15 4 8 — 286 times. 

i« ■■■. 
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Afl the &otOTS of 236 are not conyenienty seeing that one 
of them is the prime bd, we take the composite number 231, 
whioh differs by only 5 units, and of which it is easy to see 
that the &ctors are 3, 7, and 11. By these we multiply as in 
the preceding article, and to the product 14 1. 17 cwt. 2 qrs. 
21 lbs. 9 oz. 10 dr., which is 231 times the multiplicand, we 
add 6 cwt. 1 qr. 21 lbs. 10 oz. 14 dr., which is 5 times that 
number. The sum, therefore, 15 1. 4 cwt. qrs. 15 lbs. 4 oz. 
8 dr., is 236 times die multipHcand, or whole weight required. 

2. How far will a man travel in 534 days, at the average 
rate of 25 m. 5 fur. 39 p. 4 yds. 2 ft. 6 in. per day f 

Answer, 13750 m. 2 fur. 15 p. 1 yd. 1 ft. 6 m. 

3. How much grain is there in 785 bags, each containing 
2 bush. 3 pks. 1 gal. 3 qts. 1 pt. ; and how high. will it cover 
a floor that is 20 ft. long and 15 ft. wide, allowing 2150 cubio 
inches to the bushel? 

Answer. The quantity of grain is 2342 bush. 2 pks. 1 gal. 
8 qts. 1 pt. ; and the depth to which it will cover the floor is 
^ ft. 8{||{| in., or 9 ft. 8{ in., nearly. 

324. When a compound number is reduced to its lowest 
denomination, or to a fraction, proper or improper, of its prin- 
cipal unit, it becomes simple; and, in this form, susceptible of 
all the fondamental operations, as an abstract number. ' 

For example, to multiply 13 cwt. 3 qrs. 16 lbs. by 191, we 
may proceed thus : 13 cwt. 3 qrs. 16 lbs. = 1556 lbs. : then, 
1556 X 191 = 297196 lbs. = 132 1. 13 cwt. 2 qrs. 4 lbs. 

Or thus : 13 cwt. 3 qrs. 16 lbs. = f |J t. : tjien, ^^^^^^ - 

= l^s. = 132 1. 13 cwt. 2 qrs. 4 lbs., as before 
By the usual method : 

t. cwt. ^r. Hm. 

13 8 16 
191 

132 18 2 4 

What weight of iron is there in 171 loads, each weighing 
19 cwt. 8 qrs. 12 lbs. ? Answer, 169 1. 15 cwt. 2 qrs. 8 lbs. 

Multiplication of a Compound Number by a Oompound 
Number: 

825. From the above, it is manifest that the multiplication 
of two oompound numbers may be reduced to the m^uUijpHcO' 
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turn of a fraction hy a fraction, thus : Eednoe each of the 
given numbers to a fraction of its principal nnit ; multiply the 
two fractions together, and reduce the product to the denomi- 
nations required by the nature of the question. 

Exanvples. 

1. What is the cost of 6 cwt. 3 qrs. 14 lbs. of sugar, at 
£3 5 s. 6 d. per cwt. ? 

3 qrs. 14 lbs. = 3i qrs. = J qrs. = | cwt., and 6J cwt. = 
-lys. cwt. 5 s. 6 d.= 5|^s. = -4j^-s. = \l £, and 3^ J £ = -Jj^-^- 

Now, as -^^ is the ^ven quantity in cwts., and J^^- £, the 
cost of 1 cwt., it is evident that Jj^- X ^^ = H^ X -V- = 
i-| ji £ = £22 10 s. 3| d., is the cost of the whole, as required. 

The student may, by the preceding methods, perform the 
following examples, and prove the work by vulgar and by deci- 
mal fractions : 

2. 187 yds. at 3 s. 6 d. per yd., amount to £32 14 s. 6 d. 



3. 


523 yds." 4 s. 8d. 


a 


a 


122 


8 


4. 


315 yds. " 5 s. ^ d. 


u 


ti 


83 13 


H 


6. 


735 yds. « 19 s. 1^ d. 


ti 


t( 


70216 


10^ 


6. 


1962 yds. " 23 s. 5| d. 


a 


a 


2303 6 


n 


7. 


2627 yds. " 22 s. ll^d. 


a 


u 


3012 16 


H 



8. 11 cwt. 1 qr. 14 lbs. of sugar, at £3 15 s. 6 d. per cwt., 
amount to £42 18 s. 9jd. 

9. 4 cwt. 3 qrs. 14 lbs. of sugar, at £2 10 s. 6 d. per cwt., 
amount to £12 6 s. 2\ d. 

10. 7 cwt. qr. 19 lbs. of sugar, at £3 14 s. 8^ d. per cwt., 
amount to £26 l5 s. 7^ d. 

11. 13 cwt. 2 qrs. 7 lbs. of sugar, at £2 3 s. 9j d. per owt., 
amount to £29 14 s. 2^ d. 

12. 9 cwt. 1 qr. 12 lbs. of sugar, at £5 11 s. 6| d. per cwt., 
amount to £52 3 s. 10| d. 

13. 29 cwt. 3 qrs. 17 lbs. of sugar, at £7 1 s. 4| d. per cwt., 
amount to £211 7 s. 4| d. 

14. 297 1., at £13 12 s. 0^ d. per t., amount to £4039 
16 s. 4^d. 

15. 921 1., at £9 19 s. 1^ d. per t., amount to £9169 
14 8. 1^ d. 



208 DIVISION OP COMPOUND NUMBERS. 

Division of Compound Numbers, 

Division of a Compound Number by ft Simple Number : 

326. If tbe dividend and divisor represent quantities of dif- 
ferent kindS; we first divide the highest order of units in the 
dividend by the divisor. We then reduce the remainder of 
this division to the next lower denomination^ adding the units 
of the dividend which are of this denoniination : after which 
we divide and proceed with the remainder of this second divi- 
sion as with that of the first. We continue thus to the lowest 
denomination, and, collecting the several quotients, we have 
the total quotient or compound number sought. If the highest 
order in the dividend does not contain the divisor, we rediLceii 
to the next lower order^ taking care to add the units of this 
denomination. 

Examples. 

I. If 80 yds. of cloth cost £10 9 s. 4^ d., what is the cost 
per yd I 



£ 8. 

LO 
20 



10 9 41 



30) 209 s. 4^ (6 s. Ill d. 

180 

29 s. 
12 



30) 362 (11 d. 
830 

22 d. 
4 



80) 90 (3 qrs. 
90 



** 



As 80 is not contained in 10, we reduce the £10 to shillings, 
and add the 9 s. of the dividend. The sum 209 s. we divide 
by 30, which gives 6 s. for the quotient and 29 s. for remain- 
der. This remainder we reduce to pence, and add the 4 d. of 
the dividend. The sum 352 d* we divide by 30, which gives 
lid. for the quotient and 22 d. for remainder. This last 
we reduce to farthings, and add the 2 farthings of the divi- 
dend. The sum 90, we divide by 30, and have 3 farthings 
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for the quotient^ without remainder. Lastly, we coUeot the 
several quotients; and have 6 s. 11| d. for the cost per yd.; as 
was required. 
We may also divide by the factors of 30, ilius : 

£ 8. d. 

5 )10 9 4^ 
6 ) 2 1 10^ 
£0 6s.ll|d. 

2. If 185 yds. oost £604 6 s. 8 d.; what is the cost per yd. f 

Answer; £3 5 s. 4 d. 

3. If 284 yds. cost £700 4 s. 9 d.; what is the cost per yd. f 

Answer; £2 9 s. 3| d. 

4. If 316 1. cost £4034 5 s. 4 d.; what is the cost per ton ? 

Answer; £12 15 s. 4 d. 

5. K 297 A. cost £4039 16 s. U d.; what is the cost per 
acre ? Answer, £13 12 s. 0^ d. 

6. K921 cwt. cost £9169 14 s. 1^ d.; what is the cost per 
cwt. ? Answer, £9 19 s. 1^ d. 

7. Divide 78 s. m. 49 A. 1 R. 28 P. 10 s. yds. 0| s. f. by 385. 

Answer; 129 A. 3 R. 6 P. 15 s. yds. 5^ s. f. 

For further practice; the student may reverse the 6 exam- 
ples which immediately follow the first example of the pre- 
ceding article;* in each of which he may divide the whole cost 
by the number of yardS; which will give the cost per yard. 

327. When the dividend and divisor represent quantities of 
the same kind; we must observe whether the quotient should 
or should not also be of the same kind. If it should; we ope- 
rate as in the preceding article. For example, suppose that, 
with £15; we have gained £27 10 s. 3| d.; and that we would 
find the gain on each pound. It is plain that this gain should 
be the fifteenth part of the whole gain; and therefore of the 
same name with the divisor and dividend : consequently, we 
divide £27 10 s. 3| d. by 15, and have £1 16 s. 8^ d. for the 
xequired gain. 

328. But; if the nature of the question requires that the 
quotient should be of a different kind; we reduce the divisor 
and dividend to the lowest denomination of the dividend; 
after which; considering the units of the dividend as being of 
the same kind with those of the quotient that we seek, we 
divide as in Art 326. 

18* 
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For example, if we would know how mucli land can be 
bought for £483 5 s. 7^ d., at the rate of £5 per acre, it is. 
evident, from the nature of the question, that the quotient 
must be acres and parts of an acre, and that the number of 
these must be determined by the number of times that £5 is 
contained in £483 5 s. 7^ d. Now, as dissimilar units cannot 
have a ratio to each other, in order to express the ratio of the 
dividend to the divisor both numbers must be rendered homo- 
geneous. But this can only be done bt/ reducing both numbers 
to the lowest denomination of the dividend; or (324) the divi' 
dend to a fraction of its principal unit. We tnerefore reduce 
the numbers, thus : £483 6 s. 74 d. = 463960 qrs. ; £5 = 
4800 qrs. The abstract ratio of these numbers expresses the 
required number of acres; that is, ^IfJ^^ A. =96 A. 2 B. 
25 P., is the number of acres and parts of an acre required by 
the question. Or thus : 5 s. 7^ d. = £A : thett 483^2 = 
£j^4^6 6., and J-V2«^ -f- 5 = m^ A. = 96 A. 2 R. 25 P., aa 
before. 

Examples. 

1. How much com, at 8 s. per bushel, can be bought for 
£26 10 s. ? Answer, 66 bush. 1 pL 

2. How much cloth, at 4 s. per yd., can we buy for £20 
16 s. 4 d. ? Answer, 104 yds. qr. 1| n. 

3. At £4 per acre, how much land can be bought for £314 
19 s. 6 d. ? Answer, 78 A. 2 E. 39 P. 

4. Having planted 25 bushels of potatoes, and harvested 
437 bush. 2 pks., what is the rate of increase ? 

Answer, 17 bush. 2 pks. for each bushel, or 17^ for 1. 

Division of a Compound Number by a Compound Number: 

329. When the divisor and dividend are both compound 
numbers, but of different kinds, we reduce the divisor to a 
fractixm of the principal unit, and divide the dividend by 
this fraction in its lowest terms; that is, (212,) we multiply 
the dividend by the denominator of this fraction^ and divide 
the product by the numerator. 

Examples. 

1. If 15 cwt. 2 qrs. 8 lbs. of sugar cost £39 1 s. 2 d.; what 
is it per cwt. ? 

15 cwt. 2 qrs. 8 lbs. = 154 ®^- = ^^ ^^* 
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£ 8. d. 
89 1 2 

7 



109)278 8 2 (£2 10s: 2d. 

218 

65 
20 



109) 1108 (10 s. 
1090 

18 
12 



109) 218 (2 a. 
218 

Having divided the whole cost, £39 1 s. 2 d. by ^^, whioh 
is the value of the given quantity in cwts., we have^ for the 
value of 1 cwt., £2 10 s. 2 d. 

2. If 18 yds. 2qn. of cloth cost £2 5 s. 6} d.. what is it 
per yd ? Answer, 3 s. 4^ d. 

8. If 14 cwt. 8 qrs. 9 lbs. of sugar cost £40 9 s. 6 d., whaf 
is it per cwt. ? Answer, £2 14 s. 7 d. -j- 

4. If 15 t. 16 cwt. of hay cost £71 2 s., what ii^ it per ton? 

Answer, £4 10 s. 

For more examples the student is referred to examples 8, 9^ 
10, 11, 12, 18, in Art. 825; in each of which the whole cost, 
divided by the fractional equivalent of the quantity in cwts.y 
will give the price per cwt. 

830. Wheii the divisor and dividend are of the same kind^ 
and the nkture of the question requires that the quotient shall, 
in kind, agree with them, we operate as in the preceding arti- 
cle. But^ if the question requires that the quotient shall be 
of a different kind, we reduce the dividend and divisor to the 
lowest den>ormnation mentioned in either , and divide as before. 

Or, we reduce each of thb given compound numbers to a 
fraction of the principal unity divide cm in fractions^ and 
reduce the quotient ds U8u<d, 

Examples. 
1. How much sugar can be bought for £89 Is. 2d., at 
£210 8. 2d. per cwt? 
Here the divisor and dividend are of the same kind; but the 
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question demands a quotient of a different kind ; we theTeforo 
say, £39 Is. 2 d. = 9374 d. 

Also £ 2 10s. 2d.= >602d. ^ 

Tlien ^^■^- is the abstract ratio of the price of the whole quantity 
sought to the price of a unit of that quantity : but the quantities 
eyidently have the same relation to each other that their prices 
have : wherefore, as the denominator 602 represents one unit 
of the quantity sought, or 1 cwt., and the numerator 9374, the 
quantity itself in units of the same order as those of the deno- 
minator, it follows that 

^^2^ cwt. = 15 cwt. 2 qrs. 8 lbs. is the quantity sought 

Orthus:£39 1 s. 2 d. = 39y|^ = 3^^- . and 

£2ios.2d.= Hn=^^\f=ni' 

then, J^ X iB? =-W?-=lS ^^' 2 qrs. 8 lbs., as before. 

2. At £3 5 s. 4 d. per yd., how many yards can you buy 
for £604 6 s. 8 d. ? Answer, 185. 

3. At £2 9 s. 3| d. a yard, how many yards can be bought 
for £700 4 s. 9 d. f Answer, 284. 

4. At £12 15 s. 4 d. a ton, how many tons can we buy for 
£4034 5 s. 4 d. ? Answer, 316. 

5. At 13 12 s. 0^ d. a ton, how many tons can be bought 
for £4039 16 s. ^ d. ? Answer, 297. 

6. At £9 19 s. 1^ d. a ton, how many tons can be bought 
for £9169 14 s. 1^ f Answer, 921. 

7. At £4 10 s. a ton, how much hay can be bought for 
£71 2 s.? Answer, 15 1. 16 cwt 

8. At £3 15 s. 6d. per cwt., how much sugar can be 
bought for £42 18 s. 9 j d. ? Answer, 11 cwt 1 qr. 14 lbs. 

9. At £2 10 s. 6 d. per cwt., how much can be bought for 
£12 6 s. 2^ d. ? Answer, 4 cwt. 3 qrs. 14 lbs. 

10. At £3 14 s. 8^ d. per cwt., how much can be bought 
for £26 15 s. 7| d. ? Answer, 7 cwt. qr. 19 lbs. 

11. At £2 3 s. 9| d. per cwt., how much can be bought for 
£29 14 s. 2^ d. ? Answer, 13 cwt 2 qrs. 7 lbs. 

12. At £5 11 s. 6| d., per cwt., how much can be bought 
for £52 8 s. lOf d. ? Answer, 9 cwt 1 qr. 12 lbs. 
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SECTION XVIL 

PBAOTIOE AND GALOULATIONS B7 COMPLEMENTS. 



1^ 

Practice, 

331. Fractioe, so called firoin its continual application in 
the purchase and sale of goods, is an easy and eaypeditious 
method of multiplying compound numbers. It consists in 
resolving the lower denominations of a compound number into 
convenient aliquot parts or measures of. the jnincipal unit, and 
of each other ; and then ascertaining the value oi each aliquot 
or part, hy taking a corresponding part \of the value of the 
unit or of the value of that part whic\ tke'atigubt medsures. 

332. When one of the ^ven numbers' is'simple, either of 
them may te taken for multipIicafLd <)r multiplier. For ex* 
ample, if we would 'find the cost of 2t y<ls. of cloth, at 3 s. 9| d. 
per yd., it is evident that this cost is 27 times 3 s. 9 j d. But 
27 units of whatever kind, at 3 s. 9| d. per unit, will give the 
same result. The number 27, therefore, or multiplier, may 
be referred to the kind of units that we seek^ and thus becomer 
the multiplicand J that is, it may be considered as £27, 27 s.| 
or 27 unit3 of any kind to which we can reduce 3 s. 9| d. For 
it is evident (59) that both the given numbers must be r^; 
ferred to the same kind of i^init^ before each can thus take the 
place of the other. Assuming £27 for the multiplicand, we 
take parts of £1 for the/ multip{ier3 s. 9| d., thus : 



£ 

2 s. is 7\f of £1 

Is. is ^ of 2 ui 
6d. is 4 of 1 Si' 
3d. is|of6d: 

3 qrs. is I of 3 di 



£ 

27 8.d. 



2 14«. (Td: cbkof27uhits,at2 per unit. 
1 7 O.i. ........ .......... atlO « 

13 6*.....l......L...i... at 6 " 

6 9.....;.. at0 3 " 

1 8J....... .and atOO| " 



£5 2s. ll|d. total; or cost at3 9| 

333. When any of the lower denominations is too small a 
part of the preceding aliquot to give a convenient divisor^ toe 
introduce a convenient aliquot, at pleasure^ and bar thepro^ 
duct which, it gives, as not belonging to the question : after 
which we proceed as usual. 
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PBAonox. 



To iUnfltrate OnSj we may proceed with the above example; 
thus: 

Is. 8d. iBy^of £1 



Sd-is^of Is. 3d. 
8qrs. is I of 3d.... 



Or thus: 

2s. Od.isy^of £1 

Is. 8d. is4;of £1 

Is. is ^of 2 s 

14 d. is lof Is 

id. isiofl^d 



£ 

27 

1 
1 
1 







8. 

13. 

13 _ , 

13 9) 

f cost, at 3 d. (barred.) 

1 8| cost, at s. j d. 



9 voost, at ...3s. 9d. 



£5 2 11^ cost, at .........3s. 9|d. 



£ 

27 



2 14 
2 5 

3 




d. 

cost, at 2 s. Od. 

cost, at Is. 8d. 

cost, at 1 s. (barred) 

4^ cost, at Os. 14d. 

6| cost, at ,.0 8. 0| d. 



Or thus: 



£5 2 11|cost,at 8s.9|d. 



2 s. 6 d. is I of £1 

Is. 3d. isXof2s.6d. 

8d. is:|of Is. 3d 

8qrs. is I of 3d 



£ 

27 



d. 

6 
9 





cost, at 2 s. 6d. 

cost, at Is. 3d. 



3 7 
1 13 

0. 

1 8| cost, at b1 0} d. 



£5 2 m cost, at 3 s. 9| d. 

Again, without barring, thus : 

8 s. 4 d. is} of £1... 

4d. i8^of3s. 4d. 

Id. is i of 4d 

2qrs. is^of Id 

Iqr. is I of 2qrs... 

£6 2 Hi 

Assuming 27 s. for the mtdtiplicand, we multiply by 8 s., 
which are similar units, (332,) and take parts of 1 s. for 9|d., 
thus: ^ 



£ 




27 ^ 


d. 


4 10 





9 





2 


8 


1 


H 





4 
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6 d. 18 4 s. 



8d. iB^ofGd. 
I is ^ of 3 d. 



27 
88. 9jd. 



M 


1g 


1. 


13 


6d. 




6 


9 




1 


8i 



£5 2 11| 



Or we may prooeed thus: 



£ a. 

1 7 

3 s. 9jd. 



9d. is4of3s. 
I d. IB fi; of 9 d. 



4 


1 




1 





3d. 





1 


H 



£5 2 11| 



From the above^ the student will see that the method pur 
saed may be greatly varied^ according to the caprice of the ope- 
rator ; ako, that the best methods to practise^ practice alone will 
suggest* 
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AUguot porta of a Dollar. 
ets. $ 

50...... i 

834 

25?. 

16| 

'a;:::::;:;.:. 




Aligiuot parts of a Pound, 



8. d. 

10 0. 
6 8. 
6 0. 
4 
8 
2 
2 
1 



0. 
4. 
6. 
0. 
8. 






s. d. 

1 4 

1 8 ^ 











8. 
6. 
4. 
8. 
2. 
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«j « 



piiAcnos. 



Altquoi parts of a Cwt, 
lb. 

66 



28, 
16. 
14 

8. 

7. 



ewt> 
1 



.1 



Aliquot porta of a Ton, 



cwt. 

5 
4 
2 
2 
1 
1 



5" 


3 
2 
1 
1 



lb. 

0. 

0. 
12. 

0. 
20. 

0. 



T. 

•i 

1 

:| 

-A 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 



11 yds. 

12 yds. 

15 yds. 

16 yds. 

18 yds. 

17 yds. 

19 yds. 
27 yds. 
26 yds. 
33 yds. 
43 yds. 



12. 136 yds. 



at 
a 

(( 
f 
u 

u 

u 

(( 

(t 

a 

(( 

a 1 



JSxatnples, 

18 s. 8d. per yd. 



2 

1 

1 

6 

1 

4 

11 

13 

17 

19 

18 



6 
4 
3 
8 
9 
6 

6 
11 j 

8 



u 
(( 

(C 

(t 
(( 
u 
ii 

(C 

u 



13. 11 cwt. 3 qr. 14 lb. at $19 per T. 



14. 
16. 
16. 
17. 
18. 
19. 
20. 



6 
7 
9 
19 
17 
16 
18 



1 
3 
1 
3 
2 





12 
12 

4 
14 


20 
27 



(( 
u 
a 
(( 
It 



66 

61,60 

76,80 

90 

87,60 

69 

49,76 



£ 8. d. 

10 5 4 

1 10 

1 .0 

10 

6 

19 9 

4 6 6 

16 18 4* 

17 19 6| 
28 17 6 
86 19 1\ 

261 
$11,28J 
16,00 
24,16Jj 

36,19^ 
89,43^ 
. 76,66^ 
52,36U 
32,93||j 



a 
a 

u 

u 



' It is usual in bnsiqess to take the nearest cent, and to reject 
fractions of a tent ; thus, in this last example, we shonld call 
the amount 32 dollars and 94 cents. The student, however, 
should not, in any case, be satisfied till he has obtained the 
exact answer. 

334. When the quantity is compound^ and the value of its 
principal irnit also compound, we find, &s in the first 12 ex« 
amples of the precedirijg article, tJie vattt6 of the gii)en number 
of principal uriitSy and then, as iii thd last 8 exdmples, taks 
parts of ihe value of the principal unit'fbr 1^ lower deiwrnv 
nations. 

To find the value of 11 cwt. Iqt. 141b.;at.r£3 15 s. 6d. 
per owt./we proceed ttus : ' ' : 
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Iqr. is I cwt. 
5 s. is ^ jB....- 



6d.isy*uOf 5fl. 
14 lb. is ^ qr. 



£ 8. d. 

3 15 6 
11 cwt. 1 qr. 14 lb. 

value of 11 cwt. at £3 
prod, for 15s., or 3 times 



33 
2 
2 
2 






16-) 
15 f 

18 
9 



5 s.; i. e, value of 11 cwt, 

at 15 s. 
6 value of 11 cwt. at 6 d. 
10^ value of 1 qr. 
5 J value of 14 lb. 



£42 18 9| 

We first multiply £3 15 s. 6 d. by 11 ; that is, having 
multiplied 3 by 11, we take parts of 11, considered as pounds, 
for the 15 s. 6d. Having thus taken 11 tim«s £3 15 s. 
6 d., the value of 1 cwt., we have the value of 11 cwt. Then, 
to have the value of 1 qr., we take j of £3 15 s. 6 d., which 
gives 18 s. 10 J d. Lastly, to hav6 the value of 14 lb., or i qr., 
we take } of 18 s. 10} d., the value of 1 qr. Having added 
the several products, we have £42 18 s. 9| d. for the value of 
the whole, as required. Or thus : 



1 qr. is { 



141b. is ^ 



£ 8. d. 

3 15 6 

11 cwt. Iqr. 141b. 



41 10 6 
18 10^ 



9 



H 



£42 18 9j 

We here multiply £3 15 s. 6 d. by 11, as in art. 321 ; we 
then take parts for 1 qr. 14 lb., and having added, we have 
£42 18 s. 9| d. for the whole value, as before. 

Proof. — B^ Fractions. 

15 B. 6 d, = 15^ s. = y s. = £| J, and £3| J- = £ W • 
Again, 1 qr. 14 lb. = 1^ qr. = | qr. = | cwt., and 11| cwt. 

= y cwt. Then, V X W = ^411^ = ^? 18 s. 9| d. 

Sif Decimals, 

15 s. 6 d. = 15,5 s. = £,775 ; therefore, £3 15 s. 6 d. = 
£3,775. Again, 1 qr. 14 lb. = 1,5 qr. = ,375 cwt. ; therefore 
11 cwt. 1 qr. 14 lb. = 11,375 cwt. Then, 11,375 X 3,775 = 
£42,940625, and reducing the decimal, we have £42 18 s. 9| d. 

19 
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This method often reqmrea a great many figures, and is there- 
fi)re very tedious ; the scholar may, however; sometimes use i| 
as proof. 

JSxamples. 

1. 4 cwt. 3qr. 141b. at £2 lOs. 0d. per cwt. £12 6 s. 24 d. 

2. 7 19 « 3 14 8 1 " 26 15 7| 
8. 13 2 7 " 2 3 9| « 29 14 2^ 

4. 9 1 12 '' 6 11 6| " 62 3 '^ 

5. 29 8 17 « 7 1 44 « 211 7 

6. What is the cost of 297 T. 18 cwt. 2qr. 71b., at il3 
12 s. 04 d. per ton ? Ans. £4049 s. 10 J| j d. 

7. !m>w much work will £74 2 s. 9^ d. pay for, at the rate 
of 11 square yards for £1 ? Ans. 815 sq. yds. 4^} sq. f. 

8. If we pay£l £9r 5 cwt. 2qr. 34 lb. of potatoes, what 
quantity should we have for £63 10 s. 2 d. ? 

Ans. 17 T. 11 cwt. Iqr. 31b. 6|oz. 

9. What is the cost of 91 acres at £15 10 s. l^d. per 
acre ? Ans. £1411 1 s, 4^ d. 

10. How much land has the man who pays £15 10 s. 1^ d. 
tax, at the rate of £1 for every 91 Acres ? 

Ans. 1411 A. R. 11 P. 

Calculation hy Complements, 

885. As a general discussion of this subject would perhaps 
occupy more pages than are contained in this entire work, we 
shall here chiefly consider the advantages it afford9in Practice 
calculations. 

When a quantity is multiplied by any proper fraction, — , it 
is diminished hy mchpart of itself a^ is expressed hy the com- 
plement of that Jraction, that is, by «A« of itself. Thu^; 

^, n nQ . , Q f m — n) mQ — mQ + tiQ 

QX— = — . Also, Q ^^ "^ = — ' = 

mm' m m 

m 
If we put Q = 36, and^ = |, we shall have 36 X | = 36 

— f of 36 = 86 — 8 = 28. 

836. When m — n = l, that is, when the numerate is 
only one unit less than the denominator, the above property 



CALCULATION BY COMPLEBIENTS. 219 

affords great advantage in calculation^ seeing thai toe huve tfidy 

1 

to subtract — -th. For example, if we would multiply S848 by 

3, as the complement of | is h we have only to subtract from 
3848 its eighth part, thus : 3848 — 481 = 3367, which k 
easier than the following : . 

3848 
7 



8) 26936 



8367 

Agsfio, if we would find the cost of 3848 yds. at 17 s. 6 d. 
per yd., as 17 s. 6d. is £l, we subtract from 3848 its 
eighth, as above, and have £3367 for the required cost This 
is much easier than the Allowing : 



xU S« IS 7v«»« • 

5s. is A.... 
1 

3 



_2*** 

2s. 6<Lisi 



3848 

1924 
962 

481 



£3367 
What 18 the cost of 97 yds- at 83| cts. per yd. ? 

Comp. of 83^ = 16f is i 9^ 
subtracted 16,16f 

80,83| 

Here 97 yds. at $1, would be 997. Then as 83| is | of a 
dollar, and its comp. ^, we subtract from 97 its sixth part, and 
have $80,83^ for the required cost. 

This b certainly more expeditious than the following : 

cts. 
834 

12x8 + 1=97 

1000 
8 

8000 

m 

980,834 



22a 
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As a mere introduction to the nse which the intelligent stch 
]dent may hereafter make of this principle^ we here insert a few 



Tables of Complements. 



etfl. 

98|. 
87f 
834. 
75! 
66|. 

8. 

19 
19 
19 
19 
19 
19 
19 
18 



£ 

7 

•F- 
6 

•i 

.3., 



Comp. 

1 
••T5 

1 

1 
••8 

1 
••? 

J 
• • 3 



d. 
11. 



10! ' 



9. 

8. 



.-5 



Compt 
1 

1 

•••Bf 

1 
...g 

1 

...4 

1 



d. 
11. 

10. 



' 340' 



8 

6 

4 



9 



qr. 

3 
S 
3 
3 
3 
3 



lb. 

24. 
21, 
20. 
14. 
12, 
0. 



1. 
"2. 

3. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 



5 

59 

gu 

4 






Comp. 

•34U 
1 

1 

1 
••SO 

1 
1 

•Iff 



ewt. Comp. 

27 1 

•2§ -•••3F 

16 1 

•T5 Iff 

•tI iV 

1 I 

•5 F 

•4 4 

•I -I 



8. 

18 
18 
18 
17 
16 
16 
15 
13 

cwt 

18 
18 
17 
17 
16 
15 



d. 
8, 
4 




14 

T? 

iH 

6 ^ 

8 1 





4 



••••■••• . 



4 



•^ 



ComiK. 

1 
•T? 

1 
•T3 

•tS 

1 
9 
1 
ff 
1 

:5 
1 
? 
1 

3 



2 
2 






lb. 

0. 

8. 



T. Compk 
•••tI T5 

•••tI T? 

^ 1 

J>V/ •••••• •*?■•••••••.••';« 

i J 



16 yds. at 

17 " 



u 



19 
25 

37 
45 
55A " 






ct 



96^ 


u 


18| 


(I 


87| 


u 


100 


a 


120 


it 


45 


a 


16 


u 


5 


u 



Examples, 

93jcts $15,00 

87i 14,87i 

83| 15,831 

75 18,75 

66f 24,66f 

lid £2 Is. 3d. 

m 2 8 6| 

lo:. 4 2» 

9 14 04 

8 2 18 6 

19s. 9d 98 15 

19 8 118 

19 6 43 17 6 

18 9 ..15 a 

16 8 .....4 3 4 
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16. 3qr. 241b. at »19 per cwt W8,82i 

17. 3 21 " 18 16,87i 

18. 3 20 " 35 32,50 

19. 3 14 « 29 25,37i' 

20. 3 12 " 31,50 27,00 

21. 18 cwt. 3 qp. lb. at £3 12 s. per T. £3 7 s. 6 d. 

22. 18 2 8 " 4 10 " 4 3 6fi 

23. 17 2 " 5 6 8d. " 4 13 4 

24. 17 16 " 23 11 11 '^ 20 4 6 

337. Let Q be any quantity, — an improper fraction, and 

n — m=^d. Then (77) n= m-^ d: consequently 

— = =Q-| ; that IS, Q IS increased m a ratio 

m m m 

expressed by the fraction , which is the supplement o/— 

ft 
or part hy which — exceeds a unit. 
"^ m 

1 

338. When n — rri^X^the quantity Q is increased by— th 

of itself; that is, ~ = Q +— . Thus 24 X |=24 + 3 = 27. 

Also, 24 yds. at $1,12^ per yd. = $24 + $3 = $27. 
Here we haye added to $24, the cost of 24 yds. at $1, the 
cost of 24 yds. at $|, which is $3. 

Proof, 

24 
n2|cts. 

2688 
12 

$27,00 

Required the cost of 29^ yds. at $1,33^ per yd. 

Here the supplement is 33| cts. = $^. We therefore add 
to 29|, considered as $29|, its third part, thus : 29i + 9| = 
$39, Answer. 

Examples. 

1. ISf yds. at tl,33J :^3o». 

2. 251 « 1,25.. 31,87i 
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3. 371yds. at 1,16| 844,04| 

4. 43 " l,m 48,3n 

6. 64 " 1,061 68,00 

6. 125 . " 1,66| 208,33J 

Here, as it is of no consequence wliich number we take for 
multiplicand, we add to Jl,66f its fourth part, which is 41|, 
and have 1,66| + 41| = J2084 or $208,33^, for the answer. 

^^ l,66j X 1000^ i66|66|^208,33f See art. 273. 



SECTION XVIII. 

DUODECIMALS — BOARD ViEASURE, ETC. 

Duodecimals. 

339. This rule is used in measuring cord-wood, artificer's 
work, &c. The foot is the priucipal measure, and is divided as 
follows : 

1 foot,yj5. is equal to 12 inches, or primes, marked thus,' (y*^) 

1 inch 12 parts, or seconds " (73)* 

I second 12 thirds '" (V^)' 

1 third, 12 fourths ""(73)* 

The inch, or prime, is yV of a foot. The second is ( j^)', or 
yij of T^ = ji^ of a foot. ^ The third is (J^)', or j\ of ^^^ = 

These parts, from their regular ratio of 12, are called duo- 
decimals^ which name is derived from the Latin duodedm, 
twelve. 

Multiplication of Duodecimals, 

340. From the nature of fractions, we shall easily perceive 
what parts will be produced in multiplying together any of the 
above denominations. For example, if we multiply by feet, as 
these are integers (whole numbers,) having a unit for denomi- 
nator, it is evident that the denominator of the part multiplied 
will not ht altered; thus, 3 feet multiplied by 2 feet, will give 6 
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feet ; 3 in. multiplied by 2 ft,^ that is, ^^^ X f = t^» ^' ^ *^* 
Again, 3 zee, multiplied by 2 fUy or j|^ X f = ill? ^'' ^ ®®" 
conds, etc. 

If we multiply by inches, as the denominator of these is 12^ 
fAe denominator of the 'part mvHtvplied will become the sams 
as that of the next lower denomination ; thus, 3 ft. multiplied 
by 2 in. will give 6 in. ; that is, | X t5 = A' ^^ ^ inches ; 
3 in. multiplied by 2 in. ; that is, j\ X fj = tI?> ^' ^ s®' 
conds ; 3 sec. multiplied by 2 in., or y|^ X tIj = tt^f> ^^ ^ 
thirds, &c. From what has been said, the products of any 
other parts will easily be estimated by one who has learned 
fractions. 

341. As the second is the square of the prime, the third, the 
cube, &c., if we consider the feet as having for their index, 
the inches 1, the seconds 2, the thirds, 3, &c., if we multiply 
these together, the parts produced will have for their index the 
mm of the indices of the parts multiplied ; thus, the index 
of the prime is 1 ; that of the second is 2, and the sum 3^ of 
these indices, is the index of the parts produced when we mul- 
tiply inches by seconds. "It is the same for any other parts, 
seeing that their product contains the factor y'j, as often as its 
index contains a unit. 

For example, to multiply 7 ft. 3 in. 4 sec. by 2 ft. 4 in., we 
write the numbers thus : 



70 .3/ 
20 4/ 


4" 


14 6 
2 5 


8 

1 4'" 


16 11 


9 4 



and first multiply all the parts of the multiplicand by the 2 ft. 
of the multiplier. Beginning with the lowest denomination, 
which is here seconds, we say 2° X 4". = 8", which we place 
under seconds ; then 2° X 3' = 6', which we write under 
inches : lastly, 2° X 7° = 14°, which we write under feet. 

Then, to multiply by 4', we say 4' X 4" = 16'" = 1" + 4'"; 
we therefore write 4'" one place farther to the right, and re- 
tain the 1", to add to the next product. Then 4' X 3^ =12'', 
and, adding the 1" retained, we have 13" = 1' -|- 1" ; we there- 
fore write 1" under 8", and retain the 1' to add to the next 
product. Lastly, 4' X 7° = 28', and 1' retained, is 29' == 2® 
5' ; we therefore write 5' under the primes or inches, and the 
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2 f^. tmder feet. Having added the t#o ptodacts, w^ have 16 
feet, 11 primes^ 9 seconds, 4 thirds, for the total product. 

842. We have seen (110) that the content of any super- 
ficies is estimated in squares, and is the product of the length 
and breadth, each taken in the same measure. Artificers' work, 
such as glazing, painting, plastering, paving, roofing, &c., is 
usually paid by the square yard or square foot ; and, as the di- 
mensions are taken in feet and inches, being generally mea- 
sured with a carpenter's rule, such work is conveniently calca- 
lated by duodecimals. Parts less than seconds are commonly 
omitted tn practice^ 

Suppose the roof o^ a green-house to be 100 ft. 9 in. long 
and ^1 ft. 6 in. wide, what is the amount of glazing, and what 
will it cost at 9 ets. per square foot ? 



100" 
21 


9' 
6 




2115 
50 


9 
4 


6^' 



2166*> r 6'' 

The scholar must take particular notice, that in the product, 
the prime 1' is -^j^ of a square foot, or of 144 square inches, 
and is consequently 12 square inches; that the 6", being a 
number of hundred and forty-fourths, is 6 square inches, and 
hence, that 1' 6" = JA + j^-^ = Jf^ = i', or, recollecting 
that li d. = I of a shilling, he will see that 1' 6" or IX twelfths 
of a s. f. = ^ of a s. f. Therefore, 2166° V 6" = 2166 J 
s. f. ; which, as dollars and cents are decimals, we may ex- 
press thus : 2166,125 s. f. Then, multiplying by 9, we have 
$194,95125 or $194,95 J for ihe required cost. 

Examples. 

1. Suppose a^^ room to be 47 ft. 2 in. long, and I^ft. 6 in. 
wide ; what will the ceiling of it cost, at 25cts. per square 
yard? Ans. W7,68| 

2. How nlany yards of carpeting, that is yard-wide, will 
eaprpet a room that is 36 ft. Sin. long, and 25ft. 6 in. wid«, 
and what will it cost, at $1,12^ cts per yard ? 

Ahs. 103f yds., and the cost ?116,87^. 
S'. How many square yards of paving are thel'e in a court- 
vard, which is 77 ft. 3 in. long, and 66 ft. 8 in. wide ; how many 
nricks will pave it, allowing each brick, when laid; to cover a 
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space of 8 in. long and 4 in. wide ; and how much will the pa- 
ving of it cost at 56| cts. per square yard ? 

Ans. 572f s. yds. ; 23175 bricks, and the cost 6321,87i. 

343. Duodecimals may also be applied to quantities of three 
dimensions^ the content or capacity of which, as we have seen 
(170,) is estimated in cubes, and is found by multiplying to- 
gether their length, breadth, and thickness. 

Eequired, the content, in bushels, of a granary bin, the 
length being 53 ft. 9 in. ; the breadth 6 ft. 3 in. and the depth 
4 ft. 5 in. 

53° 9' 
6° 3' 



322 6 
13 5 3" 



335 11 3 square feet and parts. 
4 5 



1343 9 
139 11 8 ^"' 

1483° 8' 8" 3'" content of bin in c. f. 
Subtract ^ 296 8 11 3 see art. 288. 

1186 11 9 content in bushels, wj* 
Add^i^ 5 6 3 too little (288) 

1192 6 true content in bushels. 

The scholar must here observe with attention, that in the 
product 1483° 8' 8" 3'", the number 1483 is a number of cu- 
bic feet (170) ; also, that each unit in the 8', being -X^ of a 
cubic foot, or y*2 of 1728 cubic inches, is 144 cubic inches; 
each unit in the 8", being j\ of 1', or J^ of 144 cubic inches, 
is 12 cubic inches ; and lastly, that each unit in the 3^'', being 
Jj of V, or J^ of 12 cubic inches, is 1 cubic inch. We can, 
therefore, reduce these parts to cubic inches, thus : 8' -|- 8" + 
3'" = (8. X 144) + (8 X 12) + 3 = 1152 + 96 + 3 = 1251 
cubic inches, or JH J = j|| of a cubic foot. 

Therefore, 1483° 8' 8" 3'" = 1483}|| cubic feet. 

Having reduced the cubic feet to bushels, by the method 
given in art. 288, we have 11-92° 6', or 1192^ bush, for there- 
quired content. 
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Proaf by Fractixms, 

53° 9' = 53| = 3f & ; 6° 3' = 6J = V y 4° 5' = 4/^^ = 
11 ; then, subtracting | from one of the factors, namely the 
factor y , which makes it ^^ = 5, and adding ^1^ to one of the 
factors, namely to ^^y which makes it ^|^ = 54 ; we have, 

fix VXf = VXf Xf=^'=1192^ for the num- 
ber of busheb. 

Parte less than thirds are not noticed in common practice. 

JEkca7nj>le8, 

1. What is the content of a cave, the length of which is 12 
ft.* 9 in. : the breadth 7 ft. 6 in., and the height 8 ft. 3 in. ? 

Ans. 788 c. f. 10' 10" 6'", or 788|| c. f. 

2. Suppose that the body of a cart is 7 ft. 2 in. long, inside, 
3 ft. 6 in. wide, and 1 ft. 1 in. deep ; how many times can the 
cart be filled from a pit that is to be dug in the earth, 45 ft. 
3 in. long, 10 ft. 2 in. wide, and 6 ft. 1 in. deep ; allowing the 
earth in the pit and in the cart to be equally compact; and how 
many cubic yards of earth does said pit contain ? 

Ans. The cart can be filled 102^||J, or nearly 103 times, 
and the pit contains lOSfj^j^l, or not quite 104 cubic yards. 

344. The transportation of merchandise in ships is called 
freight, and the freight of all irregular packages, such as bales, 
boxes, &o. IS charged by the cubic foot; the parte less than 
half a cubic foot being neglected, and those amounting to half 
a cubic foot or more accounted a cubic foot each ; that is to 
say, ^ content of each package is calculated to the nearest 
cubic foot. When the packages are uniform, the freight is 
charged by the barrel) bag, &c. 

Examples. 

Bequired the content of the following bales, boxes, or pack- 
ages, the length, breadth, and depth being give^ in feet and 
inches t 



1. 5 ft. 3 in.; 3 ft. lin.; 2 fl. 9 in. Content, 45 

2. 6ft. 2 in.; 3 ft. 4in.; 3 ft. 1 in. '* 63 

3. 7ft. 5in.; 4ft. 9in.; 3ft. 6in. « 123 

4. 8 ft. 1 in. ; 4 ft. 10 in. ; 3 ft. 8 in. « 143 
6. 9ft.4iB.; 6ft. 5in.; 5ft.7in. " 334 
6. Suppose the bushel to contain exactly 2150 cubic inches, 

and that the inside of a box is the exact cube of 5 feet ; how 



c. f. 

u 
a 
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much must the edge of the bo^c be planed down, th«,t it i^ay 
contain just 100 bushela ? 

Ana. /g; or mt quite | of au incli, 

To Measure Cord-wood, 

345. The cord bywhichwood is measared:isl286. f., or the 
content of a pile of wood 8 feet long, 4 ft. wide, ^d4 ft. high. 

The content, therefore, of any quantity of cord-wood, is cal- 
culated by comparing it with a pile of the above dimensions. 
Hence, the rule, mtdttply the hngik, breadth, and height to- 
gethevy cdlinfeety and divide hy 128, which will g}ve the con- 
tent in cords. Or rather, set down, in continued multiplication, 
the length, breadth, and height, as a numerator; and 8 X4 X 4, 
the dimensions of a cord, as a denominator, and find the result 
as in multiplication of fractions. 

Required the content, in cordis, of a pile of wood that is 
60 ft. long, 16 ft. wide and 10 ft. high. 

16X60X10 icwK ^K J A 
J. C J. C » = 15 X 5 = 75 cords, Answer. 
^ X ^ X ^ 

A cord is sometimes said to contain 8 feet of wood, each 
foot being consequently, 16 cubic feet. Now, on a base 8 ft. 
long and 4 ft. wide, it is plain that every 6 inches in height 
will give 1 foot of wood. For, 8x4X4 = 1^ cubic feet. 

846. When the dimensions are feet and inches, we may find 
the content by duodecimals, and divide by 128. 

What i9 the content of a pile of wood, the length of which 
is 20 ft. 9 in., the breadth 3 ft. 7 in., and the height 9 ft. 8 in. ? 

20° 9' 
9 8 



186 
13 


9 
10 


0" 


200 
8 


7 
7 




601 
117 


9 



1" 



128) 718 9' 1" (5 0. 5 f., nearly. 
640 

16) 78 C4J 
64 

14 _7 

16 "8 
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We here divide by 128, for cords, and the remainder by 16, 
for feet of wood. As we only calculate io the nearest foot of 
wood, in dividing by 128, we neglect the parts inferior to cubic 
feet, which, as they never can equal ^^ of a foot of wood, can- 
not affect the result. In dividing by 16, as the fraction | ex- 
ceeds ^, we add 1 to the feet, which gives for the content 5 
cords, 5 feet, or 5| cords; nearly. 

EocampUs. 

1. What is the content of a pile of wood, 24 ft. long, 20 ft. 
broad, and 18 ft. high? Ans. 67^ cords. 

2. What is the content of a pile, 17 ft. 8 in. long, 9 ft. 4 in. 
broad, and 10 ft. 7 in high ? 

Ans. 13 C. 5 f., or 13 1 cords. 

3. What is the content of a pile, the length being 101 ft., 
the breadth 17 ft., and the height 8ft.? 

Ans. 107 C. 2^ ft., or 107y«g cords. 

4. What is the content of a pile, the length being 203 ft., 
the breadth 14 ft. 9 in., and the height 7 ft. 6 in. ? 

Ans. 175 C. 3^ ft., or 175y'^5 cords, nearly. 

Board Measure^ ^c. 

In this is included the measurement of planks, scantling, 
rafters, and hewn timber. 

To measure boards, the usual thickness being one inch : 
347. The length, in inches, multiplied by the breadth, in 
inches, will evidently give the number of square inches in the 
surface of the board. This divided by 144, the number of 
square inches in a square foot, will give the content of the sur- 
face of the board in square feet. 

Put I = the length of the board, in feet ; then, Z X 12 = 
the length, in inches ; now put w = the width, in inches, then 
^ X w^ X 12 = the content of surface, in square inches, and 
1X^X12 IXwX^fi iXw , ,. ., 
144 ^^' 12 X At ^ "12" "^ ^^*®°* ^° ^"^^^ ^^^ 

Now, if Z = 12, that is, if the board is 12 feet long, then 

— Yq — = — j^ — = w; that is, the number which shows the 

width in inches, is the number of square feet contained in the 
surface of a board, when the board is twelve feet long. 

Again, if w = 12, then ^^^ = ^-^^ = ?, or the length. 
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In other words^ when the board is 12 in. wide, every foot in 
length will make a square foot on its surface. 

From the above the following rules may be deduced : 

1. For ^ board of any length : Find the content of its sur- 
face for 12 feet long ; t. e, set down its width, in inches, as 
square feet; take parts for the surplus or deficient length, and 
add, or subtract, as occasion may require. Thus : for a board 
14 ft. long and 8 in. wide, we set down 8 s. f. content for 12 
ft. Then, 2 ft. being J of 12, we take J of 8 = 1| ; and 8 + 
1-J = 9^ s. f. is the required content. 

Had the board been only 10 ft. long, we should, by a similar 
seasoning, Jbave had 8 — 1 j = 6§ s. f. for its content. 

For a board 16*ft. lo^g, the' surplus 4 ft. being 4 of 12, Its 
width, in inches, taken as s. f. plus \ oli tiie same, is its content. 
» For a board 18 ft. long, the surplus 6 ft. being } of 12, its 
width, as before, plus ^ its width, is its content; and so, for 
any other length, the parts may be easily taken. 

2. For a board of any width : Set down its length, in feet, 
whieh is its content in s. f., when the width is 1 foot, or 12 
iaohes. Then take parts for the surplus ^r deficient width, and 
add or siubtraot, «s before. 

What is the contend of a boaard, 22 ft. loing and 9 jbsi. wide? 



«• • 



6iji. is.^^ 
3 in. iB^«»« 



22 s. f,^ content for 1 ft. wide. 



11 content for 6 in. wide. 

5| content for 3 in. wide. 



16^ s. f . required content, or content for 9 inches. 



Or, as the deficiency 3 in. is \ of a foot, we set down 22, and 
subtract its fourth part, thus : 



Bin. is |... 



22 8. f ., content for 1 foot wide. 
b\ content for 3 in. wide. 



16 J difference, or required content. 
Suppose the board 10 in. wide, we subtract J, thus : 



2 is |... 



22 



3^ 



18i 6. f., content 

Suppose it 7 in. wide, we take i for 6in. ,wi49r^^^^^i 
of the quotient, for l.in-; thua : 



20 
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22 



Gin. is } 
1 in. is i 



11 
1| 



12 1 or 13 8. f., content. 



In a board-yard, the length of a board, is always an even num- 
ber of feet, or is so considered; and the content is calculated to 
the nearest square foot. 

ExanvpUs, 

1. Eequired the content of a pile of boards 12 ft. long, the 
several widths b^ing as follows : 10 boards 8 in. wide ; 14 
boards 9 in. ; 21 boards 12., and 7 boards 16 in. wide. 

Ans. 670 s. f. 

2. Required the content of a pile of boards 16 ft. long, the 
widths being as Mlows : 19 boards 9 in. ; 25 boards 8 in. ; 13 
boards 11 in. ; 8 boards 15 in., and 5 boards 17 in. wide. 

Ans. 959 s. f. 

3. Required the content of a pile of boards of the following 
dimensions; always understood that the first number is the 
lengtli in feet, and the second the width in inches : 14 by 
8; 16 by 9; 12 by 7; 14 by 13; 18 by 16; 20 by 13; 18 
by 16; 10 by 7; 18 by 12; 14 by 11; 16 by 18, and 22 
by 19. Ans. 209 s. f. 

To measure planks, the thickness being more than an inch : 

248. If, without altering the length, we double, treble, &c. 
the width of a board, it is easy to see that we shall double, tre* 
hie, dfc, its content. 

Also, allowance being made for the saw, it is plain that a 
plank, two, three, &c. inches thick, may be sawn into two, three, 
&c. boards, one inch thick, of the length and breadth of the 
plank ; consequently, if we double, treble, &c. the thickness 
of a board or plank, we shall double, treble, <Scc, its content. 

It is therefore evident, that if we increase the width or thick- 
ness of a board or plank, by one-half, one-third, &o. of said 
width, or thickness, we shall increase the board bt/ one-half, 
one-third, <Scc. of its content. Hence the following convenient 
rule : 

Find how many times 1 inch is conttdned in the thickness, 
and multiply the width by the quotient. Then proceed as if 
to measure a board of the length of the plank; and of the in 
creased width; which will give the coutent. 
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Thus, if a plank be 18 ft. long, 8 in. wide, and 1} in. thick, 
we say 1} times 8 in. = 8 + 4 = 12 in. ; we then calculate as 
for a board 18 ft. long and 12 in. wide, and have 18 s. f., board 
measure. Had the plank been If in. thick, we should have 
said, 8 X li = 8 + 6 = 14 in. increased width. Then, 



2 in. is J.. 



Or thus: 6 is ^.. 



18 s. f., content for 1 ft. wide. 
3 content for 2 in. 

21 8. f., content of plank. 

14 s. f., content for 12 ft. 
7 content for 6 ft. 



21 



content, as before. 



Had the plank been 2| in. thick, we should have said, 8 X 
2| = 16 + 6 = 22 in. increased width. Then, 



6ft. is ^.. 



22 s. f., content for 12 ft. 
11 content for 6 ft. 



33 



required content. 



Or thus : 6 ft. is 4 ) ^n-io «i. 18 s. f., content for 1 ft. wide. 
± « I h of 12 ft. Q ^ ,, ft . ,, 



^i) 



9 
6 



(( 



6 in. 
4 in. 



u 



33 s. f., as before. 



Suppose a plank is 32 ft. long, 13 in. wide, and S\ in. thick, 
13 X 3i = 39 + 3^ = 42^ in., increased width. 



4 ft. is ^... 



424 s. f., content for 12 ft. long. 
3 



126 j or y»j s. f., content for 36 ft. long. 



14 



1 

73 



oont. for 4 ft. subtracted. 



112/2 or 112| s. f. 
Or thus: 6 in. is^... 



4 in. is «V of 6 in. . . 



32 s. f., cent, for 1 ft. wide. 
3 



96 s. f., cont. for 3 ft. wide. 
16 " 6 in. " 

" i in. " 

content J as before. 



112| 
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Or thus : 1 iti. is y^***-*- ^^ s. f.; eont. for 1 fb. wide. 

2| eoiit. for 1 in. « 

34f oont for 13 in. «f 
104 

112| content. 

849. As the length, breadth, and thickness are all &ctors 
of the content, if T^e increase or diminish any one of these in 
any ratio, the content vnU he increased or diminished in the 
same ratio; therefore, we may, if we please, multiply the length 
or breadth hy the thickness, as is m^st convenient. As the 
length is always an eves number, ihis will often be fouikd veiy 
useful. 

Ihiamjple. 

Bequired the eonteUt of a pile of planks^ the length, breadth, 
and thickness of each being given in the order here named : 
10 ft. by 13 in., by U in. ; 12 ft. by 17 in., by 24 in. j 14 ft. 
by 12 in., by If in. ; 18 ft. by 13 in., by 34 in. ; 16 ft. by 11 in., 
by 2^ in. ; 30 ft. by 13 in., by ^ in. ; 36 ft. by 17 in., by 3} 
in. ; 20 ft. by 19 in., by 5J in. Answer, 679 s. f. 

I ^ w 

350. We have seen (347) that VL is the content of the 

surface of a board in square feet, and (348) that, for the con- 
tent of stuff thicker than 1 in., we must multiply this content 
by the thickness : the prodttct, therefore, of the length, hreadth, 
arid thickness, divided by 12, or, which is the same thing, 

the product of the width and thickness, mtdtiplied hy ;=-^, is the 

content in hoard measure ; that is to say, it is the number of 
square feet of sur^sice that the stuff would cover, if sawn into 
boards 1 in. thick, allowing no waste in sawing. This will 
also appear evident thus : in dividing by 12, we may suppose 
the width to be reduced to feet ; and, as the length is already 
feet, the product of these will give the content of the surface 
(107) in square feet; wherefore, (348,) this multiplied by the 
thickness, will give the content in board measure. 

To Measure Scantling : 

351. When the dimensions of width and thickness are frae- 
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tlonal; reduce these to fractions^ and find their product in its 

lowest terms. Then multiply this product by ^, reduced to 

its lowest terms^ which will give the content. 
Let a piece of scantling be 16 ft. long and 3^ in. by 2^ , 

^l = l\ 2^ = !:alsol = lS = |; then5XiX| = y 
= 11| s. f. board measure. 

352. When the area of the end is 12 square inches, the 
length, of the piece is its content in square /eetj hoard measure. 
Also, if the area of the end is a multiple of 12 square incheS| 
the content is the same multiple of the length. This is evi- 
dent^ because the denominator of the factor r^r will; in both 

caseS; be cancelled. 

Example, 

Bequired. the content of the following pieces of scantling, 
the length being ^ven in feet, and the breadth and thickness 
in inches and fractions of an inch : 20 ft. 3 by 4 ; 18 feet 34 
by3; 26 ft. 34 by 24; 16ft., 6 by4; 28 ft., 54by4|: 30 ft., 
6 by 4; 24 ft, 5| by 3j; 14 ft., 5^ by 4f 

Answer, 272 s. f. B. M. 

Tb measure Eafters, the width being greater at one end 
than the other, but the thickness uniform : 

Add the greater and less width together, and take half the 
sum for a mean width. Then, with this mean width, the uni- 
form thickness and length, proceed as for scantling. 

Let a rafter be 40 ft. long, 4 in. by 9 at one end, and 4 by 5 
at the other. 9 -|- 5 = 14, and -V- = 7 mean width. Then, 
mean area 7 X 4 -f- 12, or f | = | ; and, lastly, -\<t X i = 
2#i) = 93^ s. f. content. 

Or thus : 28 s. f. = content for 12 ft. ; then 28 X 3 = 84 
content for 36 ft. Now, as 4 is 4 of 12, we have -^/^ = 9^ 
content for 4 ft. Lastly, 84 -j- 9 j = 93| s. f., as before, n. 

Example, 

Required the content of the following rafters : 40 ft., 5 by 10 
and 5 by 5; 28 ft. 6 by 9 and 5 by 4; 24 ft., 44 by 10 and 
^ by 6; 60ft, 5^ by 10 and 5^ by 6; 36ft., 6 by 10 and 6 
by 6 ; 48 ft., 4 by 10 and 4 by 6. Answer, 686 s. f. B. M. 

20* 
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To find the Content of Hewn Timber in Cubic Feet : 

353. Put q = the length, and a and h, the two dimensions 
of the end in inches. Then ^ X ^ X ^ X 12 is the content 
in cubic inches ; and, as 1728 or 12 X 12 X 12 cubic inches 
make one cubic foot, it is plain that 

g X /x X ft X 12 qXaXh _ , 

12X12X12 = 12X12 = ''°*'°* '^ '•^- 

Hence the rule : Multiply the length in feet by the area of 

the end in inches, and cQvide by 144. But it is much better 

• <7 X ^ X ^ 

always to write the numbers in the form \^ -.^^ — on ac- 

iz X l-^ 

count of cancelling. 

When the area of the end is 144 square inches, the length 
of the piece is its content in c. f. 

Let a piece of timber be 36 ft. long, and 16 in. by 12 on 
the end, then : 

^22 X 12 12 X 12 — =^ X 16 = 48 c. f., the content. 

Examples, 

1. Required the content in cubic feet of the following pieces 
of timber: 20 ft., 12 by 12 ; 30 ft., 12 by 10; 18 ft., 10 by 
9; 24ft., 12 by 11; 36ft., 14 by 10; 40fk., 16 by 12; 32ft., 
18 by 16; 34 ft., 13 by 12; and the cost at $2,12^ per ton 
of 50 c. f. Answer, 267 c. f., and the cost 1(I1^34|. 

2. Bequired the content of the following pieces, namely : 
two pieces, each 40 ft., 16 by 14; 3 pieces, each 36 ft., 19 by 
18; 4 pieces, each 20 ft., 12 by 11; 3 pieces, 28 ft., 16 by 
14 ; and 2 pieces, each 18 ft., 12 by 10 ; and the cost at $3 
per ton. Answer, 12 t. 15 c. ft., and the cost $36,90. 

3. Required the cost of 100 pieces, each 20 ft., 10 by 9, at 
92i per ton ; 50 pieces, each 30 ft., 14 by 14, at $3 per ton, 
and 75 pieces, each 18 ft , 12 by 12, at $4,50 per ton. 

Answer, 1(806,50. 
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METRICAL OE DECIMAL SYSTEM. 
(From Kelley»8 "Universal Cambist") 

The fundamental standard adopted in France for the metri« 
cal system of weights and measures, is a quadrant of the meri'* 
dian; that is to say, the distance from the equator to the north 
pole. This quadrant is divided into ten millions of equal parts^ 
and one of these parts or divisions is called the Metre^ which is 
adopted as the unit of length, and from which, by decimal 
multiplication and division, all other measures are derived. 
The l^igth of the quadrant has been ascertained by MM. De- 
lambre and jyCechain, by measuring an arc of the meridian 
between the parallels of Dunkirk and Barcelona, and has been 
found to contain 5130740 French toises. This number, divided 
by ten millions, gives 36,941328 French inches, which is the 
metreythe element of all the other measures, and which is equal 
to 39,371 English inches. 

In ^order to express the decimal proportions, the following 
vocabulary of- names has been adopted : 

For multipliers, the word Deca -prefixed means 10 times. 

<< « Recto 100 " 

« «< Kilo 1000 « • 

'" " M^ria ....10,000 " 

On the contrary, for divisors, the word Deci ) ^q., . 

expresses the ) ^ 

" " Centi.. 100th " 

" *' MilU... 1000th " 

It may assist the memory to observe that the terms for mul- 
tiplying are Qreek, and those for dividing, Latin. 

Thus, Decormetre, means ten metres. 

Deci-metref the 10th part of a metre. 
Hectu-metre 100 metres. 

Oentt-metr^, the 100th part of a metre, and ao on for 
the. rest. 
The metrey as before stated, is the element of long measure^ 
and = 89,371 English inches. 

The are, which is a square deca-metrey (or 100 square metres,) 
is the element of superficial measures. It equals 3^955 English 
.perches. 
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The sterey which is a cubic metre, is the element of solid 
measures, and =35,317 cubic feet English. 

The Litre, which is the cubic dect'metre, is the element of 
all liquid measures, and of all other measures of capacity. It 
equals 0,26419 English gallons, and the hectolitre = 2,8379 
Winchester bushels. 

Lastly, the gframme, which is the weight of a cubic ccThd' 
metre of distilled water, of the temperature of melting ice, 
(the greatest condensation,) is the element of all weights, and 
equals 15,434 English grains, Troy. 



Ifew Weights and Measures of France, compared with the old, 
and also with English Weights and Measures, 

LINEAR MEASURE. 

French Feet English Feet 

Distance from the equator I gQ7g444^j 82809167 

to tn'e pole j 

Degree (centesimal) 807844,4 828091,67 

Myriametre. 80784,44 32809,167 

Kilometre 3078,444 8280*9167 

Hectometre 307,8444 828,09167 

Decametre 80,78444 82,809167 

Metre 8,078444 3,2809167 

French Lines. English Lines. 

Decimetre 44,8296 47,2452 

Centimetre 4,48296 4,72452 

Millimetre 0,443296 472462 

SQUARE OR SUPERFICIAL MEASURE. 
French Square Feet English Square Feet 

Myriare 9476817,46118 10764414,8928 

Kilare 947681,746118 1076441,43923 

Hectare 94768,1746118 107644,148928 

Decare 9476,81746113 10764,4143923 

Are 947,681746118 1076,44148923 

Declare 94,7681746113 107,644148923 

Centiare (metre carr6)... 9,47681746118 10,7644143923 

French Square laches. English Square Indies. 
Square decimetre 13,646617 15,600756 

French Square Lines. English Square Lines. 

Square centimetre 19,651184 22,321088 

Square millimetre 0,19651134 0,2232108 



MXTEIOAL GBi DBCr&TAL BT8XSS& 2S7 

VMASOVOB or CAPAiOETr. 

Franoh Oiiblo PMt BngUsI) OvMs Ve0t 

Myrialitre 291,738619 863,1714696 

Kilolitre (metre cube) 29,1738619 86,31714696 

HectoUtre 2,91788619 8,6817146946 

Prenoh Cubic IjicBes. Eiiglldi Cable Indies. 

Decalitre • 604,124160 610,2802806 

ZtVre (decimetre cube) 60,4124160 61,02802806 

Deemtr« 6,04124160 $,1Q2802£^ 

French Cable Lines. Englkh Cable Lines. 
CentiUtro-.^ 871,126926 1064»664324|9 

The litre, which is the unit for measnrefl of cap&oltj, ^^ 2,1186 
English pints, wiae meft&ure; ftnd, therefore, 1 hectolitre equals 
26,41906 wine gallons, or 2,83796 Winchester bushels. Hence 1 
Wisehester bvdifil *^ 86,286 litres. 

SOLID OB CUBIC MEASXJBB. 

Fvendi Cubic Feet English Cmblp 7«et» 

Decaetew.., , 291,736619^ 863,1700 

/^icre (metre cube). «,.•.... 29,1738619 a...... 36,8170 

Decietere ,,...., 2,91738619 ...,.,„ 8,6317 

This measure is used for fire-wood, stone, &o. Th^ tt^e is the 
same as the kilolitre in the preceding article. 



WEIGHTS 



Poids itk liare^ English Troy Weight 
LlTres. OS. gros grains, lbs. os. dwt. gr»> 

Bar(cubic metre of water) 2042 14 14 ...2679 6 8 8 

Myriagramme..^ ».•*•«. 20 6 6 63,6 ... 26 9 10 20 

Kilogramme 2 6 86,16 ... 2 8 8 2 

Hectogramme 8 2 10,716 8 4 7,40 

Decagramme 2 44,2716 6 10,84 

Gramme 18,82716 16,484 ^ 

Decigramme 1,882716 , 1,6484 

Ceatigramme ^.... 0,1882716 0,16484 

The aboye weights, as before stated, are deduced each from some 
decimid proportion of the metre. Thus the kilogramme corresponds 
with the contents of a cubic Tessd of pure water at the lowest tem- 
perature, the side of which cube is the tmth pi^rt of a metre, (the 
decimetre,) and the gramme answers to the contents of a cubic yessel, 
^he side of which is the hundredth part of the metre, (the centimetre;) 
for the contents of aU cubic Tossels are to each other in a triplicate 
ratio of their sides, {Ettelid, 88, xL) 
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ASTBONOinOAL MBASUBES. 
OBHTESDfAL SIVISIOH Or TDfX COMPARED WITH SEXAGESDCAL. 

B. X. 8. 

1 second 0,864 

lOOseoonds 1 minnte 126,4 

100 minutes 1 hour. 2 24 

10 hours Idaj 24 

SaacagesimaL CentesimaL 

n w fl, 

1 second 6 i,1674 

60 seconds 1 minute 69 54,4 

60 minutes 1 hour. 1 15 74 

24 hours 1 day 10 

CEHTESnCAIi DIYISIOK OT THE CIBCLE COXPABED WITH SBZAOSSIKAL. 

Oentesiinal. 8ezagosim«L 

100 seconds 1 minute (of space) 82| 

lOQminutes 1 degree 54 

100 degrees 1 quadrant 90 

400 degrees 1 circle ^860 

BezageslniaL Oeniesiinal. 

O f If 

60 tierces 1 second. 8/^ 

60 seconds 1 minute of space...... 185/^ 

60 minutes 1 degree 1 11 11^ 

90 degrees 1 quadrant 100 

4 quadrants or SeO^'l circle 400 

GBOGBAPHIGAL AND ITINEBARY MEASURES. 

English Miles. 

^m^ridifn!!!!..*!"!!^^^^^ = ^213,357 

A degree (^ part) 69,0429 

Marine league (^^ of a degree) 8,4521 

Marine mile (minute, ^ of a degree) ... 1,1507 

League of 25 to a degree 2,7617 

A degree decimal (y^^ of the quadrant) 62,18867 

Myriametre {^ of a degree decimal).... 6,218857 

Kilometre (minute of a degree decimal) 0,62188 

Mean league (22} to a degree) 8,10693 

Post league (2000 toises) 2,3000 
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The size of a printed book is determined and expressed by 
the folding of the paper on which it is printed ; thoS; if the 
sheet is folded into 

2 leares, or 4 pages, it is called folio* 

4 leayes, or 8 pages quarto. 

8 leayes, or 16 pages ottavo. 

12 leayes, or 24 pages dnodecimo. 

18 leayes, or 36 pages eighteens, (decimo-octaTO.) 

24 leayes, or 48 pages twenty-fours, (yigesimo-quarto.) 

24 sheets of paper make 1 quire. 

20 quires 1 ream. 

40 quires, brown do 1 bundle. 

10 reams, or 200 quires 1 bale. 

12 skins of parchment 1 dozen. 

6 dozen, or 60 skins do 1 roll. 

12 things of one kind 1 dozen. 

12 dozen, or 144 things 1 ^pross. 

12 gross, or 144 dozen 1 great gross. 

20 things of one kind. 1 score. 

6 score 1 hundred. 

Load of bricks .' 6j00. 

Load of tiles 1000. 

Stone (a weight) 14 lbs. 

Stone of meat or fish 8 lbs. 

Peck of flour or salt 14 lbs. 

Bushel of rock salt. 66 lbs. 

Bushel of crushed do 56 lbs. 

Gallon of train or seed-oil...^ 7} lbs. 

Gallon of water 8 lbs. 6 oz. 6} dr. 

Firkin of butter 66 lbs. 

Barrel of do 224 lbs. 

Barrel of gunpowder 100 lbs. 

Barrel of -raisins 1121bs. 

Barrel of flour 196 lbs. 

Barrel of beef or pork 200 lbs. 

Barrel of soap 266 lbs. 

Fagot of steel. 120 lbs. 

Fotheroflead lO^cwt. 

Square of flooring 10 feet square, or 100 square feet 

A palm is 8 inches, a span 9, and a cubit 18 inches. 
A Scripture or Jewish cubit is nearly 22 inches. 
A perch of stone, is a solid pile 16} feet long, 1 foot high, and l}feet 
thick, containing 24} cubic feet. 
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INVOLUTION — EVOLimO»h^liXa>RA'OnON eSf TSK SQUARE 

JLOOT. 



Involution, or. Raiding Qf.Powwr9. 

354. This coiisists in th& continual mvlHplicaiio^^/<i'^^ 
Uty into iMf, The sucoeBsive i^oduots are oalied fAepotoerv 
of the given quantity, and each showS; bj its appellation, the 
number of times that it contains the given quantity as &ctO]:, 
the quantity itself being the first power or root. Thus, let « 
be any quantity; then, a is the .first power or r^ot of sdl the 
powers of a ; a X ^; or aa, is the -second power or isquare of 
a; a X « X <3t, or aaa, is the third power or cube <rf a ; a X 
a X a X «; or aaaa, is the foutth power of a. This 
being the product of two squares/ is also called the hiquadrate^ 
from his and quadrans. Other names have been giviui toseyeial 
of the higher powers, indicaiSye of 4^beir fdnzistion from Jihe 
square and cube; but these halve generally Mien into disuse, 
and a X « X -o X « X «; <^ aaaaa, is simply called the fifrti 
power of a; aaaaaa, the sixtli^, and so on. !For the sake of 
convenience, these products are written successively a, a", a", 
a*, a', a*, &c., and are read, a, a squared, a cubed, a fourth, 
a fifth, a sixth. &c. The figure on Uie right is called the index 

240 



INVOLUTION. 241 

or expmient, because it shows tho Dumber of times that a is 
factor iu each product. Hence^ it is evident^ that if we add 
the indices of two or more powers of a quantity, their sum will 
be the index of the power to which the quantity would he raised 
hy multiplying those powers together. The scholar must re- 
member^ that the exponent of the root, or quantity itself, though 
seldom written, is a unit, and must be so considered in adding 
or subtracting the exponents. Thus, a X «*> or axi,^ = a* ; 
oW = a* ; aW = a* ; oaW, a^a^a^ or aW = a« ; a^a^a^u^ 
aa'^a^j oWa*, aWa^ or a*a* = a^. 

355. From the aboye it is plain, that a quantity may be 
raised to the higher powers in various ways, and the higher 
the power, the greater the variety^ Thus, to find the twelfth 
power of 2, as we know that the cube of 2 is 8, we say 8x8 
X 8 X 8 = 4096, which is easier than to perform the continual 
multiplication 2x2X2x2x2x2x2X2x2x2 X 
2X2 = 4096. 

Because either of two numbers taken from their sum leaves 
the other, the index of either of two factors taken from the 
index of their product will leave the index of the other factor. 
But the product divided by either factor gives the other ; there- 
fore, to divide any higher power of a quantity by a lower, we 
have only to subtract the index of the divisor from the index 
of the dividend, and the remainder will he the index of the 

fjA fj9 rjji ^ji 

quotient. Thus, — = a ; — = a*; ~ =i a^ ; — = a*; also, 

| = 2. = 4;g = 3» = 27j ^ = 5^ = 625" ^,= a'. 
2* 3^ 57 a a^d? 

356. A vulgar fraction is raised to any power hy raising 

ecKh of its terms to that power. For example, the fifth power 

2 /2\* 2* . 32 

of 5 may be expressed thus : l-^j or ^, and is equal to ^j-. 

This is ijbvious from the rule for multiplying fractions. 

A mixed number may be reduced to an improper fraction, 

5* 
and then involved as a fraction. Thus, (2^)« == (|)« == — 

357. A decimal fraction, whether finite or infinite, is in- 
volved by the rales already given for the multiplication of de- 
cimals. We may, however, remark, that a finite decimal may 
be involved as a whole number, after which, the number of 

21 
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decimal places^ of which the result mnst consist, is determiBed 
hy multiplt/ing the number of decimals in the given numher by 
Oie index of the power to which it is raised, Thos^ 

(,04)»=, 000064 

Having found that the cube of 4 is 64^ as the given nnmber 
contains 2 decimals, we multiply 2 by 3, the index, and have 
6 for the number of decimal places in the result. Then, as 64 
contains only two figures, we subtract 2 from 6, and the re- 
mainder 4 is the number of ciphers which we must prefix to 
64. The cube of ,04 is therefore 64 millionths, as above. 

The reason of the above operation will be seen by reflecting, 
that as the factors are alike, and as the product must contain 
as many as are contained in both, the square will contain twice 
as many as the given number, the cube, 3 times as many, &c. 

The scholar may verify the following results : 

30 = 729; 2«= 32768; 57 = 78125 
5»_ 3125 _ 5764801 

7«"~ 16807' ^^^^ ""214358881 
(,4)» = ,064 ; (,5)« = ,015625 
(,05)* = ,0000003125 

(3|)» = 38|f5; (,63)* = ,16399 + 

79 

T". = 2401 ; (A)* ^ ( A)» = ^,Vt 
Powers of the Nine Digits^ to the Tenth Powers tndusive. 



Roots. 


L 2 

L 4 
L 8 
L 16 
L 32 
L 64 
i 128 
I 256 
512 
1024 


8 


4 


5 


6 


7 


8 


i 


2d. Power. : 


9 


16 


25 


86 


49 


64 


ai 


8d. ] 


27 


64 


125 


216 


348 


612 


729 


4th. 1 


81 


256 


625 


1296 


2401 


4096 


6661 


5th. ] 


243 


- 1024 


3125 


7776 


16807 


32768 


59049 


6th. ] 


729 


4096 


15625 


46G3C 


117649 


262144 


531441 


7th. ] 


2187 


16384 


78125 


279i«0 


823543 


2097152 


4782969 


8th. 1 


6561 


65536 


390625 


1679616 


5764801 


16777216 


43046721 


9th. ] 


19683 


262144 


1963125 


10077696 


40353607 


134217728 


387420489 


10th. 1 


59049 


1048576 


9765^:.! 


"0466176 


282476349 1073741824 


8486784401 
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Evolution^ or Extraction of Roots, 

858. Evolution is the method of finding a quantity from 
any given power of that quantity. The quantity so found is 
called the root of the power from which it is extracted, and as- 
sumes its name accordingly : that is, if found from the square, 
it is called the square rooty if from the cube, the cube root, &c. 

Extraction of the Square Root. 

359. If the square of a number consists of only two figures, 
its root cannot consist of more than one, and must, in whole 
numbers, be one of the nine digits. This is evident, because 
the product of two factors (121) contains as many figures as 
both of them or one figure less ; and therefore, if the root or 
quantity contained two figures, the product, or square, would 
contain at least three. Again, if the square contains three 
figures, the root must contain at least two, because (121) the 
product cannot contain more figures than both factors, which 
would be the case if the root contained only one figure. 

It is evident, therefore, that if the square contains four figures, 
the root will contain two) if five figures, the root will contain three, 
&c. ; and, consequently, that the number of figures of which 
the root will consist, may be determined by separating the figures 
of the square into periods of two figures each, 

860. When the root contains more than one figure and has 
its unit figure significant, it may always be considered as a 
number of tens and units Now a quantity, consisting of two 
parts, is called a binomial, from bis and nomen, a name, and 
the square of a binomial contains the square of each of its terms, 
together with twice their product. Let the root consist of tens 
and units, and let a represent the tens, and b, the units ; then, 
to find the square of the binomial a-\-b, -we involve it thus, 
(See art. 138 ;) 



a 
a 


— - 


b 
b 




a» 


+ 


ab 
ab 


+ 5^ 


a« 


+2ab 


+ ^ 



The binomial a-\-b, being multiplied first by a, and then by 
h we have for the sum of the products a^ -\- 2ab -\- 1^ ] that 
is to say, the square of the tens, the square of the units, and 
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twice the product of the tens and unitSf and this is the formnls 
hy means of wbich the square root is extracted. 

This may be exemplified by figures, thus : in squaring 12; 
the number of inches in a foot; we have 144; the number of 
square inches in a square foot : but 12 consists of 10 4-2; and 
in squaring this binomial; as above; we have 

10 + 2 

10 + 2 

100 + 20 

20 + 4 



100 + (20) 2 + 4 
or 100 + 40 + 4 = 144 ; that is to say; the square of the 
tenS; twice the product of the tens and unitS; and the square 
af the units. 

Or we may represent the square foot geometrically; thus : 

a h 











b — 


20 








' 


• 








a 




, 




6*— 


4 
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In which the same parts are clearly developed; their sum being 
144| as before. 
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361. To extract the square root^ therefore, of any number, 
the root being binomial, we reason thus i Of whatever number 
of figures the root may consist, the square of its tens — ^that is, 
the square of the number on the lefl of its unit figure — must 
be a number of hundreds, because 10 X 10 = 100, and there- 
fore cannot form any part of the two right-hand figures of the 
square. Again, if the part of the root, considered as tens, 
contains more than one figure, the part on the left of its right- 
hand figure is a number of tens, with regard to that figure, or 
a number of hundreds, with regard to the first : therefore, as 
100 X 100 = 10000, the square of this part, being a number 
of tens of thousands, cannot form any part of the first four 
figures of the square. Continuing to reason thus, it is evident 
that, in order to find that part of the square which contains 
the square of the left-hand figure of the root, we point off the 
figures of the square into periods of two figures each, beginr 
ning at the right hand. This, therefore, is the first step. 

As the square of the tens is a number of hundreds, and as 
the square of the units (121) cannot exceed two figures, it is 
evident that the square of the units can form no part of the 
square of the tens. 

Again, the addition of 2 ab to the square of the tens, cannot 
increase the root of the tens, by a single unit, because this 
unit would be 10, and the difference between a^ and (a -f- 10)* 
is 20a -f" 100 ; which, as 6 is less than 10, is greater 2ab^ 
Therefore, having pointed off the given number, to find the 
first figure, or tens of the root, we extract the root of the great- 
est square contained in the left-hand period of the square, and 
place it as we do a quotient figure in long division. This is 
the second step. 

We square the root found, and subtract its square from the 
left-hand period of the given number. To the right of the 
remainder we bring down the next period of the square. This 
is the third step. 

The number last formed is called the new dividend. 

Having subtracted the square of the tens, or a*, it is evi- 
dent that the remaining part of the square contains 2ab -{- b^. 
It is also evident that, as 2ab is a number of tens, it cannot 
form part of the right-hand figure of the new dividend, for 
which reason we point off that figure, and consider the part on 
the left as containing 2a X b. Now the figure already found 
in the root is a; we therefore double it, and place the product, 
as a divisor, on the left of the new dividend. Then, as the 

21* 
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prodact of two nnmbers, divided by one of them, gives tlie 
other, we divide the left-hand part of the dividend by the 
double of the root found, which is 2a, and the quotient, or 
unit figure b, we place in the root, on the right of a, and also 
on the right of the divisor 2a. This may be called tile fourth 
step. 

Lastly, we multiply the divisor by the quotient %ure b, 
and it is easy to see that as this figure is placed on the right 
in the divisor, we have in the product the square of b and 
2ab. This, therefore, completes the square. We then sub- 
tract, and if the given number is a perfect square consisting 
of two periods there will be no remainder, and the work is 
done. This may, therefore, be called the last step. 

If in multiplying the divisor by b, the product is greatep 
than the new dividend, we diTninish b till the subtracHoni 
becomes possible. 

Examples, 

Required the square root of 225 : 

a+6 
2,25 (15 square root. 
a^=\ 

2a-\-b=z2b 12,5 new dividend, 

12 5=2a6+5« 

*** 

Proof: 15X15 = 225. 

In this example, the first step is to point off the two right- 
hand figures 25 of the square ; the second, to find the greatest 
square in 2, which constitutes the left-hand period, and as this 
is 1, or rather 1*, (169,) we place its root 1 in the quotient, 
as in division. The third step is to subtract the square of 1, 
or a*, from 2, the left-hand period, and to bring down the 
period 25 on the right of the remainder, which makes the new 
dividend 125. The fourth step is to point off the right-hand 
figure 5 of this dividend, and divide 12, the part on the left, 
by 2 tens, or 2aj the double of the root found. Now, thongh 
the divisor 2 is contained 6 times in 12 ; as we must place 6 
on the right of the divisor 2 tens, in order to have the square 
of the units, it is easy to see that because 6 is not contained 
6 times in 5, the figure pointed off, the product would be too 
great. We therefore place only 5 in the root, and on the right 
of the divisor 2 tens. The last step is tp multiply the divisor 
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25 by 5, the unit figure of the root, which gives 125 ; that is 
to say, 2ab -(- b^. We then subtract, and as there is no re- 
mainder, we find that 225 is a perfect square, and the square 
of 15. To prove the work, we square the root 15, which gives 
the square 225. 

362. From what has been said, we easily perceive that, if 
the square consists of more than two periods, the root will 
contain more than two figures. In this case, we find the two 
first figures of the root, as in the preceding article. Then, if 
we seek another figure in the root, it is evident that the two 
figures already found are tens with regard to that figure. It 
is also evident that the square of the part of the root already 
found, which, in accordance with the general formula, we may 
call a*, has already been subtracted from the given square : 
seeing that we have subtracted the square of its tens, twice 
the tens multiplied by the units, and the square of the units. 
Therefore, in seeking a new figure of the root, we bring down 
the next period to the right of the remainder, which forms a 
new dividend ; and as this dividend, from what has been said 
above, contains 2ah -f- ^^ — ^that is to say, the double of the 
two figures, or tens, already found, multiplied by the unit 
%ure which we are seeking, and the square of that unit figure, 
it is plain that, to find the new figure, we must point off the 
unit figure of the new dividend ; and, taking the double of 
the two figures, or root, already found, for a new divisor, the 
new figure will be found in dividing the left-hand part of the 
new dividend by this divisor, and the operation is completed 
as before. 

Having thus taken away the square of the tens of the root, 
which now consists of three figures, and may be called a, 
together with the square of the units, and twice the product 
of the tens and units, we have taken away the square of this 
root ; and it is easy to see that, in seeking still another figure 
of the root, the part on the left— that is, the three figures now 
found — will be a number of tens with regard to it ; and as the 
square of these three, or a', has already been subtracted, we 
form a new dividend^ double ths root already foundj for a 
divisor, and proceed to complete the operation, as usual. 
Wherefore, in seeking a new figure of the root, the double of 
the root already found, or 2a, is the general divisor ; and to 
form this, we have only to douhh the right-hand figure of the 
preceding divisor, carrying a unit, when necessary, to the 
next figure on the left. In this manner, therefore, wc can 
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extract the root of a 0qaare consisting of any number of 
periods. 

Example, 

Kequired the square root of 81632489796 : 

8,16,32,48,97,96 (286714 
4 



48 


41,6 
884 


565 


323,2 

282 5 


6707 


4074,8 
39949 


67141 


7999,7 
57141 


571424 


228569,6 




228569 6 






368. The square being formed by the multiplication of a 
quantity into itself, the root of a square is one side of the 
figure^ or it is the number whichy multiplied into itself, wiU 
produce the given square, A prime number, therefore, not 
being divisible by any other number, cannot be the square <^ 
any whole number, and therefore cannot have an integral 
root. For example, we cannot, in whole numbers, have the 
square root of 2; because no whole number multiplied by 
itself will produce 2. Again, as the square of 1 is 1, it is 
plain that the square root of 2, if possible, must be a quantity 
between 1 and 2 ; it is, therefore, 1 and a fraction. Suppose 
this mixed number reduced to an improper fraction and ex* 
pressed in its lowest jberms : then these terms are prime to 
each other, and the square of this fraction; that is to say, 
the square of the numerator divided by the square of the de- 
nominator must be equal to 2. But we have seen (179) that 
the squares, cubes, &c. of numbers, prime to each other, are 
still prime to each other ; and, therefore, it is impossible that 
they can have any common factor, much less is it possible that 
one can be a multiple of another. From this it is evident that 
the square root of 2 cannot be expressed by any definite num- 
ber, whole, fractional, or mixed. 
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In the same manner it may be shown that the square root 
of any prime number whatever is impossible. These roots aro 
therefore called surd^y irrational^ or %ncommensurable,'\ 

364. We have seen that the construction of decimals is the 
same as that of whole numbers ; hence^ a finite decimal num- 
ber, whether fractional or mixed, may be read as a number of 
units of its last decimal order. The part on the left of the 
last decimal order is therefore a number of tens with regard to 
that order. Hence also it is plain that, if we fix upon any 
figure in a decimal number, the whole of the figures on the 
left, including the integers, constitute a number of tens with 
regard to that figure ; consequently the square root of a deci- 
mal number is extracted, by means of the formula a* -|- 2ah 
-f- br^ precisely in the same manner as that of a whole number, 

365. As we point oif a whole number, beginning at the 
right, it is plain that, having extracted the root of the integral 
part of a decimal number in the usual manner, we must, to 
form a new dividend, bring down a new period ; that is to say, 
two decimal figures ; and, as these (369) will give but one 
figure in the root, we must, for every decimal figure required 
in the root, have two decimal figures in the square. This is 
evident also from the multiplication of decimals, (234.) To 
extract the square root of a decimal number, therefore, we 
begin at the comma and point off the integral part, as usual, 
towards the left ; then, recommencing at the comma, we point 
off the decimal part into periods of two figures each, proceeding 
towards the right, and making as many periods on the right 
of the comma (234) as we would have decimal figures in the 
root. This we can easily do by placing ciphers on the right 
of the decim^al part. 

366. From the above we easily infer that, though we cannot 
definitely express the value of the mixed number which is the 
square root of 2, or that of any other surd, we can approach 
to it, decimally, as near as we please; that is to say, so 
that the error in the square may be less than any assignable 
quantity. 

This we shall endeavour to elucidate. Suppose the root, 
already found, to be integral, its last figure being units, and 
call this part of the root a. The part wanting to complete 
the root, qp^, is (220) less than a unit. Suppose it a unit ; 

* Absurd. t ^ot to be measared. 
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then, as 2ab is (361) the only part of the square which can 
affect the square of the tens — that is, of the root found ; and, 
as 5 is a unit, 2ab is the same as 2a : and therefore, as this 
is too great, the difference hetween the square of the root found 
and the true square, can never equal the double of the root 
found ; even when the unit b is integral. But we are now 
9peaJcing of b as fractional ; and as a number multiplied by a 
fraction is ^335) always diminished, it is plain that ifb=^ 
— that is, it we extract the root to one place of decimals — the 
part lacking in the square must be less than y^^ of twice the 
root found, or than ^ of the root found. If we extract it to 
two places — that is, if 6 == jj^ — the part lacking will be less 
than yJ^ of twice the root found, or than ^\y of the root found. 
In the same manner, if we have 3, 4^ 5, 6, &c. decimals in 
the root, the part lacking in the square will be within -gh^, 

sikjiy ZTiUj57 -Em^JiJiy &c. of the root found; and hence, by 
the number of units of which the integral root will consist, 
we can judge beforehand of the error in the square, and ex- 
tract the root accordingly to any proposed degree of eaxictness, 

Examples, 

1. Required the square root of 2, so that the square of the 
root may be within j^j^j^ of the number 2. 

By'the above reasoning, if we extract the root to 4 deci- 
mals, its square will differ from 2 by less than -g^^j^ of its 
integral root ; much more, then, will be within ^ A^j, and con- 
sequently within y^jjjf of the number 2. Wherefore, placing 
8 ciphers on the right of the 2, as decimals, or, which is 
better^ conceiving them to be so placed, we proceed thus : 

2(1,4142 Proof: 1,4142 

1 1,4142 



24 10,0 28284 

9^ 197988 

281 40,0 ^97988 

281 1,99996164 

2824, 1190,0 
1129 6 



28282 6040,0 
56564 

383 6 
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The sqaare of 1,4142 is, therefore, not only within ^uV^ of 
the number 2, as required, hut differs from 2, by leas ^m 

9. Ee^uired the square root of 143, such that the difference 
between the square of the root and 143 shall be less than j^nj^ 
of a unit. 

We first consider whether four places of decimals will be 
sufficient. To ascertain this, as we know that the root will be 
nearly 12, and that the square of the root extracted to 4 places 
will be within x^j^iy ^^ *^® integral root, we divide 11 ty 5000, 
thus : sl^jfy wnich fraction, being greater than jT^y^, shows 
that the error in the square may be too great. Then, as 5 
places will, by the above reasoning, give the error within 
^oVuTJ' w^^<)^ ^ much less than ji^ij^ of a unit, we are sure 
that the root extracted to 5 places will be as near as we re- 
quire ; that is to say, the difference between its square and 
143 will be less than j^^^^y of a unit. 

We therefore extraet the root to 5 places of deoims^, aei 
fellows : 

143, (11,95826 
121 



229 


220,0 
2061 


2385 


1390,0 
1192 5 


23908 


19750,0 
19126 4 


239162 


62360,0 
47882 4 


2391646 


1452760,0 
1484987 6 



17772 4 

Knowing that the square root of 143 must, in whole num^ 
hers, be 11, the square of 12 being 144, we place 11 in the 
root, at once, with a commu on the right ; and, having sub^ 
tracted its square, we double it for a divisor, and proceed aa 
usual. 

To verify the above method of ascertaining the appioximft" 
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tion of the square of the root to the true square^ or proposed 
number, we will now square the root, supposing it to contain 
four decimals; thus : 

11,9582 
11,9582 

• 239164 

956656 
597910 
14230258 

142,99854724 
143, 

,00145276 

Whence we perceive that the error is too great, as was pre- 
dicted. 

Let us now square 11,95826 : to do which we may consider 
the part 11,9582, the square of which we have already found, 
as tens, or a, and the last figure 6, as units, or b. The square 
of this binomial then contains a* 4" 2a6 -f- 6*. Now 

11,9582 = -VmV, and the figure 6 = TTJiftjuu ; therefore 

^ = TUifijTJTJ X TdifijUD = ,0000000036 

,,, - , , , 142,99854724 

and the square found above, a* == r = 

D^uai^ Auuuu uuuvc, u 142,9999822276 

Having added the several parts, the sum, which is the square 
of 11,95826, is not only true to within a thousandth, asVas 
predicted, but even to less than a ten-thousandth. The scholar 
may verify the square, thus formed, by squaring 11,95826 in 
the usual way. 

367. The periods of the square show not only the number 
of figures in the root, (361) but also the order of those figures. 
For, as the square of the left-hand figure is contained in the left- 
hand period, whatever may be the number of periods or figures, 
the square of any figure is contained in the period which an- 
swers to its ordinal place; that is, when a period is brought down 
to form a new dividend, the order *of the figure resulting from 
its division, is found bt/ beginning at the right hand and count- 
ing on the periods of the square, as if they were single JigureSj 
units, tern, hundreds , (fee, till we rest on the period brought 
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dovm ; the name pronounced on this is the order of the figure 
resultiDg from its division. Consequently, when any new di- 
vidend; after pointing off its right-hand figure, does not contain 
the double of the root, or general divisor, we mvst place a cipher 
in the root and on the right of the divisor y bring down another 
period^ and proceed as usual, 

368. The square of tenths being hundredths, (234,) the square 
of hundredths, ten-thousandths, &c., it is plain, that the order 
of the decimal figure, resulting from the division of any deci- 
mal period, may be. determined by beginning at the comma and 
counting on the periods j as though they were single figures^ till 
we rest on the period in question^ tenths^ hundredths, thou- 
tandthsj Sc. ; and therefore, that the above rule, for placing a 
cipher in the root, applies also to decimals. This is analagous 
to the rule for placing a' cipher in the quotient in- division. 
(151.) 

For example, if, in extracting the square root of 143, as in 
the preceding article, we seek another decimal figure, as the 
new divisor is 2^91652, and the new dividend, after cutting off 
a cipher on the right, is 1777240, we find, that this decimal 
figure must be a cipher; we should therefore, to continue the 
operation, place a cipher in the root and on the right of the 
divisor, and another period, that is, two ciphers, on the right 
of the new dividend. The new divisor would then be 23916520, 
and the new dividend 1777240000, with which we should pro- 
ceed as usual. 

369. Having obtained several figures of the root, we can, 
simply by division, find as many more, minus one, as follows : 
Form the new divisor, as usual, place one cipher on the right 
of the remainder, instead of two, for a new dividend ; then if 
the divisor is not contained in it, place a cipher in the quotient, 
or root, as we should do in the ordinary method ; cut off one 
figure on the right of the divisor, and divide by the divisor thus 
diminished. Should the divisor be still too great, place another 
cipher in the root, and cut off another figure, and so on, till the 
divisor is contained. Then proceed in the division, as in ar- 
ticles 244 and 245, cutting off a figure of the divisor, at each 
partial division, and taking notice in the multiplication, of 
what would be to carry from the figure last cut off Thus con- 
tinue the operation till the quotient contains as many figures, 
minus one, as were previously found in the root ; or, which is 
the same thing, till the divisor consists of only two figures, or 

three figures* if the double of the first figure of the root exceeds 

22 
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10. The figures of the quotient^ including the ciphers^ if kox 
are no many new figures to place in the root; on the right or 
-icise previously found. 

370. The student will perceive, that by this method, we do 
not subtract the square of the part of the root which we are 
seeking. But we have seen (361) that this cannot affect the 
square of the tens ; therefore^ it cannot affect the dividend 
which we are dividing. Again, in the division, as we place a 
figure in the quotient before we cut off a figure from the divi- 
sor, and, subsequently, a figure, for every figure cut off, it is 
^ plain, that in limiting ourselves to one figure less than the root 
already found, we shall, at the end of the operation, have, at 
least, two figures of the divisor left. Now, as the operation 
could (247) be carried one place farther and give the quotient 
correct within a unit of the next decimal order, this method 
will always give a true result. 

For example, having found the first seven figures 11,95826 
of the root of 143, as in art. 866, we find the. next six figiiffes 
of the root thus : 

23,0,1,6,5,2) 1777240(074310 

103084 

7418 

243 

4 

The new divisor not being contained in the new dividend, 
we place a cipher in the quotient. We then cut off one figure 
from the right of the divisor, and, as the divisor thus reduced 
is contained 7 times, we place 7 in tbe quotient. Then, as the 
figure 2, which is cut o% multiplied by 7, gives 1 to carry, we 
say, 7 times 5 is 85, and 1 is 3^ ; 36 from 40 leaves 4, whick 
we write underneath and carry 4, as is usual in this mode of 
contracting a division. We thus, in multiplying each new di- 
visor by its quotient figure, add what is to carry from that 
figure o/the divisor which was last cut off. In other respects 
we proceed as usual. Having obtained the six figures 074310, 
we place them on the right of the root found, which becomes 
11,95826074310. As we now have 11 decimals, its square 
(366) will be within ^n^yuu J^^^^^ of the integral root ; hence, 
it will differ from 143 by less than 7^^^1/^)0151111 ^f a unit. 

To have more figures in the root, Dy the above method, we 
square 11,95826074310, and find that the square, which is 
142,9999999099665641976100, is not only within j^xj WciyTJDiJ 
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of the number 143, aa was predicted, but even within 

lJ51515J5JiJ5JiJiJil5' 

We then find the di£ference between this square and 143. 
Now this is evidently the same as the difference between the 
number on the right of the figure 9 which is most remote from 
the comma, and a unit of the order of this 9. This difference, 
that is to say, the difference between any number and its alt, 
is the arithmetical complement of that number ; we therefore 
write the number 665641976100 and find for its arith. comp. 
334358023900. Now a cipher placed on the right of this, 
forms the new dividend, and the double of the root or new di- 
visor is 239165214862a. But as the equimultiples of two 
numbers contain each other as often as the numbers do, we 
omit the cipher on the right of the divisor, and also the cipher 
which we should plaee on the right of the complement, which, 
therefore, we take for a new dividend, and proceed, as in the 
previous division, thus : 

23,9,1,6,5,2,1,4,8,6,2) 334358023900 (13980211298 

95192809088 

23448244580 

1918375243 

5053525 

270221 

31056 

7140 

2357 

206 

15 

and placing the quotient, as before, on the right of the root, 
we have 11,9582607431013980211298 for the root; the square 
of which, as we now have 22 decimals, will (366) differ firom 
148, by less than one hundred quintillionth of a unit. The 
square in effect is 142,99999999999999999999902525357183- 
936726844804 ; which, aa we have 21 nines, differs from 143 
by less than a sextiUionth of a unit, and is nearer than wag 
predicted. 

371. At the next operation, we could, easily find 23 new 
figures of the root, which would then contain 47 figures, and its 
square (366) would consequently differ from 143 by less than 
a ten-trededUionih of a unit; and, consequently, the number 142 
would be followed by at least 43 nines. Thus, though the root 



256 EXTRACTION OF THE SQUARE ROOT. 

can be found within any prescribed limit; it never can he eocactly 
ascertained. 

The student will, however, have some idea of the minuteness 
of the unit which would then be wanting to complete the square, 
when he is informed that, if we suppose the whole globe we 
inhabit to be composed of sand, such that a cubic inch would 
contain ten milUons of grains, a ten-tredecillionth of the globe 
would be less than the billionth part of one of these extremely 
minute grains, which part, could the grain be so comminuted, 
could never be discovered, even by the aid of the most power- 
ful microscope. 

372. If we square a fraction, the numerator of the square is 
the square of the numerator of the fraction, and the denomi-. 
nator of the square, the square of the denominator of the frac- 
tion. The square of a fraction, therefore, is the square root of 
its numerator, divided hy the square root of its denominator ; 
consequently, to find the root, when the numerator and deno- 
minator are squares, we extract the root of each, and the work is 
done. But, as this is seldom the case, for a general rule, we 
m&yjlnd its equivalent decimal fraction, and extract the root 
of the latter, taking care to have twice as many decimal places 
on the right of the comma, in the equivalent, or square, as we 
would have decimals in the root. Also, from what has been 
said in the preceding articles, it is plain, that if the first period 
on the right of the comma consists of ciphers, the first figure 
of the root, that is, the figure in the place of tenths, will be 
a cipher, and that, if we have several such periods in succes- 
sion, on the right of the comma, we must 'place one cipher in 
the root for each, that is to say, between the comma and the 
first significant figure ; and, if on the periods of the square, we 
count, as though they were single figures, tenths, hundredths,, 
thousandths, &c., the first significant figure of the root will be 
of the order pronounced on the period from which it is derived. 
* 373. The following rule is also general : Multiply the nu- 
merator of the given fraction hy its denominator, and divide 
the square root of thejproduct hy the denominator. This last 
rule is thus explained : if we multiply both terms by the de- 
nominator, we do not alter the value ; therefore, the square 
root of the new fraction is the square root of the given one. 
But the square root of the new fraction is the square root of its 
numerator (which is the product mentioned in the rule) di- 
vided by the square root of the denominator ; that is, by the 
denominator of the given fraction. 
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To extract the square root of ^^, we take the square root of 
9 for a numerator, and the square root of 25, for*a denomina- 
tor. The square root of ^^ is therefore |. Proof : f X f =5^7' 

But, if we require the square root of |, as neither term is a 
square, we multiply 3 by 7, and, if we want the root so near 
that its square may differ from | by less than a hundred-thou- 
sandth of a unit, we extract the root of 21 to 6 places of de- 
cimals, and divide it by 7. For, though the root of \ must (207) 
be greater than ^, it cannot equal a unit, because its square 
would then be a unit, or more ; therefore, the square of the 
root, being within \ of the root found, that is, within ^ of a 
unit, for one decimal, -^ for two, &c., (366,) will, if extracted 
one place farther than the proposed limit, always be within that 
limit; and it is evidently the same for any proper fraction. 

Operation. 

21 (4,582575 -f- square root of 21 
85 50,0 7 )4,582575 + 

9?62 ^360,0 ,654653 + square xoot off. 

91,6,4 ) 52760 (575 

6940 
526 

68 

The work is here contracted by omitting to write the pro- 
ducts, as well in the extraction as in the division : the subtrac- 
tion being in both cases performed mentally. 

Or, we proceed thus : 

f = ,42857i (318) and extracting the root as follows : 



125 


,428571 (,654653 + 
68,5 


1304 

13086 

1309,2) 


607,1 
8554,2 
70268 (53 
4808 




881 



We have the same result as before. 

The only difference between the extraction of the root of this, 
and the extraction of that of an ordinary decimal is, that in 

22* 



258 EXTRACTION OP THE SQUARE ROOT. 

extending the operation, instead of annexing ciphers, we re^ 
peat in their proper order y the figures of the period. 
To verify the approximation, we square the root thus : 

,654653 
,6 54653 

y 1963959 
3273265 
3927918 
35351262 54 tunes. 
3927918 



,428570550409 

The difference between this square and f is ,000000878162+, 
which plainly shows that it is within the prescribed limit. 

374. The sign i/, called the radical sign, from the Latin 
radix, a root, is placed on the left of a quantity, to denote the 
extraction of some root of that quantity. Alone, it signifies 
the square root ; and any other root is designated by placing 
over the sign an index corresponding to the index of the power, 
the root of which is to be extracted. Thus, for the square root, 
we write |/, orj/ ; for the cube root, -^ ; for the fourth root, 
t/, and 80 on. ffence, -/^^ _ _8_ . 2/i|9 ^ i| . y^^ ^ 2. 



1. v/2209=47 
2. . i/'4096 = 64 
3. 1/32761 = 181 



Examples. 

4. 1/51529=227 

5. 1/5764801 = 2401 

6. "1/328115878596 = 572814 

7. Kequired the square root of 5, so near, that its square 
may differ from 5 by less than a ten-thousandth. 

Ans. 2,23606. 

8. Required the square root of 13, so near, that its square 
may differ from 13 by less than a hundred-thousandth. 

Ans. 3,605551. 

9. Required the square root of 3, so near, that its square 
may differ from 3 by less than a millionth. 

Ans. 1,7320508 -f 
10. Required the square root of 19, so near, that its square 

may differ from 19 by less than a quadrillion th. 

Ans. 4,3588989435406785 ; the square of which differs 

from 19 by 45539145116639775 hundred-nonillionths, or rather 

less than half a quadrillionth. 
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Beqnired the square root of the following fractions, so near^ 
that the square of each root may differ from the fraction which 
gave it by less than a millionth. 



11. i/| = ,9128709 

12. i/-i = ,8164965 

13. {/i = ,8819171 



14. |/JL = ,8528028 

15. -[/Jj =,2773500 

16. -j/^J^ = ,0316385 



17. Having ten square lots of ground, the first containing one 
acre, the second, two, the third, three, &c., to the tenth inclu- 
sive ; required the length, in ft. and inches, of one side of each. 



No. 6. 511ft. 3 in. — 

No. 7. 552 ft. 2 in. + 

No. 8. 590 ft. 4 in. — 

No. 9. 626 ft. U in + 

No. 10. 660 ft. 



Ans. No. 1. 208 fl. 8^ in. + 

No. 2. 296 ft. 2 in. — 

No. 3. 361 ft. 5^ in. + 

No. 4. 417 ft. 5 in. + 

No. 5. 466 ft. 8 in. + 

18. Having 6 acres of ground which we wish to plant with 
apple-trees, in equidistant rows, at right angles to each other, 
at what distance must the trees be placed, so that we may have 
20 on the first acre, 30 on the second, 40 on the third, 50 on 
the fourth, 60 on the fifth, and 70 on the sixth ? 



4th at 29 ft. 6in. -- 
5th " 26 ft. 11 in.- - 
6th " 24 ft. 11 in.- - 



Ans. On the 1st acre at 46 ft. 8 in. -|- 
« 2d « 38 ft. 1 in. + 
" 3d " 33 ft. 

19. Wishing to plant 529 trees in equidistant rows, at right 
angles to each other, so that the orchard may form a square, and 
have 35 trees to the acre; we would know the number of rows, the 
number of trees in each row, the distance, in feet and inches, 
from tree to tree, and how much land the orchard will contain. 

Ads. 23 rows ; 23 trees in each ; 35 ft. 3 in. -f- apart, and 
15 A. 18 P. -]- iR the orchard. 



SECTION XX. 



ESTRAOTION OP THE CUBE ROOT — EXTltAOTION OF THE 

BOOTS OP ALL POWERS. 



Extraction of the Cube Root 

875. The -cube of a number being a product in which the 
number is three times &ctor, the cube root of a number is the 
nwmheTy which being written three times and involved^ pro^ 
duces the given mrniber. 
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Now the cube of one figure can never conaist of more tban 
three figures, (121,) neither can the cube root of a number ex- 
pressed by three figures consist of more than one figure j for, 
if we suppose it to consist of two, its square (121Xniu8t con- 
tain at least three, and its cube four or five. The cube root, 
therefore, of a number, which is a perfect cube, and which 
does not contain more than three figures, must be one of the 
nine digits, and may easily be foimd by the table of powers. 
(367.) 

876. If the cube consists of more than three figures, the root 
will contain two or more, because the product of two numbers 
cannot contain more figures than both factors. Now, if the 
root consists of two or more figures, we may consider it as a 
binomial, that is, as consisting of tens and units ; then, calling 
the tens a, and the units &, we shall cube a-\-h\)j multiplying 
its square, which is already known^ by a -^ 5, thus : 

a* + 2a6 + 5« 

a» + 2aa6+ a6« 

a^h + 2aft« + V" 

a^ + 3a«5 + 3a6» + 6» 

from which we -find, that the cube of a number, consisting of 
tens and units, contains tTie cube of ^ tens, three times the 
square of the tens multiplied hy tke units, three times the tens 
multiplied hy the square of the units, and the cube of the units. 
By this formula, which shows the constituent parts of the cubei 
the cube root is extracted. 

377. We may also verify this formula arithmetically, by ap- 
plying its several parts to the dimensions of a foot; namely; 
(10 -|- 2) inches, thus : 

as = 108 = 1000 ^ 

Sa^b = .3 X 10» X 2 = 600 I ^ , . ..^ 
3ai« = 3 X 10 X 2« = 120 f ^""^'^ "''^^^^• 

6« = 2» = 8 ^ 

The sum of the several parts being 1728 cubic inches, the 
true content of a cubic foot, shows the correctness of the 
formula. 

378. We may also verify the formula geometrically by con- 
structing a cube according to its several parts, thus : 
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Let a' be represented by the following cube : 



3a^&; by tbe three following parallelepipeds : 






K 



3a&*, by the three folloving parallepipeds : 



^ 



and 6* cubed by the following cube : 




All these solid figures combined, form the following figure, 
which is the cube of a -f- ^ • 
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To extract the cube root of a number by means of the for- 
mula just established, we reason as follows : Every number, 
consisting of two or more significant figures, may be considered 
binomial, and the cube of its tens — that is, the cube of the num- 
ber on the left of its unit figure — must be a number of thou- 
sands ; because 10° = 1000, and therefore cannot form any 
part of the three right-hand figures of the cube. Again, if 
the part of the root, considered as tens, contains more than one 
figure, the part on the left of its right-hand figure is a number 
of tens with regard to that figure, or a number of hundreds, 
with regard to the first ; therefore, as 100» = 1000000, the 
cube of this part, being a number of millions, cannot form any 
part of the first six figures of the cube. Continuing to reason 
thus, it is evident, that in order to find that part of the cube 
which contains the cube of the left-hand figure of the root, we must 
point off the figures of the cube into periods of three figures each, 
beginning at the right-hand. This, therefore, is the first step. 

Again, the addition of the minor parts of the cube to the 
cube of the tens can never increase the root of the tens by a 
unit, because this unit would be 10, and the difference between 
a» and (a + 10)» is 3a« X 10 + 3a X 10« + 10«, which, as 
10 is greater than 6, is greater than ZaH) + 3a6" -f~ J*. There- 
fore, having pointed off the given number, to find the first 
figure, or tens of the root, we extract the root of the greatest 
cube contained in the left-hand period of the given number, and 
place it as we do a quotient figure in division. This is the se- 
cond step. 

We cube the root, and subtract its cuhefrom the lef^hand pe- 
riod of the given number ^ and, to the right of the remainder, 
we bring down the next period of the cube. The number thus 
formed is called the new dividend. This is the third step. 

Having subtracted the cube of the tens, or a^^ the remain- 
ing part of the cube contains ZaH) -f- 3ai^ -f" ^- We must 
therefore endeavour to find these three parts, add them together, 
and subtract their sum from the new dividend. Now the root 
a is a number of tens, and as 3a*6 is a number of hundreds, 
it cannot form part of the two right-hand figures of the new 
dividend. We therefore^otw^ off those two figures, and consider 
the part on the left as containing 3a*6 3 that is, the triple square 
of a multiplied by b. Then, as the product of two numbers, 
divided by one of them, gives the other, w© square the root, 
multiply its square by 3, and plaice the product for a divisor, on 
the left of the new dividend. We then divide the left-hand 
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part of the new dividend hy the divisor ^ and place the qtiotient 
or unit figure hy in the rooty on the right of a. This is the 
fourtli step. 

We next draw a line under the new dividend, and, under- 
neath this, we place the remaining parts bf the cube in order, 
as we find them from the formula. We first multiply the di- 
visor hy hy and, because 6" is a number of hundreds, we place 
two ciphers on the right, which evidently gives ^a^hy and place 
the product under the line. We then square hy multiply the 
square hy 3a, and placing a cipher on the righty because a 
is a number of tens, we write this product under the other. 
Lastly, we cuhe hy and having written its cuhe under the lincy 
we add the three parts togethery and suhtract their sum from 
the new dividend. As this completes the cube of the two 
figures of the root alr^dy found, it may be called the last step. 

If the sum of the three parts should exceed the new divi- 
dend, h is too great, and must be diminished till the subtrac- 
tion becomes possible. Also, the subtraction shows whether 
the given number is, or is not, the exact cube of the root ob- 
tained. For, as the sum of the minor parts completes the cube 
of the root, if this agrees with the new dividend, that is, if the 
subtraction leaves no remainder, the given numher is the exact 
cuhe of the root found. If the subtraction leaves a remainder, 
the given numher is not the exact cuhe, 

379. We will now cube 27, and then^ by the formula, ex- 
tract its root. Thus : 

27X27X27 = 9X9 X9X9 X 3=6561 X 3 =19683 

a,& 
19,683 (2,7 
a* = 8 greatest cube in 19 



partial 


divisor. 3a* — 


12 116,83 




3a«6 — 

Safta — 

hf^ = 


84 00 

29 40 

3 43 



116 83 



This operation, having been sufficietly explained in the pre- 
ceding article, needs no farther development* There is, how- 
ever, a difficulty, too obvious to be neglected|^ which is, that as 
the divisor, which is 12 hundreds, is contained 9 times in the 
116 hundreds of the new dividend, the scholar would, if not 
further assisted, naturally place 9 in the quotient; and wouldi 
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after completing the minor parts^ find the quotient too great; 
He would next try 8, and^ after again performing the operation^ 
would again find the result too great ; and, as this difficulty 
very frequently occurs in extracting the cube root, he would 
find such useless trials very discouraging. This difficulty we 
shall endeavour to obviate as follows : The minor parts of the 
formula being 3a*6 -f- 3a6" + ^> if we divide each term by ft, 
we shall have for the general divisor 

3a» + Sah + 6» 
Now the second term of this divisor — namely, 3aft, com- 
pared with 3a', is ■?:—=• == — : and, therefore, if we increase the 

oar a 

divisor 3a' in this ratio, or nearly in this ratio, we shall, with 
the divisor so increased, obtain the figiffe h of the root, id all 
cases, much nearer the truth than with 3a' alone, and save 
the trouble of many ttseless trials. For instance, in the above 
example, we should see how often 12 is contained in 116 3 we 
find 9 times : this 9, which should be h, we place over the 
root already found, which is a, or 20, and thus we have ^ = 

-^j-, for the near ratio of J to a. Now as this fraction is 

greater than 4, we may safely add to the divisor 12 one-third 
of itself, which is 4. Then, instead of dividing 116 by 12, we 
divide 116 by 16, and have 7 for the quotient, which is the 
true figure of the root. 

Again, if we extract the root of the cube of 19, as above, we 
shall find the aforesaid difficulty still increased. Thus : 

19 X 19 :xC 19 == 361 X 19 = 6859 

a,h 
6,859(1,9 
1 the greatest cube in 6. 

Partial divisor 3a' =3* 58,59 new dividend. 

3a'6 27 00 

3a6' 24 30 

6» 7 29 

58 59 

Here the partial divisor 3a', which is 3 hundreds, is cott- 
tained in the 58 hundreds of the new dividend 19 times; but 

having recourse to the ratio — , we place 19 over a, which la 
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10; thxsa, \^ ; and, as this greatly exceeds a anit^ or whole, 
we find that the remaining part of the general divisor exceeds 
3a', and therefore the divisor 3 must be doubled. Where- 
fore, instead of dividing 68 by 3, we divide it by 6, which 
gives 9, the true figore scmght. This operation, which, after 
a little practice, will easily be performed by t^e scholar men- 
tally^ will occupy scarcely any tim^ and save much labour. 

380. From what has been said, (378,) we easily perceive 
that, after pointing off the given number into periods of three 
figures each, the left-hand figure of the root will be tens, if 
the number contains two periods; Ai^Tic^rec^, if it contains 
three ; thousomdsy if it contains four, and so on : and, there- 
fore, if any new dividend does not contain the divisor, we 
musi place a cipher in the rooty bring down a new period to 
the right of the dividend ) place two ciphers on the right of 
the divisor — hecatLse in squaring the root we shovM have two 
cipher 9 in the product — and proceed as usual. 

Example, 



86700 



4,965,203,816 (1706 
1 


39,65 


2100 

14 70 

3 43 


3913 


62 203 816 


62 020 000 

183 600 
216 


52 203 816 



Observe that, generally, it is only in finding the second 
figure of the root that we meet with the difficulty mentioned 
in the preceding article. In tiie libove example, as the dou- 
ble of the divisor 3 is contained 6^ times in 39, we place 7 in 
the root. The reason for placing rather more in the root, in 
some cases, will be seen when we consider that the less the 

23 
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figure is which follows a, the less will be the ratio — ; consfi> 

quently the doable of the divisor, which supposes this a ratio 
of equality, or unit, beiug somewhat too great, will give the 
quotient somewhat too little. Haying found 17, the two first 
figures of the root, in seeking a new figure, these two figures 
become a, er the tens of the root. The triple square of 17, 
which is 867, is therefore the second divisor. For, as in the 
square root, in completing and subtracting the minor parts of 
the cube according to the formula, we have already subtracted 
the cubd of the root found ; and, therefore, after the first 
extraction, we have continually those parts to repeat. When 
to the right of the remainder 52, we have brought down 203, 
which makes the new divdend 52203, and have pointed off 
the two right-hand figures, as the divisor 867 is not contained 
in 522, we place a cipher in the root; and, as the triple square 
of 170 would evidently be 86700, we also place two ciphers 
on the right of the divisor 867, and proceed as usual. 

881. The scholar may, if he pleases, after finding the second 
figure of the root, complete the geiieral divisor 3a' -\- 3a6 + 6"; 
in doing which he must observe that, as 3a' is a number of 
hundreds, 3a5, a number of tens, and 6', a number of units; 
the unit figure of each succeeding part must stand one place 
farther towards the right than the unit figure of the pre- 
ceding. 

Example, 

4,965,203,816 (1706 
1 

3a' = 3 -) 39,65 
3a6 



x« =3 ') 
ah = 21 [ 
h'= 49 3 



559 39 13 



3a« =86700 ■) 522038,16 
Sab = 3060 



h^= 36 






8700636 52203816 

882. We have seen (363) that the square root of a prime 
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namber is impossible, and it is evident that the same mode 
of reasoning will show that its cube, or any other root, is like- 
wise impossible. We can, however, as in the square root, 
extend the root decimally, so that the difference between its 
cube and the given number may be less than any assignable 
quantity. Now, as the root is three times factor in the cube, 
it is evident that, for every decimal figure in the root, we 
shall have three times as many decimals in the cube; and, 
therefore, we must constitute three times as many decimal 
figures on the right of the comma, as we would have decimals 
in the root. Also it is plain that, as the cube of ,1 is ,001, 
the cube root of the first three figures on the right of the 
comma, will give the tenths, or first decimal figure of the root ; 
that we must, as in the square root, begin at the comma to 
separate the decimal part into periods, which must contain 
three figures each ; that the order of each decimal figure in 
the root may be determined by beginning at the comma, and 
counting on the periods, tenths, hundredths, thousandths, &c.) 
till we rest on the period which gave it ; and, consequently, 
that we must place a cipher in the root when the divisor is 
not contained in the new dividend, as in integers. 

383. To ascertain how far we must extract the root, so that 
the cube of the root may be within a certain limit, we reason 
thus : Suppose that we have found the root in integers, and 
call it a : the part wanting to complete the root, or b, is less 
than a unit. Let h equal a unit : then, as the cube of the 
units cannot occupy more than three places of figures, it cannot 
affect the cube of the tens, which is a number of thousands. 
The only part, therefore, of the cube, which can affect the 
cube of the tens, is 3a'6 + 2^^*' ^^*> as 6 is a unit, 3a' b 
4- Zdb^ = 3a' + 3a = (a" + a) 3. Wherefore, as 6 is too 
great, the difference between the cube of the root found, or 
cube of the tens, and the true cube, or given number, cann/yt 
exceed (a* + a) 3, even when the unit b is integral. But, if 
we extract the root to one place of decimals, b will become -^j^ 
if to two places, yj^y ; if to three, y^^^, &c. ; and, therefore, 
the part wanting to complete the cube will be less than y^^j, 

Jhjii Tu'ffU^ ^^- ^^ (^' "I" ^) ^y accordingly. If, therefore, 
aving extrticted the root in integers, we add this root to its 
square and multiply the sum by three, ^^^ y J^, y^^j^, &c. "of 
this product will show within what limit we shall find the 
cube of the root, when it is extracted to one, two, three, &c. 
places of decimals. 
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384. To abricige tbe operation^ we may observe tltat^ as we 

progress in the extraction of the root^ the ratio — mentioned 

a 

above, (379,) is continnally decreasing. Thus, if the root 

contains two ficnires — is leas than a unit : if three, it is less 

° a ' 

than Jjj ; if four, less than j J^, &o. ; and therefore, if we form 

the divisor 3a', and place one cipher or figure, on the right 

of the remainder, instead of three, we may, by division, as 

in the square root, find as many new figures of the root as we 

have already fouiidy minus two figures. 

The following may serve as an illustration. As — is the 

part by which, as we have shown, (379,) the divisor should 
be increased, in order to give the quotient within a unit, the 
number by which we are dividing is somewhat too small, and 
our quotient will, consequently, be somewhat too great ; but, 
we have seen in the example above referred to, that when 

there are two figures in the root, — is less than a unit; when 

there are three figures, it is less than j'^, &e. ] bence it is evident 

that, in general, — is less than — th of the quotient; that is^ 

than a unit of its last, or right-hand figure. 
, Now, suppose we are dividing 9900 by 100, the quotient 
being 99, if we diminish the divisor 100 by less than -^^ of 
the quotient, — that is, by less than a unit, — it is plain that 
the quotient 99 cannot be increased by a unit, and will, there- 
fore, be within the limit proposed. 

Analogous reasoning will show that the above abridgement 
may in all cases be safely applied. 

Example. 

Suppose we would extract the cube root of 7, so that the 
cube of the root may differ ^om 7 by less than a millionth of 
a unit. 

It is evident that the root, in integers, is 1 ; and, therefore, 
that (a» -|- a) 3 = 6. Wherefore the cube of the root, with 
one decimal, will be within -^ ; that is, within a unit ; with 
two decimals, within j§^, or ^j^ of a unit, &c. of the number 
7 : consequently, to have the root, so that its cube may be 
within the proposed limit, we must extract it to one plaee 
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fiutfaer than that limit. The root must therefore contain 
7 decimals. 

7, (1,9129311 

1 



^ ) 


60,00 


27 y 




81 3 




651 


58 59 


1083 -) 


1 410,00 


57 f 


/ 


1 3 




108871 


1 088 71 


109443 ■) 


321 290,00 


1146 C 




4 3 




10955764 


219 115 28 


10967232 -) 


102174 720,00 


51624 C 




81 3 




1097239521 


98 751 556 89 


10977559,2,3) 


3 423 163 110 (311 




129 895 341 




20 119 749 




9 142 190 



The root is therefore 1,9129311, and its cube is 
6,999999091331611107231; which, as was anticipated, differs 
from 7 by less than a millionth of a unit. 

Again, taking the arith. com p. of the part on the right 
of the successive nines, and placing a cipher on the right, 
we form a new dividend : and taking for a divisor 3a", as 
usual, we can, by division, find six more figures of the root ; 
that is to say, two less than the number already found, as follows : 

1097791618004163) 9086683888927690 (827723 

304350944894386 

84792621293554 

7947208033263 

262666707235 

43108383635 

10174635095 

23» 
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It IS evident that, as the root, which is now 1,9129311827728, 
contains thirteen decimals, its cube should, according to the 
reasoning pursued above, differ from 7, by less than a unit 
of the twelfth decimal order — that is, bj less than a trillionth 
of a unit — which it does in effect, the actual number being 
6,999999999999021854419905611437426582067. 

The scholar will see that, by again taking the arith. comp., 
and proceeding as above, he • could now, by division, find 
twelve more figures of the root, and so on, to any degree of 
approximation : and that thus, though we can continuallj 
approach to the number 7, we never can obtain its exact root. 

385. As the cube of a unit is a unit, (170,) the cube root of 
a fraction must be a fraction : for, if its root could be a unit, 
or iBore, the cube of this root — that is to say, the fraction itself, 
would be a unit or more, which is absurd. Now, as the fraption, 
which is the root, is three times factor in the cube, its numerator 
is (2^6) three times factor in the numerator of the cube, and its 
denominator three times factor in the denominator of the cube. 
Therefore, to find the cube root of a fraction, when both terms 
are perfect cubes, we have only to find the cube root of each 
term, and place that of the numerator over that of the deno- 
minator. But, as we seldom find both terms perfect cubes, 
for a general rule, we reduce the fraction to a decimal^ and 
find the cube root of its decimal valv^y by the methods already 
given. Or, we multiply the numerator hy the square of the 
deno7ninatory and divide the cube root of the product by the 
denominator. This is done upon the supposition that wo 
have multiplied both terms by the square of the denominator, 
(which does not alter the value of the fraction,) and then 
divided the cube root of the numerator by that of the deno- 
minator, which is the denominator itself. 

Also, we shall always find the cube of the root of a fraction 
within a certain limit, by extracting the root one place farther 
than that limit. This will easily be seen by referring to the 
reasoning applied, in the preceding article, to the limit of the 
cube root of 7. 

Example. 

Suppose we would extract the cube root of ^, so that the 
cube of the root may differ from ^ by less than the hundred- 
thousandth of a unit. We extract the root to six places of 
decimals, thus, (818:) 
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147 
105 
25 



} 



,4285 7107539 
843 

855,71 



15775 


788 75 


16875 ■) 
675 y 

9 3 
1694259 


6696428 
. 50 82777 


1701027 ") 
20331 y 

81 3 

170306091 


1613651571 
15 32754819 



17050956,3) 



Hence the root 
Or thus : 



75 
30 
4 

7804 



} 



808967520 (47 
126929268 
7572574 
is ,753947 + 
3 X 49 = 147 
147, r5,277 
125 ^ 

220,00 



156 08 



8112 
1092 
49 

822169 



I 



63 920,00 



57 551 83 



833187 
11067 
49 

83429419 



] 



6 368 170,00 



5 840 059 33 



83540187 ) 

7) 5,277632 
,753947 + 



528 110 670 (632 
26 869 548 
1 807 492 
136 689 



\ 



272 bxtAagtion of the cube root. 

For the cube root of |, therefore, we have ,753947 + ; the 
cube of which is ,428570676309809123 ; and, as this cube 
agrees with the decimal value of ^, to the fifth decimal inclu- 
sive, it is evidently within the limit proposed. 

The student should prove the following 

Examples* 

1. ^24389 = 29 

2. ^5929741 = 181 

3. f/132105539357 = 5093 

4. Bequired the cube root of 3, so that the cube of the root 
may differ from 3 bj less than a ten-thousandth of a unit. 

Answer, 1,44224. 

5. Required the cube root of 1729, so that the cube of the 
root may differ from 1729 by less than a thousandth of a unit. 

Answer, 12,002314. 

In this example the operation may be abridged by placing 
12 in the root, at once, seeing that 1729 only exceeds the 
cube of 12 by a unit. Also the three last figures, 314, may be 
found by division. 

The student should always find for himself the limit of the 
root, by the formula (a» -f a)3, and verify it by cubing 
the root. 

6. Required the cube root of 1685176, so that the cube of 
the root may differ from the number by less than a hundredth 
of a unit. Answer, 119,0004. 

The reason why this root reaches the limit with so few 
decimals is, that the next two figures of it are ciphers. 

7. Required the cube root of 10795861, so that the cube 
of the root may differ from the number by less than a thou- 
sandth of a unit. Answer, 221,013648891. 

Let the cube root of the following fractions be extracted so 
that the cube of the root of each fraction may differ from the 
fraction which gave it by less than the millionth of a unit. 



8. f/f =,8735804 

9. 1^5 =,9499142 
10. ^y\ = ,7688809 



11. ^y2^ =,5358322 

12. Wl =,9196413 

13. ^Il =,9852919 



386. As the index of the power to which a quantity is 
raised shows the number of times that the quantity is factor 
in that power, it is plain that, when the index is even, 
the number of factors is even ; and, therefore, the power may 
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be considered as the square of the product arisiog from the 
involution of half the number of factors : consequently, if we 
take half the given index, the quotient will show to what 
power the quantify is reduced hy taJcing its square root. 
Again, when the index is a multiple of 3, it is plain that the 
power is the cube of the product arising from the involution 
of one-third of the number of factors ; consequently, if we 
take one-third of the given index, the result will show to 
what power the quantify is reduced by taking its cube root. 
Wherefore, in general, if we divide the index of a higher 
power of a quantity by 2, 3, 4, 5, &c., the result will show 
to what power the quantity is reduced hy taking its square 
rooty cube root, fourth root, fifth root, &c. 

387. Hence, the roots of all those powers, the indices of 
which are powers of 2, may be found hy the square root alone. 
Thus, to extract the fourth root, that is, to find a quantity from 
its fourth power, we first extract the square root, which gives 
the square of the quantity sought : we then extract the square 
root of the square, which gives the quantity itself. If we 
would extract the eighth root, the square root of the eighth 
power gives the fourth power ; the square root of th^ fourth 
power gives the square, and the square root of the square, the 
Quantity itself 

388. In like manner, the roots of powers, the indices of which 
are powers of 3, may be found hy the cube root alone. Thus, 
the cube root of the ninth power, gives the cube, and the cube 
root of the cube, the quantify itself. If we would extract the 
twenty-seventh root, the cube root of the twenty-seventh pow- 
er, gives the ninth power ; the cube root of the ninth power 
gives the cube, and the cube root of the cube, the quantity 
sought, 

389. Again, we can, hy the square and cube root combined, 
find the roots of those powers, in the indices of which 2 and 3 
are the only factors. For example, to find the sixth root, we 
should extract the square root of the sixth power, which gives 
the cube ; then the cube root of the cube, which gives the quanti- 
ty sought. Or, first extract the cube root, and then the square 
root. For the twelfth root, we may first extract the square 
root, which will give the sixth power ) the square root of the 
sixth power, will give the cube, and the cube root of the cube 
the quantity sought. 
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Extraction of the Roots of all Powers, 

390. When the index of the power is prime to 2 and 3, and 
consequently cannot be resolved into those factors, we can no 
longer obtain the root merely by the square and cube roots, 
and must, therefore, have recourse to another method. 

The scholar has already seen that we obtain the formula for 
extracting the square or cube root by considering the root un- 
der the form of a binomial, which binomial we square or cube 
accordingly. Now in raising a binomial successively to the 
higher powers, a law is found to exist in the formation of the 
terms of those powers, by means of which we obtain a general 
rule or formula for extracting the roots of all powers. 

Let the binomial be a -|- 5, as usual. Then if we raise 
a-^-hio any power, we shall find that the first term is a, raised 
to the given power j and the last term 5, raised to the same 
power. Also, if we subtract a unit from the index of the 
power, the remainder will show the number of intermediate 
termSf which consist of ah, the index of a, decreasing, and that 
of b increasing, each by a unit at a time. The index of b in 
the second term, being a unit, is not written. The number of 
terms, therefore, is one greater than the index of the power. 
Thus, if we would raise o + 6 to the seventh power, we have, 
according to the above, the following eight terms : a'y a^b, a*6*, 
a*b^, a^b*, a^¥, a¥, b^. 

391. To have the number which precedes each of the inter- 
mediate terms, called the coefficient, we observe the following 
rule : The coefficient of the second term is the index of the 
power. For the coefficient of the third term, multiply the co- 
efficient of the second term by the index of a in that term, and 
divide the product by 2. For the coefficient of the fourth 
term, multiply the coefficient of the third term by the index of 
a in that term, and divide byS, In the same manner, to find 
any coefficient, multiply the coefficient of the preceding term 
by the index of a in that term, and divide by the number of 
terms to that place inclusive. Thus, for the coefficient^ of the 
above series of terms we have 

for the second term, 7, the index of the power. 

7 V 6 
« third « L^ =21 

« fourth « ?1^=35 



KXTBAOnON or IBE BOOTS OF ALL POWKBS. 

for the fifth term, 




Tho seventh power of a -|- 5 is therefore, o' -|- la'b -j- 
aia'S" + S6a*l/' -f 35a»6' -f 21a'fr' + 7a6* + i^. 

892. When the power 18 odd, the nnmber of terms, being 
one more, is even ; and there are two middle terms, which have 
each the same coefficient. The coefficieuta which succeed the 
middle ones are Oie same as those which precede them, taken 
in an inverted order. When the power is even, the number , 
of terms isodd, and there is, conaequently, hut one middle term, 
the coefficients succeeding which are the same as those whicli 
precede it, taken in inverted order. Wherefore, loe do not 
calculate the coefficient! /arther than thentiddle one. 

393. A general formula, for raisinB a binomial to any power, 
according to the above method, is obtained as follows : Sup- 
pose we would raise a -|- i to a power signified bjany ntimber 
n. Then we have 



I «(«-lX»-2Xn-3) 



. +6". 



This general formnU, which was discovered by Sir Isaao 
Newton, and ia therefore called Newlmi's BinomuU Theorem, 
furnishes a general rule far extracting the roots of all powert. 

As in the square and cube roota we obtain the divisor from 
the second term of the formula, in which h first appears in its 
simplest form, so, irom the second term of the general formula, 
in which h is sUIl found in its simplest form, we obtain the di- 
visor for finding h in ang root whatever. In finding the second 
fignre of the root, by means of this divisor, which is na""', we 
are, however, subject to the same kind of difficulty which was 
experienced in finding the same figure in cube root; and this 
we shall endeavour to obviate in the same manner as we did in 
the extraction of that root. Thus, having first divided tho se- 
Doiid and third terms of the formula by b, to find two terms of 
a general divisor, we seek, in its simplest form, the ratio of 
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^ ^ — - ar^h to na^^. To find this, we first multiply both 

terms by 2, and have n (n — 1) a^^^h and 2na''~*. We 
then divide both by na^~*y and have (n — 1)6 and 2a. The 

ratio sought is therefore ^-^^ — - • Now to increase the divi- 
des /•„ T \r 

sor imC^^ in a ratio as near to the ratio ^— ^ — - as we can, we 

must observe, that h cannot exceed 9, and that when, from the 
formula, we find that the divisor will be considerably increased, 
U is better to diminish h hy at least a unit 

394. To extract the root of any power, therefore, we pro- 
ceed as foUows : As 10« == 100, 10^ = 1000, 10* = 10000, 
10^ = 100000, &c^ it is evident, that in raising to any power, 
the tens of a binomial root, there will be as many ciphers on 
the right as there are units in the index of the power ; and 
therefore, to extract any root whatever, it may be shown, as in 
the square and cube roots, that we must point off the figures 
of the number into periods of as many figures each as therb 
are units in the index of the power. This is the first stop. 

Seek the greatest figure, which, raised to the given power, 
is contained in the left-hand period, and place it in the root. 
This is the second step. This first figure, as well as its re 
quired power, may easily be found by injecting the table of 
potoers, 

Baise the first figure of the root to the given power, subtract 
the result from the left-hand period, and to the right of the 
remainder, 1)ring down the left-hand figure of the next period 
for a new dividend. This is the third step. The reason for 
bringing down only the left-hand figure is, that as we raise the 
root found, which is a number of tens^ to the next infcrioi 
power for a divisor, we should, as in the square and cube root, 
have to cut ofif as many figures on the right as there are units 
in the index of the given power, minus one; that is, as many, 
minus one, as are contained in a period. 

Then, for a divisor, raise the figure found in the root to the 
power next inferior to the given power, and multiply the re- 
sult by the index of the given power. This is the fourth step. 

Then in finding the second figure of the root, increase the 
divisor, as directed above, in order to find b nearer the truth, 
than by »a*~* alone. This is the fifth step, and very import- 
ant, seeing that to make several useless trials, in very high 
powers, is no trifling embarrassment. 
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Next, involve the root to the given power, subtract the re- 
sult from the two first periods of the given number, and to tho 
right of the remainder bring down the left-hand figure of the 
next period, to form a new dividend. This may be called the 
last step. For considering the whole root now found as a, 
we form the divisor na**~^,vand take all the steps in succession 
as before, except the fifth, which, after the second figure, will 
not often be needed, observing to subtract the root, when in- 
volved, from as many periods as there are figures in the root. 

895. With respect to the extraction of the root of a vulgar 
or decimal fraction, the scholar can find no difficulty, seeing 
that the methods of operating, for any root whatever, are ex- 
actly analogous to those pursued in the square and cube roots. 
The limit of the approximation of any root may also be found, 
as in the cube root. Thus, for the fifth root, the formula being 
a» -j- 5a*6 + 10a«6» + 10a«6» + Dab* + 2>», and the interme- 
diate terms 6a*b -J- 10a*6* + 10a*6' + 6ah*; if we consider 
5 = 1, we have, for ascertaining the limit, the formula, 5a^ 
+ 10a» + 10a« + 5a, or (a* + 2a» + 2a« -f a)5. 

Now if, when we have found the root in integers, we involve 
it, and form a number, according to this formula, j^^, y^^, y^^^n, 
&c. of the number thus formed, will show within what limit 
we shall find the fifth power of the root, when extracted to 
one, two, three, &c. places of decimals. 

Again, for the limit of the fifth root of a fraction, suppose 
the root to equal a unit, which is evidently too great, then as 
(a* + 2a« + 2a« + a)5 is less than (1 -J- 2 -f 2 + 1)5, that 
is, less than 30, for one decimal, the limit will be within |}, 
or 3 units; for two decimals, within j^ ; for three, within tJu > 
that is, within y'^. Hence, we shall find the fifth power of the 
root of a fraction within any limit, hi/ extracting it two places 
farther than that limit. In a similar manner, the limit may 
be found for any other root. 

396. The ratio i — ^ — is, in this root, j^- or, — . Now, 

Aa Za a 

2h 
if the root contains 2 fibres, — is less than 2 units : if the 

a 

root contains three, it is less than A ; if four, it is less than 

yg^ ; that is, than y^ ; consequently, having found a number 

of figures of the root, we may venture to find, by division, as 

many more, minus three, as we have already found. ^ As a 

general rule for all powers, we may always find, by division, 

24 
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nsmany more figures as ioe Jutve already /awid, minvs^ 
number sifinified ^ n — 1. 

lixamjples, 

1. Required the fifth root of 84728860944a. 

84,72886,09443 (243 
«a* = 80 82^ 

80 + 48 = 128 527 



(24)*= 7962624 

5102620 new dividend 

na"^ = 1658880 new divisor, a being 24. 

(243)«= 847288609443 
Here, na"*^ or na* = 80 ; and as 80 is oontained in 627, 

BIX times, we have 6 = o. Jout as ^^ — ^ = --==— srs 

' 2a 2a a 

12 =1, we increase 80 by f of itdelf, that is, by 3 X 16 =48, 

and have 128 for the corrected divisor. This divisor gives 4, 

the true figure of the root, which, in all probability, would not 

otherwise be found by the student, till after two useless trials. 

2. Required the seventh root of 7974586522691918732»3. 

6169. 

7974,5865226,9191873,2936169(3609 

Corrected divisor 

6103+4080= 9183) 57875 

78364164096 



15237476352000000)138170113091918732 



7974586522691918732936169 



In this example, as the divisor 5103 is contained 11 times in 

67875, we first assume 6 = 9. Then, as the divisor must, by 

the formula, be greatly increased, we diminish & by a unit. 

^ ^. (n— 1)6 66 36 . ... 3 X 8 

The ratio — ^^or g^ = - is accordingly, _gg- == | ; 

hence, we increase the divisor 5103 by ^ of itself, which thus 
becomes 9183. This divisor gives 6 = 6, which is the true 
figure of the root. As the second divisor, which is 15237476352, 
is not contained in the new dividend 13817011309, we plaee a 
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# 

oipher in the root. Now> in forming the new divisor, we have 
the same significant figures with six ciphers on the right. Also 
in forming the new dividend, by subtracting (360)'' from three 
periods, and bringing down another figure, we have the same 
dividend as before, with seven new figures of the given number 
on the right. Wherefore, having placed a cipher in the root, 
instead of forming the last new divisor and dividend, we should 
evidently find the figure 9 of the root, equally well, either by 
annexing one more figure to the dividend, or by suppressing 
one figure of the divisor. 

3. Suppose we would have the fifth root of 7, so that the 
fifth power of the root may differ from 7 by less than a thou- 
sandth of a unit. We proceed thus : 



»ia-- = 6X1=5 7 (1,47577 

^ = lS=f;then 1_ 

cor. div. 5+8 =13 ) 60 

(14)*X 5 = 192080 537824 
^ = i= 21342 

new cor. div. 213422 



1621760 new dividend 



(147)*= 68641485507 

13585144930 new dividend 
147* X 5 = 2334744405 << divisoi- 

(1475)*= 6981682607421875 

183173925781250 dividend 
23666720703125 divisor 
17496880856275 remainder 

By the formula ^ , which, in this root, is — , we cor- 

rect the first and second divisors, assuming, in each case, ^ = 8, 
which is, as it should be, a little too great, and obtain, in 
both cases, the true figure of the root. Also, as the root in 
integers is 1, we find by the formula (a* + 2a' + 2a» + o)5 
or (1 + 2 + 2 -f 1)5 = 30, that the limit of the root will be 
within f g, or 3 units ; for one decimal, within A ', for two, 
within yj^; that is, within ^, for three, &c., and hence, that 
the root must be extracted two places farther than the limit. 
. In raising the root successively, to the fifth power, with one, 
two, three, &c, decinmls, which we do in the operation, we 
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shall find the several results to agree with the respective limits 
established by the formula. Thus, 5,37824, which is the fifth 
power of 1,4, is within 3 units ; 6,864, &c., which is the fifth 
power of 1,47, is within y^ ; 6,9816, &c., which is the fifth 
power of 1,476, is within yg^, that is, within J^ ; and so on 
for the rest. 

Having found the figures 1,4757, we suppress one figure of 
the divisor, and venture to find, by division, one more figure, 
which is 7, and, without continuing the operation farther, we 
raise 1,47577 to the fifth power, and have 6,9999250187372- 
420137021657, which not only differs from 7 by less than a 
thousandth, as was proposed, but by less than a ten-thousandth 
of a unit. 

4. 1/281050621875 = 195 

5. f/368484741360099 = 819 

6. 1/67815984221231616=246 

7. 1/4850333677308998938550332032= 9018 

8. Kequired the fifth root of y^, so that the fifth power of 
the root may differ from y\ by less than a thousandth of a 
unit. 

Ans. ,91356, the fifth power of which differs from y\ by 
less than a ten-thousandth of a unit. 

9. Required the fifth root of |, so that the fifth power of 
the root inay differ from | by less than a ten-millionth of a 
unit. 

Ans. ,922107911, the difference between the fifth power of 
which and | is ,000000017414005424186469844153340045- 
905861156, which is evidently less than a ten-millionth of a 
unit. 

10. Required the seventh root of 13, so that the seventh 
power of the root may differ from 13 by less than a thousandth 
of a unit. 

Ans. 1,44256. The seventh power of this root being 
12,99981583631852561343253184235175936, is evidently 
within the required limit. 
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SECTION XXI. 

OF AN EQUATION — GEOMETRICAL PROPORTION — COMPOUND 

PROPORTION. 



Of an Eqyuaticm, 

897. When two quantities, each consisting of one or more 
terms, have the sign = between them, the whole expression 
is called an equation ; thus, each of the expressions a = h, 

is an equation. 

The expression on the left of the sign = is called the first 
member ; that on the right, the second member. Each quan- 
tity contained in either member is called a term. 

Now, it is plain that, as the members of an equation are 
equal, we may add to or subtract from each the same or 
equal quantities : also, that we can multiply or divide each by 
the same or by equal qujantities without disturbing the equa- 
tion ; that is to say, the results will, in each case, be equaL 

398. Any term, in either member, may be removed (trans- 
posed) to the other member, fty merely changing its sign 
when so removed. For if it is a positive quantity, it is, when 
removed, evidently subtracted from the member from which it 
is taken ; and, in placing it in the other member, its subtrac- 
tion from that member is signified by placing be/ore it the 
negative sign. Again, if it is a negative quantity, we must, 
in removing it, consider that we have added a quantity equal 
to it to that member &om which it is removed, because such 
addition (95) would only destroy it ) and, in placing it in the 
other member with the sign -f-, we signify its addition to that 
member also. Wherefore, as equals added to equals, or sub- 
tracted from equals, must give results which are equal, the 
equation is not disturbed. Thus, in the equation i + f — | 
= I, if we remove the negative quantity — | to the second 
member, and change its sign, we have i + l = i+.8" 
Again, if we remove \ to the first member, and change its 
sign, we have i-f|— ^ = |, ori + i = i. Hence also 

' 24* 
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it is plain that all the signs of both members may he changed 
without disturbing the equation. 

399. An equation is cleared of fractions by multiplying both 
members by each denominator successively, or by the least com- 
mon multiple of aU the denominators of those fractions. 
Thus, in the above equation^ 1 -|- -J = |, if we multiply both 
sides by 6, we have 3 -(- 2 = 5. 

400. When the data of a mathematical question — that is to 
say, the quantities expressed or implied in its enunciation — are 
put in equation, the solution of the equation is often the solu- 
tion of the question. 

An equation containing one simple unknown quantity is 
solved by bringing all the terms involving the unknown quan^ 
tity to one side of the equation, and the known quantities to the 
other ; at the same time, by the above methods, reducing the 
equation to its simplest form. The unknown quantity being 
expressed in terms of quantities which are known, thus becomes 
known. 

It is not the province of common arithmetic to treat of this 
subject at large, but of Universal Arithmetic, or Algebra, to 
which the student is referred for its full development ; it is 
merely introduced in this place to enable the student more 
clearly to comprehend some important parts of arithmetic. 

Examples, 

1. Suppose that into an empty cistern, the capacity of which 
is 1800 gallons, the water runs during a heavy shower for some 
time at the rate of 30 gallons per minute ; and that, by the 
increase of the shower, it then runs into it at the rate of 55 
gals, per minute, until the cistern is full. During how many 
minutes must it run at the rate of 55 gals, per minute, that the 
cistern may be filled in 50 minutes from the commencement 
of the shower, and what part of the cistern is filled in each in- 
terval of time ? 

Let X = the required number of minutes ; then 50 — x 
= the number of minutes during which the water runs at the 
rate of 30 gals, per minute. Also 55ic = the number of gal- 
lons received by the cistern after the increase of the shower, and 
(50 — x)30 = the number of gals, previously received ; then, 

55a; + (50 — a;)30 = 1800, or 55a; + 1500 — 30a; == 1800, 
or 25a; == 1800 — 1500 = 300 ; wherefore, x=z^ = 12. 

Hence the water runs, during 12 minutes, at the rate of 55 



GfiOMETBICAL PBOK>BTION; OR RULE OF THREE. 283 

g&ls. per minute^ and consequently during 38 minutes at the 
rate of 80 gals, per minute; then we have 

56 X 12 = 660 gals, filled after the increase of the shower ; also 
30X38 = 1140 " before the increase 

1800 whole number of gallons^ or content. 

^, 6610 11 .^„\ ^ 

consequently, -f^f^ ^^qo "^ P ^ ^®^ ® increase. 

, 114|0 19 ^„ , , . , . 

also -i-qTvo" ^^ qo "^ P^^ "^^^^ before the increase. 

Proof, si + 30 = IB = 1> ^r the whole cistern. 

2. Suppose that a man and his son can together cut 24 cords 
of wood in 6 days, and that the man alone can do it in 10 
days ; in how many days can the son alone perform it, and how 
much wood does each cut per day ? 

Ans. The son can perform it in 15 days ; also, the man cuts 
2 1 cords, and his son 1| cords per day. 

3. What number is that, the square root of wliich is double 
its cube root? Ans. 64. 

4. What number is that, of which half the cube root is equal 
to I of its square root? Ans. 11,390625. 

Prove this result. 

Geometrical Proportt&ii — Rule of Thre^, or Golden Rule. 

401. The ratio of two quantities is often expressed by two 
points, one above the other, placed between them. Thus, 
6 : 3 signifies the ratio of 6 to 3, and is read 6 is to S; a : b, 
signifies the ratio of a to 6, and is read a is to b. The scholar 
already knows that the value of the first of these is | =2, and 

that the value of the last is expressed by -r-. 

The two homogeneous quantities put in ratio are called tJie 
terms of the ratio ; the first term is called the antecedenty and 
the last the consequent. Thus 6 and a are the antecedentS| 
and 3 and b, the consequents of the above ratios. 

402. A proportion is the expression of the relation existing 
between the terms of two equal ratios. Thus, 8 : 4 and 6 : 3 
form a proportion, each ratio being equal to 2. Four points 
are ;^ced between the ratios thus — 8 : 4 : : 6 : 3, and the pro- 
portion is read 8 is to 4i as Q is to B, Now it is plain, that as 
the value of each ratio is 2, the first term bears the same rela^ 
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tion to the second that the third does to the fourth. When- 
ever; therefore, it may be said of four quantities, that the first 
is to the second as the third to the fourth, they are in propov' 
tion. When this cannot be said, they are not in proportion^ 
the ratios being unequal. The first and last terms of a pro- 
portion are called the extremes, and the two middle terms the 
means,* 

403. Let a : b : I c : dhe any proportion whatever; then as 

r- = — , if we multiply both fractions by 5, the denominator of 
h d 

the first fraction, which evidently will not disturb the equality, 

he 
we have a = -r-.. Again, if we multiply both sides of the equa- 
a 

tion by d, we have a<i = 6c ; that is to say, in every proportion 

the product of the extremes is equal to the product of the meaiM, 

This may therefore be called the fundamental property of a 

proportion* 

404. We have seen (108) that the product of any two ab- 
stract numbers may be considered as representing the content 
or surface of a rectangular parallelogram. The product of the 
extremes and the product of the means may therefore be con- 
sidered as representing two equal rectangles ) hence, doubtless, 
the name geometrical has been applied to this kind of propor- 
tion, as well as to the ratio upon which it is based. 

If any object that, in applying this kind of proportion to the 
solution of mercantile questions, there would be evident im- 
propriety in supposing a quantity of tobacco to be one side of 
a parallelogram, and the price of another quantity of tobacco 
the other ; we should remember that this application does not 
change the fundamental property in the abstract, and that it is 
hy toJcing the given numbers in an abstract sense that we are 
able to apply the principle to the solution of such questions. 

405. When three terms of a proportion are given, the fourth 
is, by the fundamental property explained above, easily found. 
FoF the product of two numbers, divided by either of them, 
gives the other ; and as the product of the extremes is the same 
as that of the means, the product of the extremes, divided by 
either Tnean^ gives the other mean ; also, the product of the 
means, divided by either extreme, gives the other extreme* 
Now, as in all mercantile questions, which are solved by means 
" ' ■ — ~~ — ' ' ■ ' ' ' I •» 

*Z€i moyenSf (Freneb,) middle terms. 



OEOMETBICAL PROPOBTION, OB BULK OF TSBEK. 285 

«f geometrical proportion, three terms of the proportion are 
gifen to find the fourth, the role for finding thia term is caJIed 
The Bule of Three. 

Again, hecause thia rule is the basis of the calculation of 
Interest, Discount, Barter, Exchange, &c. &c., it is, on account 
of its estenaive application, called The Golden Kule. 

406. If each of two equal products be resolved into any two 
factors, those /actori are reciprocally pToportwnal ; that is, if 
A and B be the two equal products, either factor of A is to 
either factor of B as the remaining faetor of B to the remain- 
ing factor of A. 

As the superficial contents or areas of two equal parallelo- 
grams are two equal products, the two factors of each product 
being the length and breadth of the parallelogram which it 
represents, if A and 6 be two eqnal parallograms, the two 
dimensions of A are rcdprocaUy proportional to those of B; 
that is, diher dimension of A is to either dtmenBion of S aa 
the remaining one of 'B la the remaining one of A. 



B 



A -TT- 



Letp andy be the two iaotors of 
A; and 3 and x those of B. Now 
^ = qx; divide by if, and we have 

p :^— : divide by ff, and we have 
— ^ — . But — is the ratio of p 
to j*, and— the ratio of x toy; and 



these ratios being equal, (402,) we have the proportion p : j 
: : X : t/; that is to say, the factors of the two products are 
reciprocally proportional, those of one product being ike ex- 
tremes, and those of the other the means, of the proportion. 
Now py and gx may be any equal products whatever ; also p 
and y any factors whatever of the one, and q and x any fac- 
tors whatever of the other ; wherefore, the demonstration is 
general. 

407. As the above demonstration applies to the parallelograms 
A and B, it is evident that the sides which are the dimentitmt 
of two equal parallelograma are reciprocally proportional 1 
Uiose of one parallelogram being the extremes, and Uiose of tbo 
other, the means. 
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408. When the sides wbich are the dimensions of one pa- 
rallelogram are reciprocally proportional to those which are 
the dimensions of another, the ttoo parallelograms are equal. 
For, in this case, the dimensions of the one are the extremes, 
and those of the other the means of the proportion ; and (403) 
the product of the extremes and that of the means are equal ; 
that is to say, (107) the areas of the parallelograms are eguah 

We have seen above that either factor of A is to either fee- 
tor of B as the remaining on^ of B is to the remaining one of 
A. Now it is evident, that as A and B are equal, we may 
change their position, and say either factor of B is to either 
£ictor of A as the remaining one of A to the remaining one 
of B. Wherefore, supposing the factors of A to be p and y, 
and those of B, q and Xy as before^ and putting py = qxy we 
have the following proportions : 

p:q I ixiy 
P ixii qiy aJtemando 
y : X : I q :p 
y : q : : X :p 
patting qx=zpyy q :p : i y : x invertendo 

q : y : :p : X 

xiy I ip I q 

« X :p i: y : q 

From the second of these proportions we see that the terms 
may be taken in alternate order. This is called altemando, or 
alternately. From the fifth we see that the terms of the ratios 
may be inverted, which is called invertendo^ or inversely. Also 
from an inspection of the whole, we see that in every propor- 
tion we may change the places of the m^ans, or those of the ex- 
tremes ; also, that we m^y take the m^ans for the extremes, 
and the extremes for the means ; because, in all these changes 
the extremes are the factors of one product, or the dimensions 
of one parallelogram, and the means those of the other. 

409. Again p-i-q : q i i x-\-y : y. For, if we put jp : q 

tin Q* 

i: X :y in equation, we havQ — = — : and if we add a unit to 

2 y 

each, which unit is equal to — or ~, we have ^4- — = — h -, 

2 y 2 a y ¥ . 

and hence, (202,) ^^^ = M^y. that is, |> + ^ : g : : a: + y 
: y. This is called componendo, which means that four pio* 
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portionals are proportional by composition ) that is, the first j 
together with the secondj is to ^ seeondy as the third, together 
with the/burthy is to the/ourih. 

410. Also, p — q : q : : X — y : y. For, if instead of add- 
ing, we subtract a unit from each member of the equation, 

•£-=: — , we have^- ^-^ — : and hence, -^^ 

2 2/ ^ 9. y y 2 

= -} that is, p — q : q : ix — y : y. This is called 

dividendo, which means that four proportionals are proportional 
6y division ; that is to say, the difference between the first and 
second is to the second, a>s the difference between the third and 
fourth is to the fourth, 

411. Things which are equal to the same thing are equal 
to one another ; therefore, two ratios which are each equal to 
the same ratio are equal to one another^ Now, (409) as ' 

p '\' q' q* ' ^-\- y ' y altemando 

P + 9' *+y • '2'y 

But, (410) p — q : q : : X — y ' y and altemando 
p — q\ x-^y I '. qi y 

Hence, as the ratios p^ q : x-^y andj? — q : x — y are 
both equal to ^ : y, they are equal to one another ; consequent- 
ly,p-j-g' : cc-py : ; p — q : x — y; and altemando, p -\- q 
:p — q : rcc-f-y • ^-^yy that is to say, when four quanti- 
ties are proportional, the sum of the terms of the first ratio is 
to their difference, as the sum of the terms of the last ratib to 
their difference, 

412. Again, supposing p greater than q, as (411) 

p^—q '- X — y : : 5 : y, and (408) 

q : y : : p : x; then (4ll) 
p — q : X — y : :p : x altemando (408) 
p — q :p : : x — y : x and invertendo 
pip — q : : X : X — y; that is to say, the first is to 

tite excess above the second, as the third is to its excess above the 

fourth. 

413. If we put the proportion p : q^: : x : y in equation, 

49 X 

thus : — = — , because (397) the equality is not disturbed by 

2 y 2p 2x 

multiplying or dividing both sides by any number, — = — } 

5?= ?f , &o. J abo I = i^j ^ = I- &c., and hence (406) U is 
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evident that 2p : q : :2x : y 

Sp : q : : Sx : 1/y &c.; also that 
p :2q : : X : 2i/ 
p :Sq : : X I St/j &o,, 
from which we infer, that in any proportion the antecedents 
may he both mvltiplied or both divided hy any number with- 
out disturbing the proportion^ and that it is the same with the 
consequents. Also seeing that magnitudes have the same ratio 
to one another which their equimultiples have^ that 

2p : 3^ : : 2x : 3y 

3/> : 4^ : : 3x : 4y,&c., and therefore, the 
antecedents may be bodi multiplied or both divided by one num- 
ber, and the consequents by another without disturbing the pro- 
portion ; that is ==~ : 40^ : : zrjrrr : 40y, &c. Again, alter- 

nando, as 2p : 2a? : : 3^ : 3^ 

Sp : Sx : : 4q : 4^, &c., it is plain that the 
terms o/each ratio may be both multiplied or both divided by 
any number, or the terms of one multiplied and those of the 
other divided by any number, without disturbing the propor- 
tion. 
414. If we have any two proportions 

a :b : : c : d and 

p : q : : X : y, we may add them together 

term for term, subtract one from the other, term /or term, also 

multiply or divide one by the other, term for term, vdthout dis- 

a c 'D X 

turbing the proportion. For -7-= i-} ^Bd — = — ; and adding 

£K 49 C X 

equals to equals, t-+— = jH j *^®^ reducing to a common 

denominator, and multiplying both sides by that denominator, 
we have (a +i>)^ + (^ + P)y = (^ + Sf)^ H~ (^ + ^)^ y ^ 
(a + jP)(» + y) = (^ + ?) f '^ + ^0 Then, as the factors are 
reciprocally proportional, (406,) a -\- p :b -\- q : : c '\- x : c?+y. 

a c n X 

Again, as t- = ;j- and — , = — , taking equals from equals, 

an c f 
we have — — - = -r ; and reducing and multiplying afl 

before, we have (a — p)d — (a — p)y = (5 — q)c — (b — q)x, 
or (a — p) {d — y) = (b — q) (c — cc,) and as the factors are 
reciprocally proportional, we have a — p : t — q : : c — xi d'—y* 
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Again, aa %-= -§- and^= - (897) ^X ■^-= ^X-;theX 
° ' b a q y^ b q d y 

is, -r-^ -j-j and hence (402) ap : hq : '. ex : dj/. 

Also, as ad ^ he and py ^ qx, (403,) it is plain, that ad 
:hc'. ipK t qx, and sitemando, ad: ^ : : Ic. qx, and putting 

this in equation, we have — ^ — '°^\~)\~ )^^ (")('"') 

then, aatiie&ctors are leciprocally proportional, —: — :: — :-. 

We have therefore added, snbtracfed, multiplied, and divided 
the given proportions, term for term, without diatnrhing the 
proportion, aa was proposed. 

415. Ah the first term of a proportion has the same relation 
to the second that the third has to the fourth, if the first is 
equal to the second, tlie third must be eqoal to the fourth ; if 
the first is greater than the second, the third must bo greater 
fiian the fourth, and if the first is less than the second, the third 
must be less tluui the fourth. Therefore, inversely, i/fltefmiTtJi 
term it greater than the third, equal to it, or leu, the second 
ma»t be greater thanikefiret,eqttalto it, or leu, aceordingli/. 

416. We have already observed that in many arithmeticHl 

Sinestions, three terms of a proportion are given to find the 
ourth. Two of the three given quantities are of the tame 
kind, and the remaining one is of the lamekindai the ansuier. 
To solve a question of this nature, we write the quantity, 
which it of the tame kind as tlie antwer,for (Ae third term, 
with the sign as : : before it ; that is, on the left of it. Then, 
from the reading of the question, we determine whether the 
atuwer or fourth term should he greater or less than the term 
written; if the answer should he greater, the greater of the 
two remaining terTnt mutt be the tectmtt; Ijut, if the answer 
shoold be leas, the greater of the two remaining terms must be 
thejinl, 

Haviog arranged the tbree terms, we divide the product of 
the means by toe given extreme, which (405) ^ves the ex- 
treme sought, or answer. 

Hxamplet. 
1. If 11 bushels of corn cost 95, how mqch must I pay for 
13 bushels Kt the same rate ? i • 
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bush, bush $ 

11 : 13 : : 5 

1 1)65 

$5,90iJ,or$5,91 — 

Questions of this nature may be said to consist of two parts, 
one of which is a supposition, and the other a demand. 

Now, it is from, the demand that we discover the nature of 
the answer, or fourth term. Thus, in the above example, the 
demand is, how much (money of course implied) must I pay? 
We therefore place $5, the term which is of the same kind as 
the answer, in the third place, thus — : :.$5; then, /rom a 
comparison of the supposition with the demand, we easily see 
that the answer must be greater than $5 ; because 13 bushels 
must cost more than 11, at the same rate ; we therefore place 
13 for the second term and 11 for the first. Then, by mid- 
tiplying 13 and 5, which are the two means, we have 65, which 
(403) is also the product of the two extremes, and, dividing by 
il, the given extreme, we have J5,90i^, or $5,91 — for the 
other extreme, which is the fourth term of the proportion, or 
answer. / 

2. Having paid $5,901^ for 13 bush, of com, how much 
should I pay for 11 bushels ? 

13 : 11 : : 5,90if 

13) 65,00 ($5 Answer. 
65 

«■■ • 

3. If for $5,90|^, we have 13 bushels of com, how much 
should we have, at the same rate, for $5 ? 

J5,90l? == $f f ^ then, 

65 5 13 ^fi ig 11 ^J^ , 

jj : J : : y, and J X Y X ^ = 11. Answer. 

Having expressed all the terms fractionally, we signify the 
multiplication of the two means by placing the sign X between 
them. Then, to divide by the first term, (213,) we multiply 
by its reciprocal. 



^# 
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Thus a Bale of Three question is reduced to one multiplica- 
tion of fractions ; and, as this affords great opportunity for can- 
celling, it is perhaps, in general, the very best mode of opera- 
ting. 

4. If I have paid $5 for 11 bush, of corn, how much should 
I have for «5,90i?- ? 

bush. 

$6,901? =$ff J then, 8f : $f f : : V and 

^p^^^^^ _ 13. Answer. ^ 

The scholar may accustom himself to make similar changes 
in any question solved by proportion. Also, the several ope- 
rations will serve as proofs of each other. For further proof, 
he may pw^ the proporti/m in equation, or find the prodtbct of 
the extremes and that of the means, which (403) must he equal, 

417. When, by the method pursued in the preceding article, 
we have assigned each of the three terms its proper place in 
the proportion, though we consider the two first terms as form- 
ing the first ratio, it is evident that in reality the^ do not 
farm a ratio with each other, until reduced to units of the 
same magnitude, or to fractions of the principal unit, in which 
state we can operate upon them (324) as upon abstract num- 
bers. For example, suppose that we pay 3 d. for half a peck 
of apples ; what quantity can we buy at the same rate for £5 
sterling ? 

d. £. peck. 

• 

Having arranged the terms, we say, as 3 d. is to £b, so is 
the quantity bought for 3 d. to the quantity that can be bought 
for £5, which is doubtless correct. Now the value of the ra- 
tio 3 : 6, if the quantities were alike, would be | ; but this is 
evidently not the ratio of 3 d. to £5. Wherefore, we must re- 
duce £5 to pence, or 3 d. to the fraction of a pound, in order to 
have the true ratio. Reducing £5 to pence, therefore, we have 
£5 = 1200 d. Then, as ^ peck is | of a bushel, we have 

d. d. bush. 

3 : 1200 : : ^ or, (413) multiplying the two antecedents by 
8, and dividing the two terms of the first ratio by 12, we have 

d. d. bush. bush. 

2 : 100 : : 1 : 50. Answer. 

Again, by reducing 3 d. to the fraction of a pound, we have 
3d. = 3|„=£BV Then, 
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£. £. 'btuh. 

«*(> * f ' * I' '^^^^ (^^^) mi^iplytng the two aBte^edents by 

80, we have 

£. £. bosh. 

1 : 5 : : 10 : 50 bush. Answer. 

41B Tbe pjrodact ci the two means, dmded by the given 
extreme, is Oie frcLctional representation of the fourth term or 
\ answer. Wherefore, after establishing the true ratio between 
, the two first terms, because the two means are the two faetors 
^ of the numerator, and the given extreme the divisor or deno- 
minator, it is plain that upon the principle of canceMing, we 
may, without a£fecting the answer, divide either mean hy the 
given extreme, or the given extreme hy either mean, or 
either mean and the given extreme both hy the same number. 
Also, that either m^anand the given extreme may he hoth mul" 
tiplied hy any number; because this is only multiplying the 
two terms of the fractional result, each by the same number, 
which does not alter its value. 

419. If, after establisbing the true ratio of tbe two first 
terms, we would, to facilitate the operation, reduce the thiid 
term to a different form, as it is a factor of tbe numerator, it 
is evident (165) that in operating upon this term, we operate 
directly upon the answer, or fourth term ; that is to say, if we 
multiply or divide the third term by say number, we muki^ 
or divide the answer hy ^samenwmber; or, if we reduce the 
third term to any denomination, the answer wUl he of the 
same denomination, the terms of the first ratio being consi- 
dered abstract 

Examples, 

1. If 6| yds. of cloth cost 13 s. 4 d., bow much will 81 
yds. cost, at the same rate f 

yds. yds. ■. d. 

d| = V 5 then ^ : 5y[ : : 13 4 

£8 

We here divide the second term by the first, to do which, 
we first observe that 81 contains 27 three times; then, as it is 
plain that the fourth part of 27, or ^-^y should he contained in 
81 just 4 times as often as the whole 2T, we say, that ^ is 
contained 4 times 3, or 12 times ; we therefore write 12 under 

81, and multiply 13 s. 4 d. by 12, which gives £8 for the an- 
swer. 



GEOMETRICAL PROPOUTION, OR RULE OP THREE. 293 

Hence, we infer that if a whole number is divisible by the 
numerator of a fraction, it is divisible hy the fractwn ; for, to 
obtain the quotient, we have only to multiply the result by the 
denominator of the fraction. 

2. If I pay £8 for 81 yds., how many can I buy for 13 s. 4d. ? 

13s. 4d.=£|;then 

£. £. yds. yds. 



^ '.^ I :^\ : 6 A, or 6| yds. Answer. 

3. If, for 13 s. 4 d., we have 6| yds., how many can we 
buy with £8 ? 

6| = Y and 13 s. 4 d. = £§ ; then 

£. £. yds. 

- : jf : : —r : 81 yards. Answer. 

Here, as the first term | should be inverted, the denomina- 
tor 3 is a multiplier ; wherefore, as the two divisors 4 and 2 
cancel 8, we have 3 X 27 = 81, the answer. 

4. If 81 yds. cost £8, how much should we pay for 6| yds.? 

yds. ydR. £. £. £. 

5^i : ^ : : 8 : -Sj =| =13s. 4d. Answer. 

420. The length and breadth of the floor or wall of a room 
of regular form, and the length and breadth of carpet, paper, 
or other material which is to cover it, being evidently the di- 
mensions of two equal parallelograms, are (406) reciprocally 
proportional ; consequently, if we wish to find the length of 
carpet, of a given breadth, that will cover a floor of given di- 
mensions, the breadth of the carpet is to either dimension of the 
floor as the remaining dimension oftheflxmr to the length of 
the carpet or quantity sought. The dimensions of the floor 
are therefore the means, and their product, or area of the floor, 
being also the area, that is, the prDductof the length and breadth, 
of the carpet, must when divided by the given extreme, or breadth 
of the carpet, give its length, which is the other extreme. 

Now, the breadth of the carpet is generally referred to the 
yardy as the standard unit, and the dimensions of the floor to 

to the foot ; wherefore, if we put -r- for the fractional width of 
carpet in yards, or general divisor, and I and b for the dimen- 
sions of the floor in feet, — and — will be the same dimen- 

o o 

25* 
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flions in yards. Then, inverting the diyisor, as usual in pro 

/J J h 
portion, we shall have for the general formula — Xo X o"* ^h 

^— = length of carpet in yards. , 

421. As either mean may be divided by the given extreme, 
we may divide either the length or breadth of the fioor hy the 
given breadth of carpet, when this can be done, taking care to 
reduce both to the same name, and multiply the qvotiemi 
hy the other dim>ension, for the required length of car' 
pet in, feet. In this last ease, the quotient is the number of 
breadths of carpet, and the remainiug dimension tlie length of 
each, which may remain in feet or be redneed to yards at op- 
tion. Also it is evident, that in this ease only can the floor be 
carpeted with an exact number of breadths,, and eonsequently 
without waste. 

When practicable, it is of <^ourse bes^ioexpzeas both dimen- 
sions of the floor in yards. 

Examples. 

1. How many yards of carpeting, -| yd, wide^ will cover a 
floor 27 ft. long by 18 ft. broad ? 

yd. ft. ft. yd. yds. yd*. 

I : 18 : : 27, or j-:^ : : 9 : 72 yds. Answer. 

yd. yds. yds. 

Or, -r:r^::&:72 yds. Answer, as before. 

' ^ 12 -^ ' 

Here, taking the room lengthwise, we have 8 breadths, each 
9 yds. long. Or, taking it crosswise, we have 12 breadths, 
each 6 yds. long. 

2. How many yards of carpeting, 1^ yds. wide, will cover a 
floor 45 ft. long by 23 ft. broad ? 

yds. ft. ft. yds. yds. yds. 

4 lA 28 
f : 45 ; : 23, or | : 15 : : %^, and-r-X yX — = 92 yds. 

o ^ p Answer. 

Here, as | is contained in 15 just 12 times, there will be 12 
breadths, each 23 ft., or 7 yds. 2 ft. long each. Also, the same 
carpet could not, in the other direction, be applied without waste. 

422. Another problem of some importance is, to ascertain 
the breadth of carpet, approximate to a given breadth, that will>. 
without waste, cover a floor of-any given dimensions. 
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First, divide either dimension of the floor hy the given breadth 
of carpet reduced to feety for the approximate number of 
breadths ; then taking the nearest whole ' number, divide the 
same dimension by the number of breadths, which will give 
the required approximate breadth of carpet, 

Eocample, 

. What breadth of carpet, nearly a yard wide, will, without 
waste, cover a floor 19 ft. by 13 ft. ? and how many yards will 
it take ? 

First, ^3^ = 4 J ; then^ taking 4 for the number of breadths, 
V = 3| ft., or 3 ft. 3 in. for the required breadth of carpet. 
Hence, there will be 4 breadths, each 19 ft., or 6J yds. long, 
and 4 X 6| =25J yds. the required length. Or, as \^ ft, 
= jl yds., thus : 

yds. yds. yds. yd. yds. yds. yds. yds. 

li • ¥ - y y ^h (1^9) 1 : 4 : : ^/ : V = 25J, as before. 
Again, ^f = 6 J, and, taking 6 for the number of breadths, 
we have ^^ =3J ft., or 3 ft. 2 in. for the required breadth of 
carpet; that is, there will be 6 breadths, each 13 ft. or 4 J yds. 
' long, and 6 X 4| = 26 yds. the required length. Or, as '^^ 
ft. = l| yds., thus : 

yds. yds. yds. yd. yds. yds. yd. yds. yds. 

fl : V • • *gS Or (189) 1 : 6 : : JjS^ or*l : 2 :: 13 :26 yds., 
as before. 

^om which we infer, that if we would carpet the floor length- 
wise, with carpet nearly yard wide, we must choose a carpet 
3 ft. 3 in., or rather more than 1 yd. qr. 1 n. wide, of which 
it will require 4 breadths, each 6 yds. 1 ft. in length, making 
25 1 yds. Also, if we would carpet it crosswise, we must choose 
a carpet 3 ft. 2 in., or rather less than 1 yd. qr. 1 n. wide^ 
of which we require 6 breadths, each 4 yds. 1 ft. in length, 
making 26 yards. 

Proof, 

78 ft. X 3 J ft. = 247 ft. area of last carpet. 
76 ft. X ^ ft. = 247 ft. " first carpet. 
13 ft. X 19 ft. = 247 ft. " floor. 

423. Having seen (402) that when the measures or sides 
of two equal parallelograms are placed in reciprocal proportion, 
those of the one become the means, and those of the other the 
extremes ; it follows that when the area of any given parallelo- 

»S6e Article 210. 
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gram is divided by one side of another parallelogram, of equal 
area*, the quotient will be the other side of that other paral- 
lelogram. We must,- however, observe that the given area and 
given side must be of the same name ; that is, if the given 
area is expressed in square yards, the length of tlie given side 
must be expressed in yards ; if the given area is expressed in 
square feet, the length of the given side must be expressed in 
feet, &c. Also, that the given area must be a multiple of the 
given nde^ if we wish the result to be a whole number. 

Suppose that from one side of a large field we would cut off 
a piece of ground of a given breadth, say 120 ft., which shall 
contain just an acre. 

The area of an acre in s. f. is 43560, and — .. = 363 

feet, the required length, . 

Or, to ascertain whether the length will be a whole number, 
we may resolve 43560 into its prime factors 2x2x2x3 
X 3 X ^ X 11 X 11? ^Jid then see, if by the involution of any 
of these factors, we can form 120. We find that 2x2x2X3 
X 5 = 120 ; consequently, the product of the other factors 
3 X 11 X 11 = 363 ft. is the required length. 

424. When the first of three given numbers is to the second 
as the second is to the third, we say that the numbers are in 
continual proportion. The third is called a third proportional 
to the two first, and the second a mean proportional between the 
first and third. When we say, as the first is to the second, so 
is the second to the third, the second, being both antecedent 
of the last ratio, and consequent of the first, forms of itself the 
two means, the product of which is the square of the second ; 
consequently, (405,) to find a third proportional to two given 
numbers, we square the last and divide by the first. Or, which 
is the same thing, we multiply the last hy its ratio to the first. 
We must, however, observe, that the second must be a multi- 
ple or a measure of the first, or both must be composed of 
powers of the same prime numbers, otherwise (179) the third 
proportional cannot be a whole number. 

Thus, to find a third proportional to 2 and 6, we say — ^ — 

= 18, the number sought. For a third proportional to 8 and 
9, which are prime to each other, we have |* = y = 10|, 

Answer. 



*We are here speaking of right-angled (rectangular) parallelograms. 
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425. As in tlie preceding article, the product of the extremes 
is equal to the product of the means; the product of the first 
and third is equal to the square of the second ; wherefore, to 
find a mean proportional hetween two numhers, we take the 
square root (^ their product. 

Thus, to find a mean proportional hetween 3 and 27, we say, 
3 X 27 = 81, and y^81 = 9, the required mean. 

426. Let A, B and C, he any three numhers, the ratio of A 

to B is — , and that of B to C is — . Now, - X - = - 5 that 
B ' c 'boo' 

is, the ratio o/<A. to G is compounded of the ratios A to B and 

BtoC. 

427. When the numhers are in continual proportion — = — ; 

and therefore — X - = —• j or. -— = -. Hence also —;== — . 
bbc^'b^o c*c 

This is called duplicate ratio. Therefore, when three num- 
hers are in continual proportion, the ratio of the first to the 
third is duplicate of the ratio of the first to the second, or of 
the second to the third; that is to say, it is the square of either 
of those ratios. 

428. When there are four numhers A, B, C, D, the ratio 
of A to D is compounded of the ratios A to B, B to 0, and C 

to D. Thus — X - X - == — ; and, in general, whatever may 

he the number of quantities, the ratio of the first to the last is 
compounded of the ratios, the first quantity to the second, the 
second to the third, the third to the fourth, and so an to the 
last. 

429. When four numhers are in continual proportion, as the 
ratio of the first to the fourth involves three equal ratios, it is 
called the triplicate ratio or cube of any one of those ratios ; 
when there are five numbers, the ratio of the first to the fifth 
is the quadruplicate or fourth power of any one of those ra- 
tios ; when there are six numbers, the ratio of the first to the 
sixth is quintuplicate of the ratio of the first to the second, &c.; 
and in general, when a series of numbers is in continual pro- 
portion, the ratio of the first to the last is equal to the ratio of 
the first to the second raised to a power signified by the number 
of terms, less one. 

430. The astronomer Kepler found that the squares of the 
times in which any two planets revolve round their primary 
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are to one another as the cubes of their distances from thai 
primary j wherefore, if we know the times of the revolution 
of any two planets in the solar system, and the distance of one 
of them from the Sun, the distance of the other may be found 
by a simple proportion, and by extracting the cube root ; or, if 
we know the distance of each from the Sun, and the time of the 
revolution of one of them, the time of the revolution of the other 
may be found by a proportion, and by extracting the square 
root. 

Examples. 

1. Let the time of the revolution of the planet Mercury 
about the Sun be 87 d. 23 h. 14 m. 32,7 sec. ; that of the re- 
volution of Venus 224 d. 16 h. 41 m. 27,5 sec. ; also the dis- 
tance of Venus 68514044 miles; required the distance of 
Mercury from the Sun. 

Squkre of revol'n. of Venus in seconds. Sqnare of reTol'n. of Mercury in seconds. 

As 376891262347656,25 : 57767185263445,29 

Cube of distance of Venus. Cube of distance of Mercury. 

: :32161685941 1343801397184 -.49295121849560890257289, 
and extracting the cube root of this last termy we have 
36666375,479 + miles, the required distance of Mercury from 
the Sun. 

2. Let the time of the revolution and distance of the planet 
Venus be as in the above example ; also the time of the revo- 
lution of the Earth 365 d. 5 h. 48 m. 51 see. ; required the dis- 
tance of the Earth from the Sun. 

Ans. 94719068,71 + miles. 

3. Let the time of the revolution of the Earth, also the time 
of the revolution and the distance of the planet Mercury, be 
as in the above examples ; required the distance of the Earth 
from the Sun. ^ Ans. 94719068,71 + miles. 

4. Let the time of revolution and the distance of the Earth, 
also the distance of Mercury, be as above ; required t^he time 
of the revolution of Mercury. 

Ans. 87 d. 23 h. 14 m. 32 + see. 

Compound Proportion. 

431. The name Compound Proportion may properly be ap- 
plied to every proportion in which several ratios are compound' 
edf that is, multiplied together. 

This rule is frequently, and we think improperly, called the 
Double Rule of Throe, or Rule of Five; because, though in 
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many questions five terms are given, in others we find seven^ 
nine, eleven, &c. 

In common with Simple Proportion, one term is given, which 
is of the same kind as the answer' ; and of the rest, two and two 
are of the same kind; consequently, each couple forms a ratio, 

432. To solve a question : First, write the term which ia 
like the answer hy itself; then arrange the two terms of each 
ratio as in Simple Proportion ; that is, exactly as if the re- 
sult depended on them alone. 

Having arranged all the terms, cancel the antecedent and 
consequent of any ratio, or the antecedent of any one and con- 
sequent of any other, not forgetting the term first written, which 
may be cancelled with any of the antecedents, as in Simple 
Proportion. Lastly, multiply the remaining consequents and 
term first written together, and divide the result by the pro- 
duct of the remaining anteo^dents. 

Examples, 

1. If 40 masons can build a wall 1350 feet long, 3 ft. thick, 
and 12^ ft. high, in 9 days, when the days are 10 hours long, 
how many masons will build a wall 5400 ft. long, 24 ft. thick, 
and 15 ft. high, in 15 days, when the days are only 8 hours 
long ? 



Ant's. 



Ckms's. 



Masons. 



Am 




fm 
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i 




H 
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^i 
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¥ 




10 


• 



^ 



As the question requires masons, we write 40, the given num« 
ber of masons, by itself. Then, for the ratios, we say 5400 ft. 
will require more than 1350 ft. ; wherefore, we write 1350 for 
the antecedent and 5400 for the consequent ; we also accompa- 
'ly each of those with its respective thickness and height.' We 
then say, it will require fewer men to build the wall in 15 d. 
than in 9 d. 5 consequently, we write 15 for the antecedent and 
9 for the consequent. Lastly, as it will require more men 
when the days are only 8 hours long, we write 8 for the ante- 
cedent and 10 for the consequent. 

We then find that 1350 cancels 5400 and gives 4 for the 
quotient, which we write opposite 5400. Then 2^ cancels 
12^, giving 5 for the quotient ; and 8 times 5 icancels 40. 
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Then 15 cancels 15, and 3 cancels 9, and gives 3. Lastly, 
4 • 3 • 10 = 120, the number of masons required. 

2. If, when money is loaned at 6 per cent, per annum, A 
borrows of B £26 for 120 days, how long, in order to cancel 
the obligation, must A lend B £17 6 s. 8 d., when money is 
loaned at 4^ per cent. ? Ans. 240 days. 

3. If, when money is at 5 per cent., B borrows of A 8840 for 
8 mos., how long must A retain $636,36y^y of B's money, to 
cancel the obligation, when money is at 7^ per cent. ? 

Ans. 7 mos. 1|. d. 

4. If 7 horses eat 281 bushels of oats in 132 days, how many 
days will 561 bush, serve 11 horses, at the same rate ? 

Ans. 204 days. 

5. If a troop of horse march 506 miles in 23 days of 10 
hours, in how many days of 8 hrs. will it march 704 miles, at 
the same rate ? Ans. 40 days. 

6. If two men mow 9 acres of grass in 3 days, working 8 
hrs. per day, how many men will mow 27 acres in 4 days, work- 
ing 9 hrs. per day ? Ans. 4 men. 

7. If a garrison of 1200 men is victualled for 6 mos. of 30 
days, so as to allow each man 2 lbs. weight per day, how much 
must each man be allowed per day to make the provisions last 
8 mos., supposing it reinforced with 300 men, bringing with 
them a supply of 108000 lbs. ? Ans. 1^ lbs. 

8. A garrison of 1000 men, victualled for 8 mos. of 30 days, 
at the daily rate of 2^ lbs. per man, is besieged 40 days ; but, 
making a sortie, they drive off the enemy ; now suppose that, 
having lost 200 men, they are immediately reinforced with 400, 
who bring 40000 lbs. of provisions, what must each man's daily 
/ation be to make the provisions last ? Ans. 2| lbs. 



SECTION xxn. 

POSITION — ALLIGATION — PERMUTATION — ABRANOEMENT — 

COMBINATION. 

Podtion. 

433. Position, or Supposition, is that branch of arithmetic 
which finds a number sought from a number, called the suppo- 
sition, which is arbitrarily assumed, and is operated upon, ac- 
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cording to the conditions of the question^ e2cactlj as though it 
was the true number. 

Position is called Single or Double, accordingly as the result 
is obtained from one or two suppositions. Those questions the 
"data of which require only that the quantity operated upon 
shall be increased or diminished in a certain ratio or by quan- 
tities which are aliquot parts or multiples of itself, belong to 
Single Position, and may be solved by the following geometri- 
cal proportion : 

As the result of the operation performed on the supposition, 
To the true result, or given number, 
So is the supposed number 
To the number sought. 

This rule may be thus elucidated : Let A be the supposed 

A 
and B the true number, or number sought. Then ^ is the 

ratio of A to B. But A is operated upon, according to the 
conditions of the question, by multiplication or division, or 
both, in the same manner as B, and therefore both are in- 
creased or both diminished in the same ratio. Let q represent this 

a A A 
ratio ; then (167) because ^ = :^, it is plain (402) that jA 

: ^B : : A : B, and hence the rule. 

Examples. 

1. A and B trade with equal capital : A gains 25 per cent. ; 
B loses 10 per cent., after which A has $5000 more than B. 
What sum had each at first ? 

Suppose $10000 : Then, as 25 p. c. = |, and 10 p. c. = ^j^) 
10000 + ^ = 10000+2500 == 12500 incr'd capital of A. 

10000 — i-^ = 10000—1000 = 9000 dim'd capital of B. 

3500 diff. which should 
Then by the Rule, be 5000. 

3500 : 5000 : : 10000, or 7 : 10 : : 10000 : 14285,71|, Answer. 

Proof, 

25 p. 0. is 4 I 14285,711 10 p. c. is A 1 14285,71* 

3571,42f 1428,574 

17857,14f A's incr'd. cap. 12857,142 

12857,14^ B's dim'd. cap. 

5000 difference, as by the question. 

26 
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2. A man bequeaths $5000 to A, B, and C, so that A's pait 
may be doable that of B, and the share of B to that of C as 
4 to 5. What is the share of each ? 

Ans. A, $2352,94/^; B, $1176,47 J^; C, $1470,5814. 

3. A miller wishes to make a quantity of feed by grinding 
400 bush, of barley with peas and beans, so that the peas and 
beans together may be to the barley as 7 to 3, and the peas 
double of the beans. How many bushels of each must he 
grind ? Ans. 311^ bu. beans, and 622| bu. peas. 

4. Says A to B, My horse without the saddle is worth your 
horse with my saddle on his back. True, replies B, but my 
saddle alone is worth 4 times as much as your horse, 3 times 
as much as your horse and saddle, and, together with | the value 
of my horse, is worth $1000. What is the value of each horse 
and saddle ? 

Ans. A's horse, $240 ; B's horse, $160; A's saddle^ $80; B*fl, 
$960. 

Double Position Absolute, 

434. Those questions, from the data of which the quantity 
operated upon must be increased or diminished, not in a certain 
ratio, require two suppositions, with each of which we find the 
result as in Single Position. If either of these results accords 
with the given number, the supposition which gave it must be 
the number sought. But if both differ, find the difference 
between each result and the given number, and call this dif- 
ference an error in plus, when the result is greater ; or an enor 
in minus, when the result is less than the given number. 

Next write the two suppositions under each other, and oppo- 
site each the error which it gave, preceded by its appropriate 
sign, plus or minus. Multiply the first supposition by the eiror 
of the second, and the second supposition by the error of the 
first, in a cross order. Then, if the errors have like signs, that 
is, both plus or both minus, divide the difference of the pro- 
ducts by the difference of the errors. But, if they have unlike 
mgns, that is, the one plus and the other minus, divide the 
sum of the products by the sum of the errors. The quotient 
is, in either case, the number sought. 

JElucidation of the Eule, 

Let /S' = first supposition, and c' = first error ; 

S" = second supposition, and e" = second errror; and 
S = the number sousht. 
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Now when S' is greater than S, it is evident that c' will be 
plus. Also that the greater S' is, the greater will e' be. The 
errors J therefore, when both suppositions are greater^ are as the 
excesses of the suppositions; that is, 

S' — S:S''--S::^ : c" ; hence (403) 

^'V — Se' = /S'V — ^e", and by transposition (398) 

;Se" ~ ^Se' = /S V — /S V; or 

S(y' - c') = /SV— aS'V, and consequetly S= „ , . 

It is evident (408) that by inverting the terms of each ratio 
in the above proportion, or (398) by changing the sign of each 
term in the equation resulting from it, we shall obtain 

^= e'-e'' ' 

Hence it is of no consequence, as to the rule, which product 
is the greater* 

Again, when >S^' is less than >S^, e^ will be minus, and the 
less /S' is, the greater will e' be. The errors, therefore, when 
both suppositions are less, will he to each other in direct ratio^ 
as the diminutions of the suppositions ; that is, 

S— S'iS--S'' ::^ : d\ and hence 
S^f — 5 V == ^^ — aS'V, or >Se" — ^e' = ^S' V — /S' V, or 

^(e" — c') = ^V'-^>SV, or finally S = ^f _^ - 

That is to say, when the errors are both plus, or both minus, 
the difference of the products, divided by the diflference of the 
errors, gives the number sought. 

Lastly, for the case in which the signs of the errors are un- 
like : Let ^S'' be less than S, and consequently e' minus ; and 
let S" be greater than ^S', and consequently e" plus. Then 
the greater the difference between >S" and S, the greater will 
e' be ; also, the greater the difference between /S" and S, the 
greater will e" be ; therefore, /S— /S" : aS"' — /S : :V : e" ; 
and patting this in equation, 

5e" — aS' V = /S'V — Sd, or ^e" + Sd = Sy + ^'f^ 

or a^(c" + O = >SV + /S'c", or finally S = ^''^+ f < 

e -T~ e 

that is to say, when one error is plus and the other minus, the 
sum of the products, divided by the sum of the errors, givea 
the number sought. 



«!:'^ 
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Double Position Approximate. 

435. We must here inform the student that the aboye is no 
longer true when the data of the question require the invola- 
tion of S, or any part of it, into itself ; for, in this case, instead 
of finding, from the formula, the true result^ we only arrive at 
an approximation. Put 

Now suppose the numbers aS", ^", and S to have been in- 
volved, so that instead of each number, we had its square. 
Then, that the proportion may remain, it wiU be necessary to 
show that the differences of the squares of the numbers are as 
the differences of the numbers themselves. Let S' =S', 
>S " = 10, and ^ = 6. Then the above proportion becomes 
8 — 6 : 10 — 6 : : e' : e", or 2 : 4 : : e[ : e". Then instead 
of the numbers, taking their squares, if the proportion still 
exists, we shall have 64 -^ 36 : 100 — 36 : : 2 : 4 | that is, 
28 : 64 : : 2 : 4, or (403) 112 = 128, which is absurd. 

We shall, however, obtain an approximation. For, let a and 
a -{- qhe the suppositions, both greater than c, the true num- 
ber. Also put a 'j-q = x', then a — ex — c : : e' : c", and 

_= ratio of differences. Then taking the square of each 

X ^~~ c 

supposition and the square of the true number, we have 

— = ratio of ihe involved numbers. To show the ap- 

a^ — c* ^ 

proxiniation of these ratios, we divide one by the other, thus : 

a — c ^ a^ — c* a — c a:' — c* x -^ c a^ c -\- q 

X — c ' x^ — c* X — c a* — c* a-\-c a-^-c 

Now, if we take each supposition as near as possible to the 
true number, their difference g' is a very small number, and 

consequently, 1 -| ^—^ a near approximation to a unit, which 

is the result when the ratios are equal. 

To solve a question of this kind, therefore, assume two num- 
bers, each as near as possible to the true, and find the result 
as above, by the appropriate formula. Take the result which 
is an approximation, and of the two suppositions, that which is 
nearest to the true number, or any other which may appear still 
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nenrer^ and proceed as before. The true number may thus, by 
repeated trials, be obtained to any degree of exactness. 

Examples* 

1. Two merchants begin business with equal sums of money ; 
one gains 25 per cent., the other loses 10 per cent, of his capi- 
tal, and $2000 more ; after which the first has 95000 more 
than the other. With what sum did each begin ? 

25 p. c. is I, and 10 p. o. is -j^j. 
First suppose 10000 ; then 

10000 + 2500 = 12500 cap. of first, 
10000— 1000 — 2000= 7000 " second. 

diff. 5500 which should be 5000 
5000 

500 error in plus. 

Suppose 8000 ; then 

8000 + 2000 = 10000 cap. of -first. 
8000 — 800 - 2000 = 5200 « second. 

4800 diff. which should be 5000 
5000 

200 error in minus : then by the 
formula, 10000 X 2 00 == 20000 00 
8000 X5 00 = 40000 00 

Sum of errors 7,00 ) 60000,00 

J857 1,424 required sum. 

Proof. »8571,424 $8571,425 

2142,854 * 857,14| 

10714,284 cap. of first 7714,284 

5714,284 " second. 2000,00 

diff. 95000, as required by the question. 5714,284 
By a Simple Algebraic Equation, 

X X 

Let X = sum : then a; + 2 ^^ capital of first ; and x — y^ 

— 2000 == capital of second; and, by the question, as the 

difference is 5000, if we add this to capital of second, we have 

26* 
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the equation x -}- j = x — Ta + 3000 ; multipljing by 40, 

we have ^Ox + lOx = 40x — 4x + 120000; subtract 40a;, 
and lOx = — 4a5 + 120000 ; transpose 4a;, 

14x = 120000, or 7x = 60000, and 

X = 60000 -f- 7 = ?8571,42j^. Answer. 

All questions in Double Position, which, in their operation, 
require neither Involution nor Evolution, belong to Double 
Position Absolute ; and may, as above, be solved, either by 
one operation, according to the formula, or by a simple 
equation. 

2. What number exceeds five times its square root by 13 ? 

Take 64: then|/64 = 8, and5x8 = 40j 64 — 40 = 24; 
24 — 13 =11, error in plus. 

Take 49: theny49 = 7; 6x7 = 35; 49—35 = 14; 
14 — 13 = 1, error in plus. 

Mult, in a cross order 64 X 1 = 64 and 49 X H = 539. 
Then, as the errors have like signs 539 — 64 = 475, diflferenoe 
of products. 

11 — 1 = 10 difference of errors, and 475 -j*- 10 = 47,5, 
approximate number. 

V^47,5 = 6,892 ; 5 X 6,892 = 34,46 

47,5 — 34,46 = 13,04 ; 13,04 — 13 = ,04, error in plus. 

Assuming 49 and 47,5, and multiplying as before, we have 

49 X ,04 =1,96; 47,6 X 1 =47,5; 47,5 — 1,96 =45,54, 
difference of products. 

1 — ,04 = ,96, difference of errors ; then 

45,54 -r- ,96 = 47,4375, a greater approximation, which ex- 
ceeds 5 times its square root 6,887488 by 13,00006. 

Now take 47,4375 error in plus, 00006 
47,5 error in plus, 04. 
47,4375 X ,04 = 1,8975 • 
47,5 X ,00006 = ,00285 

1,89465 difference of products. 
,04 —,00006 = ,03994 difference of errors. 

1,89465 -~ ,03994 = 47,4374 required number. 
5 X i/47,4374 = 5 X 6,88748 = 34,4374 

13 required difference. 

By a Quadratic JSquation. 

The square of a + 6 is a« -f- 2ah + &«, or a» -|- 2ha -j- ¥. 
Take away b^ ; let a« + 2ha = 21, and let 6 = 2: then 
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fj^-\- 4:a=^ 21. This equation, in which we find the Bqucere 
of the unknown quantity in the first term, and the quantity 
itself in the second^ is properly called quadratic from the 
Latin quadransj a square. 

In the equation a»+ 26a = 2l, the coefficient of a in the 
second term is 26. Now h is half this coefficient ; and, as 
the square of this half is the part which is wanting to make 
the first member a complete square, we infer that in every 
equation of this kind, if we add the square of half the co* 
ejicient of the second term to each member y that member which 
contains the unknown quantity becomes a complete square ; 
and consequently, by extracting the square root of each side, 
the index is expunged, and the equation becomes simple. 

In the equation a* -j- 4a =21, the coefficient of a being 4, 
we add the square of its half to each side, and have 

a« + 4a + 4==25. 

Now a-\-b, which is the root of a* + 2ab -{- &■, is merely 
the sum of the roots of the first and last terms of the ex- 
pression. Also, as the square of a — 6 is a* — 2ab -j- &■, we 
may infer that the root of the complete square is the root of 
the first term, and the root of the last connected by the sign 
preceding the second term. 

Hence, by extracting the square root of each side of the 
equation o* -f- 4a + 4 = 25, we have a-f-2 = 5, or a = 5 
— 2 = 3; and substituting 3 for a in the equation a* + 4a 
= 21, we have 9 + 12 = 21. 

To solve example 2, let aj= number required. Then 

X 13 

a; — 13 = 5y/x ; divide by 5, — ^ — = i/x; square both 
/»a Ofi^ «L 1 fiQ ^ 

sides, ^ — 25 "^ "^ ' ^""^^^ ^^ ^^' a^ — 26x + 169 

= 25x5 transpose 25:c and 169, x* — 51a5 = — 169; to 
complete the square, we add — - X ir = ■ a to each side, 

and have 

. -, , 2601. 2601 — 676 1925 , ,. 
«' — ola5 -\ — J— == J- = —J- \ extracting roots, 

51 _ 1925 _ 51 /1925 _ 51 + y^l925 
X——— 1/— J-, a; — Y H 2 — "~ 2 ' ^' 

51 + 43,8748 94,8748 .^^_. . , . 
X = - = — ^ — = 47,4374 required number. 

From the above it is evident that questions in this role, in 
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wbicb the required number depends on the increase or diminti' 
tion of the given number by quantities obtained by its invo- 
lution or evolution^ can only be solved by Approximate Double 
Position or by a Quadratic Equation. 

3. A father gives, in unequal portions, $10000 to his two 
sons. If $1000 be taken from the portion of the younger, 
the remainder will be to the portion of the elder as 3 to 5. 
What is the cube root of the ratio of the whole portion of the 
younger to that of the elder ? Ans. ,9196413 +. 

4. Having diminished a number by four times its square 
root, the remainder, diminished by 4, is ^ oi the number. 
What is the ratio of the last remainder to | of the square 
root of the number ? Ans. 1. 

5. Kequired a number, from which, if you take 5 times 
its square root, the remainder will be 3. 

Ans. 30,7069 -|- approx. number. 

Alligation. 

436. Alligation, which means tying together, is the rale 
which determines the value of compounds formed of in- 
gredients of different values, and is of two kinds, Medial and 
Alternate. 

AUigation Medial, 

This rule is so called, because when several quantities, and 
the respective value, rate, or price of each is given, it finds 
the medium, or mean value, rate, or price of the mixture com- 
pounded of those quantities. The rule is as follows : 

Multiply each quantity by the value of its principal unit, 
and add the products together : the sum is the value of the 
whole composition. Next find the sum of the given quan- 
tities ; then as the mixture, when compounded, is a uniform 
quantity, it is plain that the values of any two quantities of 
the mixture must be to each other as the quantities them- 
selves; we therefore say 

As the sum of the given quantities 

To any proposed part of the mixture, 

So is the value of the whole 

To the value of the part proposed. 

The price or value of a number of units is evidently the 

result of the price of one unit, added to itself as often as the 

unit is added in forming the number; that is, the price of one 

unit multiplied by the number of units: hence, inversely; 
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th€ price of the wliole divided by tbe number of units, gives 
the price of one unit.* 

Therefore, the value of the whole composition, divided by 
the number of units which enter into it, will give the value 
of a unit of the mixture. Also, the value of any number of 
units may easily be found by multiplying the value of one 
unit by that number. 

Examples, 

1. A miller mixes for grinding 60 bushels of corn at 62} 
cts.; 80 at 45 cts.; 100 at 40 cts.; with 120 bu. of oats at 
37 i cts. a bushel. What is the mixture worth per bushel? 

60 @ 62} cts .?37,50 

80 " 45 86,00 

100 '^ 40 40,00 

120 ^' 37} ...- 45,00 

36|0 6 )15|8,50 

6) 2,6 41 + 

,4 40 + 
Hence, the worth of a bushel is 44 cents, very nearly^ For 
360 X 4*^ = 158,40, which is less than the true number by 
only T^g^ of that number. 

2. Suppose that, during the ninth month, the thermometer 
stands for 4 days at 66^, for 12 days at 62^, for 8 days at 
72^, and for 6 days at 56^. What is the mean temperature ? 

Ans. 64 degrees. 

3. A vintner mixes 20 gals, wine at 6 s. 8d. per gal., 35 at 
6s., 60 at 4 B. 3d., and 120 at 3 s. 6 d. Now he offers to sell 
me 47 gals, at prime cost : how much must I pay, and at 
what price must he sell the remainder so as to gain 8 d. per 
gal. on tKe whole ? 

Ans. I pay £10 3 s. 8 d., and he sells at 6 s. 3 d. per gal. 

Alligation Alternate. 

437. Alligation is called Alternate when the prices or 
values of several ingredients are given, to determine what 
quantity of each must be taken, to make a mixture of a fixed 
medium value; because the given values are tied or linked to^ 

*It miust be observed that though the quantities differ from each other, 
they must all be measured by a unit of the same magnitude; as, for 
example, bushels of barley must be compounded with bushels of oats^ 
oorn, Ac. ; pomids of mustard with pounds of meal, Ae, Ac. 
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getheTf two and two, so that one may he greater^ and the other 
less, than the medium rate, alternately. 

Let m be the medium rate. Let A be a greater and B a 
less rate tban m. Also, let A = w -f- **j and B = w — «. 
Then, if P be any number of units taken at the value A, 
that is, at m-^-r, their value will be Pm -|- Pr, that is, Pr 
too great; and if g be a number taken at the value B or 
m — «, their value will be qm — qs, that is, qs too little. But, 
in order that the composition, formed of the two quantities, 
may be at the mean rate, Pr must equal qs ; therefore, (406) 
P : g : : « : r; that is to say, the quantities, taJcen at the respect- 
ive values, are reciprocally proportional to the differences 
between those values and the mean rate. The ratio of the 
required quantities being thus determined by the differences 
between their values and the mean rate, we assume those 
differences as the required numbers, and proceed according to 
the following rule : 

Place the difference between the greater value and the 
mean rate opposite to the less value, with which it is linked; 
and the difference between the less value and the mean rate 
opposite to the greater value.. Do this with each couple which 
is linked. Th^n, when more than one number stands opposite 
to any value, which will often happen, — ^and, indeed, must 
always happen when the number of ingredients is odd, — their 
sum is the required number at that rate. Multiply each value 
by the number opposite to it, and add the results, the sum 
of which will be the value of the whole mixture. Divide 
this sum by the whole number of units in the mixture, the 
quotient will be the mean rate, when the work is right; and 
is, therefore, a proof of the operation. 

Examples, 
1. A vintner has wines at 3 s., 4 s. 6 d., and 7 s. 6 d. a gal- 



lon, which he would mix so that the compound may be worth 
5 s. a gallon. How many gallons of each may he take ? 
f3s. Od. -'«- ^-^ -^^ ^- ^^ 



2 s. 6 d. or 2} 7s. 6d. 

Is. Od. 14 6 

6d. } 3 

^7s. 6d. J2s. _2 15 

Number of gals. 6 ) 30 s. whole cost of compM. 

5 s. required rate per gal. 
Here we see, that by mixing 2i gals, at 3 s.^ 1 gal. at 4 s. 
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B d., I gal. at 6 s., and 2 gals, at 7 s. 6 d., the whole compo- 
sition is worth 30 s., which, divided by 6, the whole number 
of gallons, gives 5 s. for the average or mean price per gallon, 
as required. 

Because 3 s. X 2} = (5 — 2) 2} is 2 X 2} too little; and 
(7 s. 6 d.) 2, or 7Js. X 2 = (5 + 2}) 2 is 2 X 2 J too great: 
the sum of the products must be equal to 2 -f- 2}, or 1}, at 
the mean rate. 

Different results may be obtained either hy a variation or 
complication of the linking. 



5s. 



or. 



5 s. 



3 s. d. 

4 6n 

6 

7 6_ 


Is. 8 s. 

2} 11 3 

2 12 

J 3 9 


6)30s. 


5 s. 


3s. Od.- 

4 6-in 

6 OJ 

7 6 J" 


12}- 
1 -^ 

} - 

J2 - 


hi —3} 10s. 6d. 
h2}— 3} — 15 9 
-2 =2} — 15 
hi —2} 18 9. 

12 ) 60 s. 



5 s. 

When one number is multiplied by another, the product 
(138) is the same as the sum of the products when all its 
parts are separately multiplied by that other ; therefore, if we 
multiply the numbers 2 1, 1, }, and 2 of the first linking, 
each by 12, the sum of the products will be 12 times their 
sum 6. Also, as each of the products 7 s. 6 d., 4 s. 6 d., 3 s., 
and 15 s. will be multiplied by 12, their sum 30 s. will be 
multiplied by 12., But (165) because the quotient is not 
altered when the divisor and dividend are both multiplied or 
both divided by the same number, we shall obtain the same 
result. Hence it follows that if, after having found a series 
of numbers that complies with the conditions of the question, 
we increase or diminish the numbers it contains, each in the 
same ratio, whether that ratio is integral, fractional, or mixed, 
we shall still obtain the same result; consequently, we can 
obtain new series without end; find numbers corresponding to 
a given or limited number of one or more of the ingredients^ 
or, finoMy^ limit the whole compound to a certain quantify. 
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438. Suppose, for example, one ingredient being limited^ 
that in the above compound we would have 25 ^Hb. at 3 b.; 
we saj, 2} : 25 : : 1 : 10 gals. @ 4 s. 6 d. 

2} :25 : : } : 5gds. @6s. 

2} : 25 : : 2 : 20 geAa. @ 7 s. 6 d. That is to say, 

Ae the number in the series which stands opposite to the 

rate of the given number is to ^ given numhery so is each 

8v>ccessive number in the series to the quantity required at Us 

rate. 

As the ratio of 25 to 2} is 10, the numbers corresponding 
to 25 might easily be found by multiplying each remaining 
number in the series by 10. 

Proof. 25@3s. = 75 

10@4s. 6d. = 4 5 

5@6s. =30 

20@7s. 6d. =15 

6|0 ) 30|0 

5 s. 

439. Again, two or more ingredients being limited, suppose 
we would have 30 gals, at 3 s., and 24 at 4 s. 6 d. We first 
Jlnd, by Alligation Medial, the mean rate for the given irir 
gredients, 

30X3 = 90 
24 X 4J = 108 

54 ) 198 (3|} = 3f s., or 3 s. 8 d. mean rate. 

162 



iiej ana 

60 1 72] 
( 90 J 



36 
Then, reducing all the rates to pence, we find a series far 
tkis m^ean rate, and the rates of the undetermined ingredients* 
' " -^ 30 + 12 ^ 42 ~ 1848 

16 — 1152 
16 ^ 1440 

74 ) 4440 ( 60 
444 

*** 

Lastly f we say : As the sum of the numbers opposite to the 
meojn rate of the given ingredients to the sum of those ior 
gredients, so is the number opposite to any other rate to the 
number required at that rate. 

Hence we have 42 : 54 : : 16, or 7 : 9 : : 16 : Lij = 204 
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@ 6s. The remaining number being the same, we shall have 
204 @ 7s, 6d. 

Proof. 30 @3s. =90 

24 @4s. 6d. = 108 

204 @ 6 s. =123| 

204 @ 78. 6d. = 154f 

954 ) 475| (6 s. 

475f 

* 

440, The whole compound being limited^ suppose we would 
limit the a.boye compound to 100 gallons. Take any of the 
above series, or first find a series, at pleasure, for the given 
rates ; then say. As the sum of the series found is to the given 
number 100, so is any number in the series to the correspond" 
ing part of the given or limited number 100. 

Taking the series 25, 10, 5, and 20, we say 25 + 10 + 5 
-f 20 = 60. Then, as the ratio 60 : 100 = 3 : 5, we have 

3 : 6 : : 25 : i|J = 41| gals. @ 3 s. 

3 : 5 : : 10 : M = 16| gals. @ 4s. 6 d. 

3:5:: 5 : ^ = 8| gals. @ 6 s. 

3 : 5 : : 20 : i^-o = 33J gals. @ 7 s. 6d. 

Proof. 411 mZs. = 125 

4s. 6d. = 75 

6s. = 50 

a3|@7s. 6d. =250 

100 ) 500 (5 s. required rate. 

2. A grocer has sugar at 3 d., 4d., 8 d., and 10 d. per lb. 
E^ow many pounds of each must he mix with 60 lbs. at 5 d. 
so that the whole may be worth 6 d. per lb. ? 

Ans. 60 at 3 d., 60 at 10 d.,' 120 at 4 d., and 120 at 8 d. 

3. A dealer in spirits mixes 60 gals, of brandy at $3 per 
gal. with 75 gals, at ¥2,50. How much water must be add 
to enable him to sell the mixture at $2 per gal. ? 

Ans. 48 1 gals. 

4. A miller has 90 busL corn at 62} cts., 80 at 50 cts., 
and 60 bush, at 60 cts., which he would mix with oats at 37} 
cts. a bushel, so that the whole may be worth 50 cts. a bushel. 
How many bushels of oats must he have ? 

Ans. 138 bushels. 

5. A miller has 40 bushels of grain at 60 cts. which he 

27 
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would mix with grain at 35 cts. and at -56 cts.; how macb 
of each of the two last must he take to form a compound 
worth 50 cts. a bushel, which shall fill a garner 10 ft. long, 

5 ft. 4} in. wide, and 5 ft. high. 

Ans. 69 i^ bush, at 35 cts., and 106} at 56 cts. 

6. How many bushels of grain at 40, 50, 60, and 80 cts. a 
bushel must we have to form a compound worth 56 cts. a 
bushel, which shall just fill the above gamer? 

Ans. 103^1 at 40 cts., 17/^® 50, 25§|@60, and 692^ 
@ 80 cts. 

Permutation. 

441. The changes which can be made in the order of any 
given number of things, the whole being disposed in regular 
succession after each other, and each being found in every 
arrangement only once, are called permutations. 

Suppose we have two things h and c : it is plain that they are 
susceptible of the two permutations he and c6, which we may 
express by 1 X 2. If we have three things a, &, c : as any one 
of them may stand first, each remaining two being susceptible 
of two permutations, it is plain that we shall have 8 times 2, or 

6 permutations, namely, ahc, achy hctc, bca, cab^cbay which 
number is expressed by 1 X 2 X 3, or 1 • 2 • 3- 

Again, if we have four things : as any three of the four are 
susceptible of 6 permutations, and as. each may be placed first 
in its turn, it is evident that the number of permutations of 
which they are susceptible is 4 times 6 = 24, or 1 • 2 • 3 • 4. 

Now it is easy to see that if there be 5 things, the number 
of changes in their order will be 5 times 24, orl.2.3.4*5; 
and that in general, whatever is the number of things, the num* 
ber of permutations of which they are susceptible is expressed 
by the continual multiplication of the natural numbers 1 • 2 • 
8 .4 • 5, &c., ending with the number corresponding to the 
given number of things. 

Supplement to JPermiUation. 

442. When, of the things which are given, several are alike, 
as a J a, a, h, it is plain that as those things which are alike 
are not susceptible of permutation, the number of permutations 
of which the like things would have been susceptible, had they 
all differed from each other, shows how many times less the 
number o/ permutations ofwJdrh tJie given things are suscep- 
tible note is, than it would have been had they been all differ; 
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ent. We therefore operate thus : Find the number of permu- 
tations of which the given things would have been jsusceptible 
had they been all different, as usual ; and divide this number 
by the product of the numbers which show the number of per- 
mutations of which all the like things would have been sus- 
ceptible, if different. 

Thus, for the four things a, a, a, h, we have * * — ^ = 4, 

the number of permutations of which they are susceptible. 
These are in effect, aaab, aaba, ahaa, haaa, and are evidently 
all of which they are susceptible, seeing that b is put in every 
place from the first to the last inclusive, and that the letters 
a, a, a, are not susceptible of permutation. 

For the permutations of the ten letters aahhhhcccdj we have 
1X2X3X4X5X6X7X8X9X10 _ . ofioo 
(1 .2) (1 .2 .3 .4) (1 .2 .3) "" 

Uxamples, 

1. Hoir many changes can be Inade in the order of the 5 
vowels? Ans. 120. 

2. In how many ways can the seven notes of music be 
played ? Ans. 6040. 

3. How many different numbers, each consisting of 9 figures, 
can be expressed with the 9 digits ? Ans. 362880. 

4. How many numbers, each consisting of ten figures, can 
be expressed with the figures 7, 1, 2, 3, 8, 3, 2, 9, 2, 6 ? 

Ans. 302400. 

5. In how many ways can a vignette be formed, which shall 
consist of 2 violets, 3 primroses, 4 tulips, and 5 roses ? 

Ans. 2522520. 

Arrangement 

443. When we have a number m of things, and are required 
to find how many changes can be made in their order when 
they are taken 2 by 2, 3 by 3, 4 by 4, &c., w by n, n being 
always assumed less than m, these changes are called arrange- 
ments. 

Suppose we have 5 things a, &, c, cZ, e, and we wish to know 
how many changes can be made in their order by taking them 
2 by 2. As any one can precede each of the others, it is evi- 
dent that 4 arrangements will thus result from each, and con- 
sequently that 5 things taken 2 by 2 are susceptible of 5 
times 4, or 20 arrangements. 



816 ARBANGEMl^r. 

Now if we have any number m of things, it is equally plain 
that by placing any one before each of the others, the number 
of arrangements thus formed will be (w — 1}, and that bj 
thus placing the whole of the units in 97?, each in its turn, we 
^shall have m times (m — 1), or m(m — 1) for the whole num- 
ber of arrangements of which m things are snsceptible when 
taken 2 by 2. 

Again, if we take 5 things 3 by 3, we easily see that, before 
the whole of the arrangements obtained in placing them 2 by 

2, we can place each one of the remaining 3, and thus we shall 
have 3 times 20, or 60 arrangements. Also^ when the things 
in a number m are arranged 2 by 2, we can, before every ar- 
rangement, place each of those which remain, the number of 
which is (m — 2) ; consequently, a» the number of arrange- 
ments 2 by 2 is m(m — 1), the number of > arrangements 3 by 
3 must be (m — 2) times m (w — 1) ; or, inverting the order 
of the multiplication, m(m — 1) (m — 2). 

Hence we see, that the number of arrangements of which a 
number m of things is susceptible, when taken 2 by 2, is 
m(m — 1), and when taken 3 by 3, is m(m — 1) (m — 2). 

444. Now, if we take the given number of things ri by », 
9i> being less than m, it is easy from the above reasoning to 
infer that the number of arrangements, n by w, of which m 
things are susceptible, is expressed by the continual multipli- 
cation of the decreasing series m(m — V) {m — 2)(m — 3) 
(m — 4), &c., in the last term of which <Ae negative number 
u equal to (n^l) ; and as this number is to be subtracted 
from rrij the last term in the series will be m — (n — 1), op 
(m — n -|- 1). 

The general formula, therefore, for finding the number of 
arrangements of m things, taken n by », is m(m — 1) (w — 2) 
(m — 3), &c (m — n-f-l)-* 

JSxamples. 

1. Suppose we demand ho\\ many different numbers, each 
consisting of 4 figures, can be formedt with the. six digits 1, 2, 

3, 4, 5, 6. 

* The negative number in the second term being 1, and that in the laaft 
(n — 1), it is plain that the number of terms sneeeeding m ia (n-"-!); oon- 
sequently^ the whole number of terms will always equal n. Wherefore, to 
find the number of arrangements, we multiply a series, beginning with tha 
given number of things, and decreasing by a unit, till the number of terms 
in the series Is equal to the number of things taken at a time. 



COMBINATION. 317 

The last term of the series will, according to the formula, be 
(6 — 4 + 1) == 3 ; we shall, therefore, have 

6X5X4X3 =360, the required number. 

2. How many different whole numbers, each consisting of 6 
figures, can be formed with the 9 digits? Ans. 15120. 

3. How many difierent whole numbers, each consisting of 7 
figures, can be expressed with the nine digits ? 

Ans. 181440. 

4. If from a regiment consisting of 10 companies, we take 6 
companies at a time, in how many ways can the 6 companies 
take up their order of march ? Ans. 151200. 

Combination, 

445. Of the arrangements of which m things are susceptible 
when taken 2 by 2, 3 by 3, &c., nhj n, n being less than m, 
those which differ from each other by at least one of the things 
of which they are composed, are csilled combinations. Thus, 
the letters a, b, c, taken 2 by 2, are susceptible of the 6 ar- 
rangements aby ac, ba, be, ca, cb, of which only 3, abj aCj and 
be, are combinations. 

Now, as the combinations of m letters, taken n by w, all 
differ from each other by at least one of the letters in n, it iS 
plain that all the permutations of which the n letters of each 
combination are susceptible are so many new arrangements of 
the m letters taken n by w, and comprise all the arrangements 
of which the m letters, so taken, are susceptible. Hence the 
whole number of arrangements, of which m letters, taken n by 
71, are susceptible, is the product of the combinations of the 
same m letters, taken n by w, multiplied by the number of per- 
mutations of which n letters are susceptible. Wherefore, calling 
the whole number of arrangements of the m letters A, the com- 
binations C, and the permutations of n letters P, it is plain, 

that A = PC, and consequently C = -p-. That is to say, the 

number of combinations of m letters, taken n by n, is equal to 
the whole number of their arrangements when so taken, di- 
vided by the number of permutations of which the w letters are 
Rusceptible. But (444) A = m(m — 1) (wi — 2) (m — 3) 
&c (m — w+ 1) and (441) P = 1 .2.3.4.5, &c. 

X (n — 1) X ^- Wherefore, the expression C = :^ be- 

27* 
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^ m(m — 1) fm — 2) fm — 3) (m — w + 1) 

comes C = ^^ ^ — • — ^^j h—j: — rr-7 t\ — • 

1 # 2 . 3 • 4, &c X (^ — 1)» 

1. Suppose that having 12 different kinds of flowers, we would 
know the whole number of nosegays, each consisting of 7 dif- 
ferent kinds, that we can with the 12 kinds form, so that no 
two nosegays may consist of exactly the same kinds of flowers. 

It is evident that, to solve this question, we have only to 
find the combinations of 12 things taken 7 by 7. Wherefore, 

by the above formula, we have -.| ^ ^ 1 ^ — s — ^ 

= 792, the required number. 

2. With 9 different kinds of fruit, how many persons caa 
we regale, so that each may partake of 4 kinds, and no two 
persons exactly the same kinds ? Ans. 126. 

3. How many different numbers can we form by multiplying 
6 at a time of the first 12 prime numbers ? Ans. 924. 

4. From 40 men, how many times could a commander select 
20, without again choosing the same 20 ? 

Ans. 137846528820 times. 

Supplement to Combination, 

446. If we have two sets of series of different letters, which 
we would combine 2 and 2, it is evident that in combining a 
letter of the first set with each of those in the second, we 
shall have as many combinations, 2 and 2, as there are letters 
in the second set ; wherefore, in thus combining every letter 
of the first set, it is plain that all the combinations, 2 and 2, 
of which the two sets are capable, in choosing one from each, 
is signified by their product. Again, if we have a third set, 
and we would combine the whole 3 by 3, by taking one from 
each, it is plain that in combining each letter of the third set 
with each of the combinations, 2 and 2, of the two first, we 
shall have the number of combinations, 3 and 3, which is 
signified by the product of the first and second series. Where- 
fore, the whole number of combinations of which 3 sets are 
capable, when taken 3 by 3, is signified by the product of the 
three sets ; and, pursuing the analogy, all the combinations 
which can be made from any number of sets of different 
things^ by taking, to form each combination, one from each 
set, is expressed vy the continual multiplication of the nurn- 
hers which show tite number of things in each set. 
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1. From a compapy of 6 Germana, 10 Frenohmen, 7 Rus- 
uana, 8 Americaog, and 9 Spaniards, ia hoir many ways can 
5 persons be geleoted, ao as to have one of each nation ? 

Ans. 30240. 

2. With 12 roses, 7 tulips, 13 carnations, 6 anemones, 5 
raanncoluses, and 10 wall-flowers, in how many ways can a 
booqaet be formed, consisting of one flower of each kind. 

Abb. 327600. 
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Newton's binomial formula — ^arithmetical p 
and progression — geometrical progression — loga- 
rithms — d8b of the table. 



Newion't Binomial Formula. 

447. We have shown (444) that in the series m(m— 1), 

(m — 2), &c., for finding the number of arrangements of m 

things, taken n at a time, the nnmber of terms is always 

eqnal to n. The number of combinations, therefore, of m 

things, taken I by 1, is m, or y; taken 2 by 2, it is ^J ~ -^ ; 

token, 3 by 3, it is "^(^ — ^X"'—^ ^ &o. Now when m is 

an even number, it is divisible by 2 ; also, when m, is odd, 

(m — 1) is divisible by 2 ; consequently, -^ ~ is a whole 

number. Again, when m is not divisible by 3, the remain- 
der found in dividing it by 3 must be either 1 or 2. Now, 
when tbe remainder is 1, (m — V) is divisible by 3 ; and, 
when the remainder is 2, (m — 2) is divisible by 3 j where- 
fore, the expression wi(m^l)(m — 2) is, divisible by 3, 
and we have shown that it is divisible by 2; therefore, 

-^ — - — ~ „ — is a whole nnmber. Wherefore, in gene- 
ral, as the remainder, in dividing any number m by », must 
be some one of the numbers 1, 2, 3, &c. not exceeding it — 1 ; 
and as m is suocessively diminished by each of those num- 
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bers to 71 — 1, inclusiye, it is plain that the number n exactly 
measures some one of the numbers in the scale m(m — 1), 
(m — 2), (m — 3), &c. Hence^ if we make, successively, each 
number in the scale 1, 2, 3', 4, &o. equal to n, we shall show, 



as above^ that the formula 



m(m — 1) (m — 2)(m — 3) 



, &c., 



1.2*3.4 

consisting of any number of terms, is a whole number. 

This formula the student will recognize as the formula for 
finding the numeral coefficients in the Binomial Theorem of 
Newton. 

Demonstration of the Binomial Formula. 

448. Let m be the index of the power to which a binomial 
is raised ; the coefficients of any term which is preceded by n 
terms is the number of combinations of m things^ taken n 
by w. This law or property M. Bourdon^ in his El^mens 
D'Alg^bre, has shown as follows : 

*'The more easily to discover the law of the developement 
of the m^ power of the binomial cc + a, we shall begin by 
observing the law which exists in the product of several 
biuomials x-f-a, a5 + Z>, cc + c, a;-|-c2 ... having a common 
first term, and their seccmd terms different. The object of this 
artifice is to prevent the reduction of the similar terms. 

x-\- a 

x-\- h 



1st product, 05* 



S^h\^'^^^' 



X 



2d product, 



7? 



X 




-- ac \-x-\- ahc, 
— he ) 



x^ 






> 01? 



-\-ah 
-f- ac 
-\- ad 

-\-ld 

■\-cd 



\oi? 



-\-ahc 
-\-abd 
-\-acd 
-^•hcd 



" X -\- ahcd. 



"Having performed the multiplications according to the 
usual rules, we discover in the three preceding products the 
following law : 

"1. With regard to the exponents or indices, the index of x 
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ig, in the first place, eqaal to the namber of binomials multi- 
plied. This index then diminishes, bj a unit at a time, in 
each BuccessiTe term, tu the last, where it is equal to nought. 

"2. With respect to the coefficients of the difi'erent powers 
of X, the eoefficicQt of the first term is a unitj the coefficient 
of the second term is equal to the sum of the second terms 
of the hiaomials ; the coefficient of the third term is equal to 
the sum of the different products, or combinations of the same 
second terms taken 2 by 2 ; the coefficient of the fourth term 
is equal to the sum of the different products or combinations, 
3 by 3. Pursuing Ihe analogy, we may say that the co- 
effioieut of any term, which has n terms before it, is equal to 
the number of difi'erent products or combinatioas of the second 
terms of the binomials, taken n by m." 

Now the number of second terms is equal t« the number of 
binomials, or index of the power of their leading quantity x. 
Hence, we infer that, when a binomial is raised to any power 
ffl, the index of the power, or m, is the coefficient of the second 
term. The coefficient of the third term is the number of 
combinations of the same number m, taken 2 and 2. But 
™(™-l). 
. 2 ' 

term, multiplied by the indei of the leading qnaptity in that 
term, and divided by the number which shows the number of 
terms to that place, or number preceding the third term. The 
coefficient of the fourth term being the oombinations of the 

same number m, taken 3 by 3, is -^ ^ ^-^; that is, 

it is the coefficient of the third term, multiplied by the index 
of the leading quantity in that term, and divided by tjie 
number showing the number of terms preceding the fourth. 
Wherefore, in general, the coefficient of any term is found by 
multiplying the coefficient of the term preceding it, by the 
index of the leading quaatity in that term, and dividing the 
product by the number which shows the number of terms 
preceding the term the coefficient of which is sought. '' 

449. The number of combinations of which m things are 
susceptible is the same when the m things are taken 1 by 1, 
as when taken (m — 1) by (tn — 1) j when they are taken 2 
by 2, as when they are taken (nt — 2) by (m — 2) ; and, in 
general, when taken n by n, as when taken (m — m) by 
(m — n), n being less than m. 



this is -rr- - — ^ri tl>at ia, it is the coefficient of the second 
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Let n = l'y then (m — « + 1) = m; that is, m is the 
number of combinations, when taken 1 at a time. 

Let 71 = m — 1 ; then (m — » + 1) = m — (m — 1) 
-|- 1, or m — m + 1 + 1 = 2. Wherefore, the formula 
w(m — l)(rn — 2) (m — 3) • • • 2 

1 . 2 .(« — 3)(» — 2)(n — ly 
ml(n)(w— 1)(« — 2)(n — 3), &c. 2 m 

1 • 2 . (n — o)(n — ^)(J^ — J- ; n 1 

That is to say, when m things are taken (m — 1) at a time, 
the number of combinations is equal to m, the same as when 
taken 1 at a time. 

Let n = 2} then (m — n-\-l)==m — 1, «ind the number 

- ,. X- • m(m — 1) 
of combinations is -y^ s"' 

Again, let n = m — 2; then (m — n-\-A) = m — (m— 2) 
j^l —. ^ — wi-4-2 + l=3. Wherefore, the formula 

1.2.3 (w — 2)(n — 1) n 

m(m — l)|(n)(7i — l)(yi — 2).,,3 __ m(m — 1) ^ 

1 . 2 . I 3 (71 — 2)(ii— 1) li^ 1 . 2 ' 
shows that the number of combinations is the same when m 
things are taken 2 at a time as when taken m — 2 at a time. 
Hence, we may infer that the number of combinations is the 
same when m things are taken n at a time as when (m — n) 
at a time. 

450. Also, the number of combinations is greatest when 

n = -^^ that is, when n is the half of m^ 

For, as the last term in the numerator of the fractional for- 
mula is (971 — 91 -f- 1)9 Ai^d the last term in the denoQiinator 
is 71, it is plain that as long as (m — n-\-l) is greater than 
71, the greater n is; that is to say, (444,) the greater the num- 
ber ^f terms, the greater will be the number of combinations; 
but, when (m — n-\-l) becomes less than 71, the greater the 
number of terms, the less must be the result, or number of 
combinations, because the series which constitutes the nume- 
rator of the formula is decreasing, while that of the denomi- 
nator is increasing. Now it is plain that (m — « + 1) will 

be greater than n, when ♦» = --; but when 71 = --- + 1, 

that b, when n is n unit greater than the half of m, then 



ARITHMETICAL PROPORTION. SgS 

and is, therefore, less than n. Wherefore, the number of 
combinations is greatest when n is the half of m. 

451. When m is odd, and consequently its half fractional, 

n, being integral, cannot equal -^ ; but, taking n. as near rr- 

B& possible, m — n must equal n -fr 1, or »i -rrr 1; Eixst^ if 
m — 71 = n.-(- 1, then w — 74 -jr 1 =?= w + 2. Again, if 
m — » == 71 — 1, then ta — n 4- 1 == 7t -r- 1 -rf* l^ or w; and 

as these are both equally near -5-, the nuplbe^ of cgnxbinationis 

must be, in either case^ the same. 

For example, let us take m equal ta the odd number d'l 

then — = - = 4}, Now, taking 71- as near as we can, in 

integers, to 4}, n will be '4 or 6; and, as these are equally 
near, the number of combinations must, in either case, be the 
same. First, let 7i = 4 ; then m — 71 + 1= 6, and, by th« 

formula!, wq have —^ — ^ — 5 — 1~ =^ 1^^> ^^^ ^^ B»mbetr, of 

comjbipations. Again, taking 71 = 5, we have m — ti + 1 

. _ . 9X8X7X6X1 5 ^^^ _ , . 
= 5, and -^ 5 g — J — pg =?= 189, as befo^re. 

Now, applying this to the coefficients of the binomial, we 
may observe that when the power is odd,, the number of terms 
is even, and we always have two middle terms, which are alike,; 
and the greatest in^ the scale. But when the power is even, 
and, consequently, the number of terms odd, we have only 
one middle term, tl^e coefficient of which is the. greatest. 

m 

Arithmetical Proportion, 

452. Th& difference between two quantities is called their 
arithmetical ratio. Thus 3 is the arithmetical ratio of 5 to 2, 
or of 7 to 4. An arithmetical ratio is written thus : 5 • 2, 
and is read 5 is to 2. An arithmetical proportion is formed 
of two equal arithmetical ratios. 

When four quantities a, b, c, d are such that a — h==c — d, 
or h — a == d — c, they, and only such, are said to be in 
arithmetical proportion. The proportion is written thus: 
a mb : c • df and is read a is to 5, as c is to c?. 
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In an arithmetical proportion, the gum of the extremes is 
equal to the sum of the meuns : and this, which is called the 
fundamental propertt/, may be thus demonstrated : Let 
amh:c*dheB, general representation of every arithmetical 
proportion. First, let the antecedents, a and c, be greater 
than their conseqaents b and d ; and let a — h z= q^ then 
c — d = q, because a — h = c — d. Hence, a = 6 -f- ?> 
and c = q -\- d; consequently, a"{' d = h -\- q-}- d, *and 
b'j-c = h-\-q-\-d'j wherefore, a~\- d = h -{- c. 

Again, let the consequents b and d be greater than their 
antecedents, and let h — a = q; then d — c = q. Also, 
b = a -{-qy and d = q-{-c'y and hence, a-{-d = a-\-q-\-Cf 
and b-\-c = a-\-q-\-c', consequently, a -\- d = b -{- c, as 
before. Thus, in the proportion 5 • 2 : 7 • 4, we have 5 + 4 
= 7 + 2. Wherefore, in every arithmetical proportion the 
sum of the extremes is equal to the sum of the means. 

453. From this fundamental property, it is evident, that 
we may change the places of the means or those of the ex- 
tremes ; also, that we may take the means for the extremes, 
and the extremes for the means, without disturbing the pro- 
portion, because, in all these changes, the sum of the ex- 
tremes will be equal to that of the means. 

454. When in an arithmetical proportion, the two middle 
terms are alike, the proportion is said to be continual. Thus, 
2.5:5*8, ora.&:&.c, is a continual proportion ; and is 
sometimes written without repeating the middle term, thus : 
-^2.5.8, or -^a.ft.c. The preceding sign -=- is used, 
not only to distinguish the proportion from a common multi- 
plication, but to signify the repetition of the middle term. 

The middle term is called a mean proportional^ or arvth- 
metical mean^ between the other two. In the above propor- 
tions, 5 is an arithmetical mean between 2 and 8 ; and 5, an 
arithmetical mean between a and c. 

455. As the sum of the extremes is equal to that of the 

means, it is evident that we shall find the arithmetical mean 

between any two numbers or quantities bi/ taking half their 

5 + 8 
«*w. Thus, to find a mean between 5 and 8, we have — 5— 

13 

= -^ = 6} ; therefore, -f- 5 • 6} . 8, or -v- 8 . 6} . 5 . 

The difference which reigns in the proportion between term 
and term, is called the ratio. 
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Arithmetical Progression, 

456. This name is given to a series of numbers in continual 
arithmetical proportion. Thus, H-3«5.7»9.11. 13, &c. 
is an arithmetical progression. The number by which each 
term exceeds the preceding one is called the ratio or common 
difference. The sign preceding the progression is intended to 
show the repetition of the intermediate terms, thus i Z is to b 
a>s 6 is to 7 , a^ 7 is to 9f &c. 

An arithmetical progression is often called simply an arith- 
metical seriesy and is said to be increasing when the terms go 
on increasing, and decreasing when the terms decrease. Thus, 
-r-1.5.9.13. 17, &c. is an increasing^ and -i- 17 • 13 • 9 • 
5.1» — 3. — 7, &c. a decreasing arithmetical series. It is 
evident that a decreasing series is simply an increasing one re- 
versed, and therefore that the properties of an increasing series 
will apply to a decreasing one, by merely substituting minus 
for plttSy and subtract for add. We shall, therefore, consider it 
as increasing. 

457. As the second term of the progression is formed by 
adding the ratio to the first, and each successive term by adding 
the ratio to the preceding, it is plain that any term of an arith'* 
metical progression is composed of the first term plus as many 
times the ratio as there are terms be/ore it. When the first 
term is a cipher, any term of the series is evidently composed 
o/asmany times the ratio as there are terms be/ore it. Where- 
fore, calling the first term a, and the ratio or difierence dy any 
term n of the series is found by adding the first term a to the 
product of the ratio d multiplied by the number of terms pre- 
ceding n, which is (n — 1), thus : n = d(n — 1) + a. Hence, 
the ninth term of the series -r-3.5«7*9, &c., will be 2 X 8 
-(- 3 = 19. The eleventh term of the series -r- 1 . 5 . 9, &c., 
is4x 10 + 1 = 41. 

458. Calling the last term of the progression Z, and the 
number of terms n, we have, according to the above, l==:d 

I—- a 

(n — 1) + a, and consequently d = =• ; that is to say, 

having the first and last terms of an arithmetical progression, 
and the number of terms, the difference or ratio is found in 
dividing the difference between the first and last terms by the 
number of terms diminished by a unit. 

459. If we compare an arithmetical series, term for term, 
with the same series reversed, thus — 

28 
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^ 2. 6. 8.11.14.17 
H- 17. 14. 11. 8. 5. 2 

we find that as the first tenn goes on increasing and the last 
decreasing in the same ratio, the sum of the first and last 
terms, which stand under each other, is also the sum of any 
two corresponding terms of the series. The snm, therefore, 
of all the terms of both series, is equal to the sum of the first 
and last terms multiplied by the number of terms in one series; 
and as this product is evidently just twice the sum of the terms 
in one series, we infer that the sum of all the terms of any 
arithmetical series is equal to half the product found in mvl- 
tvplying the sum of its extreme terms hy the number of terms. 
Hence, if we put S=^ the sum of the series, a the fii^t term, 
I the last term, and n the number of terms, we have S == 



460. In an arithmetical series the terms intervening between 
the first and last are said to be so many arithmetical mean 
proportionals^ oj; simply arithmetical m^eans between those two 
terms. 

As n is the number of terms, the number of means is n — 2, 
and hence n — 1 is equal to the number of means plus 1 ; but 

7 — rr 

we have seen that d = ; consequently, the ratio is equal 

to the difference between the first and last terms divided by 

the number of means increased by a unit. Now it is evident 

that we may construct between any two numbers as many 

arithmetical means as we please, because we can always divide 

their difference hy the required numher of means increased hy 

a unity which will give the ratio or common difference of the 

terms ; and beginning with the first term, the means are formed 

in regular succession hy the continual addition pf the ratio. 

The ratio, added to the last of the means, must of course give 

the last term of the progression, and this will serve as proof 

of the correctness of the operation. For example, if we would 

insert 11 arithmetical means between 1 and 61, by the for- 

, , ?— a , ^ . , 61 — 1 60 

mulaa = =, we have the ratio d = — =-^: — =t^ 

n — 1' 12 12 

= 5, and by continually adding 5, we have -J- 1 . 6 . 11 . 16 . 

21 . 26 . 31 .36 . 41 . 46 . 61 . 56 . 61 for the series required. 

If we would insert 6 arithmetical means between Oand 1; we 
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have d = — - — = — . Hence the series is-H0.4*f«f*4 

• ^ • 4 • 1. To have 9 arithmetical means between 1 and 8^ we 

Q Y 7 

have d = —^ — = — , or 0,7; and hence the series is -~ 1 . 1,7 

. 2,4 . 3,1 . 3,8 . 4,5 .5,2 . 5,9 . 6,6 . 7,3 . 8. 

461. Of the following five things, namely the first term a, 
the last I, the ratio dj the number of terms n, and the sum of 
the terms S, any three being given, the other two may be found 
by means of the two formulae l = d(n — 1) + a, and 8 

= - — ^ . Now, if one be unknown, we have 4 remaining ; 

and these four (445) are susceptible of 4 combinations, 3 and 
8, and hence there are four dififerent ways of finding the value 
of each term, according as we take the others 3 and 3 for the 
given terms. First, let a be required ; then the remaining 
terms d, l, n, «, taken 3 by 3, are susceptible of the 4 combina- 
tions, din, InSf dnsj dls. From the formula I = d(n — 1) 
-f- a, which contains the terms of the first combination dlnj 
we have a=l — d(n — 1), or a = l — dn-\- d. From the 

(l-X~ a)n 
formula « = ^^ j which contains the terms of the second 

combination, we have 28 = nl -\- any an = 2s — nl, and 

a = h Again, it is plain that I — dn -\- d= li 

n o / JT n 

then^ as the next combination is dns, we add the two equations 

2s 
a=l — dn-^-df and a = 1 together, thus : 

a = I — dn-^-d 

a = — lA 

n 



2s 

2a = dn-\-d, 

n 

by which means we eliminate I and have a= pj — : 

^ n 2 

that is, we have the value of a in the terms of the combination 
of given terms dng. 
Lastly, to have the value of a in terms of the combination 

dhf as « = gy , we have 2s = (? + «)w> a°^ ^ = TT" 
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7— a 

Again, a = ?— - «?» + (i, dn = l — a -\- dy and n = — -j— 

+ 1. We have^ therefore, -j-r- — = , , and mnl- 

tiplying by d(l -\- a), we have 2d8 = J^ — a' -|- ^(J + ^); *^^ 
transposing, we have o" = — 26?s -f" ^ + ^^ + ^<*> ^^^ ^' 
— e^a = — 2ds '\- J^ -{• dl 'y adding, to complete the square, 

the square of ^ , which is half the coefficient of a, (435,) we 

d^ (^ 

have a" — rfa -f- j- = — 2d« + j- -f-c?^ + ^* > extracting the 

d ] ^ 

Bquare root, we have a — ^ = -|-W — 2c?s + j- 4-^^+? ; and 

transposing — ^, we have a =o"^' \ — ^^ "^~ Z'"'" ^ "t" ^' 

In a manner similar to the above the scholar may exercise 
himself in verifying the respective values of the remaining 
terms /, d, n, «, which he wiU find in the following table. This 
table, as well as that exhibited in (xeometrical Progression, is 
copied from the French Arithmetic of M. Bezout, which was 
translated into English by ihe author of this work, aatid pub- 
lished in the year 1825 by Samuel Wood & Sons, of New 
York. The tables, however, of Arithmetical and Geometrical 
Progression, as well as several examples which will be found 
in the sequel, are due to M. Peyrard, by whom many elegant 
additions were made to the text of M. Bezout in the above- 
mentioned treatise. 
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Being 
giyen 


To find 


Formula 
Ibr Arithmetical Progression. 


Z, d, n, 
Z, n, «, 

Z, dy 8, 
dy HySy 


a 


28 

a = Z. 

n 

a = J(Z+ ^(— iirf,+ id»+ Zrf + Z*). 
» <Zn — d 

"-n 2 • 


a, dy n, 

a, Uy 8y 

a, rf, «, 

dy fly 8y 


I 


l=sa-\-dn — d. 

Z = --.a. 
n 

^ = — }rf + v^(2(& + Jd» — arf+ a*). 
, » rfn — <Z 


a, Z, n, 
a, n, *, 
a, Z, «, 
Z, w, *, 


d 


n — 1 

, 2«— 2em 

**— n2 — « • 


2* a I' 

^ 2Zn — 2« 
a= - 

rr — n 


a, Z, rf, 

a, Z, 8y 

a, rf, «, 

Z, dy 8, 


n 


28 


a, Z, n, 
tf, rf, n, 
a, rf, Z, 
Z, rf, », 

• 


8 


fln + Z» 

» =««H 2 — * 

a + l , Z* — a« 

*= 2 ' 2d ' 

dn^ — dn 
8^ln 2 • 



Examples, 

1. A sells to B a piece of land for $3000^ which sum is to he 
paid in 6 years^ in yearly payments^ each surpassing the pre- 
ceding one by a certain sum ; the payment at the end of the 
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first year being $400. What is the difference of the payments; 
and what the last payment ? 

a =^ 400, n ■= 6, « = 3000. Now by the formulsB, 
^ 2s — 2an 6000 — 4800 1200 
^ = -l?-ir:r=-3r=6-=-30- = ^^' and?=a+^ii 
— rf = 400 + 240 — 40 = 600. Wherefore, each payment 
exceeds the preceding by $40, and the last is $600. 

Proof. 400 + 440 + 480+ 520 + 560 + 600 = 3000. 

2. B buys a piece of land for $3000, which he is to pay by 
yearly instalments, each exceeding the preceding one by $40, 
and itie first payment is to be $400. In how many years will 
he clear his purchase, and what is the last payment ? 

a = 400, c^ = 40, « = 3000. By the formula. 
/ == — » rf + i/(2d8 + id» — ad + a^) = ~ 20+t/(240000 
+ 400 — 16000 + 160000) = 620 — 20 = 600, and n 
2b 6000 6000 « ^, - , .„ 

=^^+7 = 400 + 600 == 1000 =^- W^^^«^^^^^ ^« ^^ 
clear his purchase in 6 years, and the last payment is $600. 
In the same way may the formula he applied in the solution 
of all such problems. 

3. B pays, for a piece of land, $3000 by instalments, each 
of which exceeds the preceding one by $40, the last payment 
being $600. Kequired the number of payments, and the 
amount of the first ? 

Ans. Number of payments, 6; and first amount, $400. 

4. B pays, for his land, a sum in 6 payments, each of which 
exceeds the preceding one by $40, the first payment being 
$400. Required the cost of the land, and the last payment ? 

Ans. The cost, $3000 ; the last payment, $600. 

5. What is the sum of the natural numbers 1,2, 8, &c., to 
1000000 inclusive ? ^ Ans. 500000500000. 

6. Required to insert 9 arithmetical means between 1 and 
16. 

Ans. ~1 . 21 . 4 . 5| . 7 • 81 • 10 • 11^ . 13 . 14* . 16. 

7. Required the sum of 1 • 3 •5* 7, &c. to a million of terms. 

Ans. 1000000000000. 

8. What is the sum of 150 terms of a decreasing series, the 
first term being 397, and the common diflference 4? 

Ans. 14850. 

9. A basket being placed on level ground, and in a right 
line with it, on one side, 100 stones, 1 yard apart from eaoh 
other, and the first 1 yd. from the basket, how far will the 
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peiison travel who shall begin at the basket and gather the 
jstones into it, making a separate tour for each stone ? 

Ana. 5||, or very nearly 6| miles. 

10. At what times during the twelve hours will the hour 
and minute hands of a common clock be together ? 

Ans. At 5j^y min. past one; 10}^ min. past two; ^^yi , 
min. past 3 ; 21|^j min. past 4 ; 27y\ min. past 5 ; 32 j®|. 
min. past 6 ; 38 j^y min. past 7 J 43y\ min. past 8 ; 49 j'y min. 
past 9 ; 54/y mmi past 10; tmd at 12. 

Geometrical Progression* 

462. This name is given to a series of numbers in continual 
geometrical proportion. Thus, -fr 2 : 6 : 18 : 54 : 162 : 486 
is a geometrical progression. The sign -rr is to and so is, is 
used to signify the repetition of the intermediate terms, thus : 
2 is to 6 as 6 ie to 18, &c. 

A geometrical progression is often called simply a geometric 
col series y and is said .to be increasing when the numbers in- 
crease, and decreasing when they decrease. But as a de- 
creasing series is merely an increasing one reversed, and has 
consequently the same properties, the same reasoning will 
apply to it, if we substitute divide for multiply, and contains 
for is contained. We shall therefore consider the series as in- 
creasing. 

The number found in dividing the greater of any two proxi- 
mate terms hy the less is called the ratio of the progression, 
and as this ratio is a quotient, we shall call it q. The other 
elements of the progression — namely, the first and last terms, 
the number of terms, and sum of the series — we shall designate 
by the letters a, l,n, s, as in arithmetical progression. 

As the second term is formed by multiplying the first term 
by the ratio, and each successive term, by multiplying the pre- 
ceding one by the ratio, it is evident that any term of the pro- 
gression is composed of the first term multiplied hy the ratio 
raised to a power the index of which is the number of terms 
less one* Hence, the last term ? = a X 2**~*« When a == 1, 
we have I = q^^^K If we would find the eleventh term of the 
above progressiop., we have 1 = 2 X 3^° = 118098, the term 
required. 

463. The terms intervening between the first and last are 
said to be.«o many geometrical means between those two term^s; 
and any three consecutive terms being taken, the middle one 
is a geometrical mean between the other two; also, if we : 
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peat the progression as indicated by the sign -^, it is evident 
(403) that the product of the first and last of any three such 
terms is equal to the square of the middle one. Wherefore, 
to find a geometrical mean between any two numbers, we take 
the square root of their product. 

Now, as ? = aj*"*; j**"* = -, and g = ""^-y that is to 

say, the ratio of the progression is found in dividing the last 
term hy the first, and extracting that root of the quotient the 
index of which is the number of terms di^ninished by a unit, 
or the number of means increased by a unit; therefore, 
when there is one geometrical mean between two numbers, 
the ratio of the progression is the square root of their quotient; 
when there are two means, it is the cube root; when Uiere are 
three, it is the fourth root of their quotient, and so on for 
any number of means. To produce the means, multiply the 
first term by the ratio, and the product again by the ratiO; and 
so on. 

464. We have seen in Evolution (366) that though we 
cannot always have the exact root, we can approach to it as 
near as we please. Hence it is evident that between two 
given numbers, though we cannot always insert in integral 
numbers as mxiny geometrical means as we please, we can 
always obtain a series of numbers which shall approach these 
means within any prescribed degree of exactness. 

If we would have 9 geometrical means between 3 and 
3072, it is plain from the formula that the ratio q = y^^^ 
= '^1024, which, by mere inspection of the table of powers, 
we find to be 2. Wherefore, in continually multiplying by 
the ratio 2, we have for the required series -rf 3 : 6 : 12 : 24 
: 48 : 96 : 192 : 384 : 768 : 1536 : 3072. 

Again^ if we would insert 5 geometrical means between 2 
and 3, we have gr = «/| = 1,0699 +, or 1,07—; and 
multiplying by this ratio, we have -H- 2 : 2,14 : 2,29 : 2,45 
: 2,62 : 2,80 : 3, for the required series; the mean terms being 
true to within a hundredth of a unit. 

465. If we take any geometrical proportion a :h : : c id] 
altemando a : c : : b : d; componendo a-\- c:c::b-\-d:d; 
again, alternando a -}- c : b -\-d : : c : d} that is, the sumo/ 
the antecedents of two equal ratios is to the sum of the con- 
sequents as one antecedent is to its consequent. Again, if 
c : rf : : e :/, it is plain that a + c\b-\-d\ieif', but w6 



have shown that the sum of the anteoedenta ia to that of the 
coDsequenta aa one aatecedent to ita consequent ; and, there- 
fore, a -\- c -{• e : b -\- d -\- / : : e :/. Hence we infer that 
the satn of the antecedenti of any nuialer of equal ratio» it 
to that of their consequents aa any one antecedent it to its cok- 
te^uent. 

Now in the progression -H- 2 : 6 : : 6 : 18 : : 18 : 54, &o., 
which is evidently a numb^ of equal ratios, we easily per- 
ceive that the aum of all the antecedenta oomprehenda all ike 
tertiis excejd the lait, and may be represented by 8 — I; and 
that the sum of all the consequents comprebends all the termi 
except the Jirsl, and may be represented by s — a. Now the 
first term being a and the ratio q, the second t«rm is aq, and 
therefore » — I : s — a •.za : aq; and hence (403) (s — l)aq 
= (« — a}o ; dividing by a, (s — l)q-=^a — a, or qs — ql 
^ s — a, or js — s = ql — a, or *(y — V) ^^: ql — a, or 

finally t = ■ — r-. That is, to obtain the sum of the aeries, 

2 — 1 
we multiply Uie last term by the ratio, tubtract the first term 
from, the product, and divide the difference by t^e ratio 
diminished by a unit. 
From the two equations 

l = aXq'-' 

and in a manner exactly analogous to that porsaed in con- 
structing the table of arithmetical progression, we construct 
the following table, by means of whiCfi, if we know any three 
of the £ve things I, a, a, n. i, the other two can aiwaya be 
found with great facility. Also, with equal facility arc per- 
formed, by the same table, the most difficult calculations of 
hanking and finance, such as Compound Interest, Annuities, &c. 
In the fourth section of the formula, the capital L placed 
before a quantity signifies the logarithm of that quantity. 
This section, therefore, the student may omit, till he hsiS read 
the next article, in which we shall treat of those moet interest- 
ing aad important numbers. 
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Examples. 

1. Given the last term of a geometrical series 4096, the 
ratio 2, and the number of terms 11, to find the first term and 
the sum of the series. 

I = 4096, q = 2j n = 11. By the table 
I I 4096 . , 

^ = ^^=^ = 1024=^'"^^ 

, = a (?!^) = 4 (?^i|lli) == 4 X 2047 = 8188. 

The first term therefore is 4, and the sum of the series 8188. 

2. The first term being 4, and the ratio 2, required the 
16th tenn: I = aq^-' = 4 X 2^*== 4 X 32768 = 131072, 
the required term. 

The student will easily perceive that when the series is 
decreasing, I and a in the formula change places, that is, 

a = ^'*~^; and hence, ?==-;^^; that is to say, instead of 

multiplying, we divide the first term hy the ratio raised to the 
power n — 1. 

3. Bequired the 9th term of a decreasing series, the first 

term being 295245, and the ratio 3. 

, a 295245 . . ,, , . , 

I = --—1 = ^,^, ■ = 45, the term required. 
2**""^ 6561 

In a decreasing series, the second term being -, we have 

s — lis — a : : a : -. whence = cw — a*: dividinff 

by a, —^— = s — a, s — I = qs — qa, qs — s = qa — I, 

(S — •^)* = 2'^ — ^} ^^^ ' = ^ r • When the series is 

infinite, and consequently I continually approaches 0, it is 

plain that s = — — =•. That is, to find the sum of the series, 
' q — 1 ' 

multiply the first term by the ratio, and divide by the differ- 
ence between the ratio and a unit. 

4. Bequired the sum of the terms of the repeating decimal 
0,333, &c., which is evidently an infinite series, the first term 
of which is y^, and the ratio 10. 

8 = ■ ., = — ^^ = -=;=-, the known value. 
q — 1 y y o 

5. Bequired the sum of 8 terms of 9 termS; and of 14 
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terms of the decreasing series, the first term of which is 

295245, and the ratio 3. 

Ans. 8 terms, 442800; 9 terms, 442845; 14 terms, 44286rU. 

6. Required the sum of the terms of the repeating decim^ 
0,999, &c. , 0,4545, &c., and 0,49504950, &c. 

Ans. ,999, &c. = 1. ,4545, &c. = /y, and ,49504950, &c. 

= 1^4; 

7. What is the sum of 20 terms of the increasing series a, 
3a, 9a, &c. ? Ans. 1743392200a. 

8. What is the sum of 8 terms of the series, the first term 
of which is 4, and the last 312f ? Ans. 4684. 

9. Requir^ the sum of |, /^, ^^y &c., ad infinitum. 

• Ans. 1/g. 

10. Required to insert 10 approximate geometrical means 
between 7 and 2, each true within U teti-thousandth of a unit. 

Ans. ~- 7 : 6,2461 : 5,5734 : 4,9731 : 4,4375 : 3,9596 
: 3,5332 : 3,1537 : 2,8140 : 2,5109 : 2,2405 : 2. The scholar 
may omit this question till he has read the article on Loga- 
rithms. 

11. Allowing 7000 gr. of wheat to the lb. avoirdupois, 60 
lbs. to the bushel, and the bushel to be worth $1, what would 
50 acres of land cost at 1 gr. of wheat for the first acre, 3 for 
the second, 9 for the third, and so on throughout ? 

Ans. »854640461536919748,5362f0 5. 

Logarithms. 

466. These artificial numbers, the invention of which is due 
to Baron Napier, of Scotland, are of immense utility in facili- 
tating not only many of the most laborious numerical calcu- 
lations in Navigation, Surveying, and other important branches 
of mathematical science, but also of those in common arith- 
metic, such as the calculation of the increase of population, 
compound interest, annuities, &C. The student will therefore 
see that the knowledge of their construction and application 
is very important. The following elucidation of this subject 
is a free translation from thg Algebra of that lucid and elegant 
French writer, S. F. Lacroix. 

To understand the construcMon of logarithms it will be 
necessary first to consider the nature of the exponential equa- 
tion I = a^""^ ^"^ which we suppose n unknown. First, put 

n — 1 = 05, then I = a<f ; whence, a* = -. Put - = ^j 

' ^ a a 

then 5f* = y. Now if 5^ be a unit, y will be a unit, whatever 
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my be the index is. Also, it x^O, we ehall have y ^ 1, 
wluterer iaa.3 be tbe Tftlae of q. Bat if ; be a oonstant 
(■oantity oonaiderablj greater than a uDit, the value of y niU 
depend entirelj apon x; that is, it will increase when x io- 
oreoses, and decrease when a: decreases; whence we may infer 
that X may be so varied that y shall approximate, within a pre- 
eciibed degree of exactness, to any nnmber whatever. Let x 
be increaaedj and let x* represent tbe new valae of x, and ^ 
tbe consequent new value ofy. Then 5*=:^, and as f~y> 
by multiplication we have jy* = j" x 3* = 5*+'. Hence 
it follows that if we know the exponente which relate to y and 
y, we shall, by simply adding tbem together, have the expo- 
nent of the product j^. 
If we divide tbe seoond eqaadon by the first, we have 

If, of tbe equation g" ^ ^ we take the m** power, we have 
y" ^ (3")" ^ 9"- That is, the exponent corresponding to 
the m"^ power of y is found in multiplying that correspond- 
ing to y by m. i 

Agun, if of 2" r= y, we take the »''■ root, we have y" 

= fg*)" ^ g", which shows that the exponent corresponding 
to uie n*^ root of y is found by simply dividing that corre- 
sponding to y by n. 

Let ns suppose, according to the above, that 10 having been 
taken as the constant value of 3, ai ba^ been so varied that y 
has successively assnmed tbe approximate value of all the 
natural numbers, whole and fractional, between 1 and 10000; 
and that a table has been constructed in which the respective 
values of x and y are arranged opposite each other ; this is 
the table of ordinary logarithms which the student will find 
at the end of this book, and in which ths values of y are the 
natural numbers, and those of x the corresponding logarithms. 

Now from the equation yy*^ j"*^' we see that the sum 
of the logarithms of any two numbers is tbe hjgaritbm of 
their product, and hence the vmltlplicatioa of any two mwrn- 
hert may, by an inspection of the table, be performed by 

addiium. From the equation ^~' ^ ~ we aee that the 

difference between tbe logarithms of any two nnmbera is the 
logarithm of the quotient found in dividing one by the other; 
•nd hence dtVMon may be performed by tubtractton. ViOBl 
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the equation y"^ = tf* we find that the loganthm of tmj 
power of a number is found in multiplying the logarithm of 
the number by the index of the power; and hence we can, by 
means of the table, raise a number to any power by simple 

1 X 

multiplication. Lastly, from the equation y* = g" we see 
that we can extract any root of a number by simply dividing 
its logarithm by the index of the root 

467. The number 10, which is assumed as tbe constant 
quantity q in the calculation of ordinary logarithms, is called 
the base of the system. The actual calculation of the loga- 
rithm of any number in the scale, suppose 2, is merely the 
determination of x in the equation 10* = 2. Now as (10)® 
= 1, and (10)* = 10, it is evident that the logarithm of 2 is 

between and 1, and is therefore a fraction. If we assume 

1 i 

this fraction -, then (10)' = 2, or 10 =^ 2*. Now as 2^ = 8, 

end 2* = 16, it is evident that z is between 3 and 4. SuppoBO 

z = 3 J, and we have 10 = 2'"^*^ = 2» X 2'" = 8 X 2^ and 
z 
i_ 

hence 2*' = ^ = |, or 2 = (|)''. Now, because (f )» = 1^ 
is too small, it is plain that sf is between 3 and 4 ; wherefore^ 

let a^ = 3 + i. Then 2 ='^|)'^S or 2 = (|)sc< (|)^; 

dividing by (|)«, we have (^|)'^=2(|)« = iff = 1,024, and 

consequently, | = (1,024)*". Now in raising the number 
1,024 successively to the 2d, 3d, and 4th, &o. power, we 
find that the 9th power is nearly 1,238, and as this differs 
from I by only 0,002, it is plain that »" is very nearly 9, 
though somewhat greater. Assuming s/^= 9, we have from the 

equations ^ = 3*^', and « = 3"^, ^=^, and « = 3X =||, 

and hence (lO)"' = 2 becomes (10)w = 2. The fraction 2| 
reduced, gives 0,30107 for the logarithm of 2, which is true 
except the last decimal figure. It is easy to see that by con- 
tinuing the process, we could find the decimal value of x still 
nearer, continuing it to 7 decimals, we should have 

X = 0,3010300. 
To understand this value of x as that of an exponent, we 
must conceive that if we inise the number 10 to the 
8010300th power, and extnict tlie 10000000th root of dM 
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result, we shall have a nnmber very near to 2 ; that is to say.u 

8010300 f 

(lO)iobooooo = 2 very nearly ; the first member is somawhaJ^ 

8010299 ' 

greater than 2, but the number (lO)iooooooo would be less. 

468. The above method for finding the value of x directj 
would not be practicable, says Mons. Lacroix, when the num^ 
bers are somewhat large; but the following, given by Long, ani 
English geometer, may be found very useful : 

The determination of x in the equation 10* = y being, 
very laborious, we may proceed in an inverse order by assum-' 
ing X in order to fina>y, and form a table of the values of y 
corresponding to those of Xy which will afterwards enable us 
to determine x by means of y. 

Thus, if we take x equal to all values &om 0,1 to 0,9 in- 
clusive, and first find the value of y corresponding to x = 0,1, 

which is (10)w, the other values of y, namely, (10)w, 

8 

(lO)io, &c. will easily be found, seeing that they are merely 

the square, cube, 4th, 5th, &c. powers of (10)w. i ^ 

First extracting the square root, we have (10)s, or (10)w 

= 3,162277660; then, extracting the fifth root of this re- 

suit, we have (10)w = 1,258925412. By a similar process, 

we obtain firom (10)w = 1,258925412 the value of i/(10)w 

= (10)» = (lO)iw = 1,122018454 ; then taking the fifth 

root, we have (lO)iM = 1,023292992 ; and by taking the 
square, cube, 4th, 5th, .... 9th powers of this, we obtain the 
values of y, corresponding to those of cc, from 0,01 to 0,09. 

We easily perceive that in this manner we can obtain the 
values of y for those of a;, from 0,001 to 0,009; from 0,0001 
to 0,0009, and thus form the following table : 
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log. 


Nat. namben. 


Log. 


Nat numbers. 


0,9 
8 
7 
6 
5 
4 
3 
2 
1 


7,943282347 
6,309573445 
5,011872336 
3,981071706 
3,162277660 
2,511886432 
1,995262315 
1,584893193 
1,258925412 


0,00009 
8 
7 
6 
6 
4 
8 
2 
1 


1,000207254 
1,000184224 
1,000161194 
1,000138165 
1,000115136 
1,000092108 
1,000069080 
1,000046053 
1,000023026 


0,09 
8 
7 
6 
6 
4 
3 
2 
1 


1,230268771 
1,202264435 
1,174897555 
1,148153621 
1,122018454 
1,096478196 
1,071519305 
1,047128548 
1,023292992 


0,000009 
8 
7 
6 
5 
4 
8 
2 
1 


1,000020723 
1,000018421 
1,000016118 
1,000013816 
1,000011513 
1,000009210 
1,000006908 
1,000004605 
1,000002303 


0,009 
8 
7 
6 
5 
4 
3 
2 
1 


1,020939484 
1,018591388 
1,016248693 
1,013911386 
1,011579454 
1,009252886 
1,006931669 
1,004615790 
1,002305238 


0,0000009 
8 
7 
6 
6 
4 
8 
2 
1 


1,000002072 
1,000001842 
1,000001612 
1,000001382 
1,000001151 
1,000000921 
1,000000691 
1,000000461 
1,000000230 


0,0009 
8 
7 
6 
5 
4 
3 
2 
1 


1,002074475 
1,001843766 
1,001613109 
1,001382506 
1,001151956 
1,000921458 
1,000691014 
1,000460623 
1,000230285 


0,00000009 
8 
7 
6 
5 
4 
8 
2 
1 


1,000000207 
1,000000184 
1,000000161 
1,000000138 
1,000000115 
1,000000092 
1,000000069 
1,000000046 
1,000000023 
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469. By means of this table we find the logarithm of any 
number^ in dividing it by 10 a sufficient number of times. 
To obtain^ for example, that of 2549, we first divide this 
ijiumber by (10)^ or 1000, which is the greatest power of 10, 
with an integral exponent, that it contains, and we have 
2549 = (10)8 s^ 2,549 ; we then seek in the table the power 
of 10 immediately inferior to 2,549, and we find (10)°-* 
= 2,511886432, and dividing 2,549 by the last number, we 
have 2,549 = (10)°'* X 1,014775177. Seeking again, in the 
table the power of 10 immediately inferior to 1,014775177, 
we find (10)°'°«8^ 1,013911386; then dividing the preceding 
quotient by this number, we have 1,014775177 -5- 1,013911386 
= 1,000851742 for the third quotient. We can continue to 
operate thus till we find a quotient which differs from a unit 
only in that order of decimals which we propose to neglect. 

Considering the third quotient as equal to a unit, the pro- 
posed number is resolved into factors, which are powers of 10, 
for we have 2549 = (10)« X (10)°'* X (lO)"'""^ = (10)8'*°^, 
whence we see that the logarithm of 2549 is 3,406. By con- 
tinuing the operation till we have made 7 divisions, we shall 
find that this logarithm is 3,406369. 

470. The following example will show that the same table 
serves, with still greater facility, to find a number from its 
logarithm: 

Let 2,547 be the given logarithm, the number sought will 
be (10)^'^^= 10^ X 10°'' X 10°'«* X 10°'~^; it will therefore 
be equal to the product of the numbers 

(lOy = 100 

(lO)*''^ =3,162277660 

(10)°'0* = 1,096478196 

^10)0,007 ^ 1,016248693 

taken from the above table, and consequently, we shall have 
2,547 = 1 352,378. 

To find, by means of the table, the logarithm of 2, we first 
find that 10^* = 1,995262315, the number nearest to 2, then 
as 2 -4- 1,995262315 = 1,002374467, we find the number 
nearest to this, and we have (10)°'«'' = 1,002305238 ; then 
1,002374467 — 1,002305238 = 1,000069069, and taking 
the number nearest to this, we have (10)^'«»«'= 1,000069080, 
Which agrees with the number 1,000069069 to the seventh 
decimal. But the table also shows that for one unit of differ- 
ence in any decimal order of the logarithm we have a greate^ 
difference in the corresponding number; Wherefore, though 

29* 
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the logarithm 0,00003 is somewhat too great, 0,0000300 will 
be found true to within a ten-millionth. Wherefore, taking 
1,000069069 for unity, we have 2 = (10)°'* X (10/-^ 
X (107'«»" = (10/'~'"~; that is to say, the logarithm of 2 
is 0,3010300. 

471. As in the calculation of ordinary logarithms, 10 is the 
base or value of q, the equation g* = y, becomes 10* = y. 
Now, (466,) as the value of y depends upon that of x, if we 
take X, successively, equal to 0; 1, 2, 3, 4, 5, &c., the value 
of y will become 1, 10, 100, &c. accordingly ; thus 
10«=1, 10*= 10, 10«=100, 10«=1000, 10* = 10000, &c. 

The ezponent of the power to which 10 is raised, being 
(467) the logarithm of the number produced by the involutioD, 
we have the two following series : 
Numbers, 1 10 100 1000 10000 100000 1000000, Ac. 
Logarithms, 12 3 4 6 6 

Hence, we see that the series of logarithms is an arith- 
metical series, corresponding term for term with that of the 
numbers, which is a geometrical series. Also, that the num* 
ber of units in the logarithm is the same as the number of 
ciphers in the corresponding power of 10. 

We may here remark that the Table at the end of the book 
contains only the decimal part of the log. of each number as 
iar as 10000, except the part from 1 to 100 ; but the integral 
part which should stand on the left of the comma is, from the 
above series, easily determined; for it is plain that the log. 
of any number between 100 and 1000 must be between 2 and 
8 ; that is, must be 2 and a fraction, and hence has 2 for its 
integral index; the log. of any number between 1000 and 
10000, must be 3 and a fraction ; that is, the logarithm has 3 
for its index, and so on, through every decade. Hence also 
the integral index of the logarithm of any number is one unit 
less than the number of figures which compose thai number, 

472. From the equation yi/ =2*+"'; taking y = 100 and 
/ = 1000, we have 100 X 1000 == 10«+», or 100000 = 10*. 
Hence we see that to multiply two numbers we add their 
logarithms, the sum of which is the log. of their product. 
Then, by merely inspecting the Table, we find opposite to this 
sum the product required. Thus, in the above series opposite, 
that is, above 5, the sum of the logarithms of 100 and 1000, 
we find 100000, which is their product, ^z 

473. Also, from the equation g^"' = — , the values being 
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the same, we have 10'~'= *-fiM, or !(/= 10. Hence, we 

see that to divide one number by another, we subtract the 
log. of the divisor from the log. of the dividend, and the re- 
mainder is the log. of the quotient. Then, by inspection, 
opposite to this remainder we find the quotient sought. Thus 
opposite to 1, the difference between the logarithms of 100 
and 1000, we find 10, which is the quotient of 1000 ~ 100. 

474. Again, let y = 100 and m = 3 ; then from the equa- 
tion sT = 9^ we have lOO^ = 10« ' «, or 100« = 10^. Here 
we see that to raise a number to any power, we multiply its 
logarithm by the index of that power, which gives the log. of 
the number sought, opposite to which we find the number it- 
self. Thus opposite to 6 we find 1000000, which is the cube 
of 100. 

475. Lastly, let y = 1000000 and « =2 ; then from the 

equation y^ = qm, or |/y =q% we have 1000000^ = 10* 
= 10». That is, to extract any root of a quantity, we divide 
its log. by the index of the root ; the quotient is the log. of the 
root required. Thus 3 is the log. of 1000, which is the square 
root of 1000000. 

To find hy the Table the Logarithm of aNurnher. 

476. For a number consisting of three figures, we find it in 
the left-hand column, and opposite, in the column marked 0, is 
the decimal part of its log., to which we prefix the index 2. 
Thus, the log. of 576 is 2,760422. 

When the number consists of four figures, we find the three 
left-hand figures as before, and opposite to these, in the column 
marked with the fourth figure, is the decimal part of the log., 
to which we prefix the index 3. Thus, the log. of 5764 is 
3,760724. The log. of 576,4 is 2,760724, and that of 57,64 
is, 1,760724. 

477. It frequently happens in calculation that logarithms 
arise which are not found in the table ; of such are the loga- 
rithms of fractions, mixed numbers, surd roots, &c., as also of 
numbers which often far exceed its limits. 

To find the Logarithm of a Mixed Number, 

Reduce it to an improper fraction, and (473) subtract the 
log. of the denominator from that of the numerator. For ex., 
to have the log. of 25} = *J^. 



dl4 LOGABItHMS. 

From log. 232 2,365488 

we subtract I 9 0,954243 

and have 1;^1^2 45 fox the log. required. 

To find the Logarithm of a Inaction. 

478. As the numerator is divided by the denominator, m 
should (473) subtraot the log. of the denominator from that 
of the numerator. But as this is impossible, the denominator 
being the greater, we subtract the log. of the numerator from 
that of the denominator, and prefix to the remainder the sign 
— , which shows bj how much the subtraction is impossible. 
Wherefore, operating as above, the log. of the fraction 2I2 ^ 
— 1,411245. 

479. To multiply by a fraction we should (472) add its log. 5 
but, as this is negative, its addition consists (98) in merely 
performing the subtraction indicated by its sign. Thus, if we 
have 6264 X sl^j we write 

I 6264 3,796852 

Ijih -1,411245 

2,385607 

Having performed the subtraction indicated by the sign, we 
have 2,385607. Seeking this in the table, we find that it dif- 
fers from the log. of 243 by only a unit of the last decimal or- 
der. Now as the logarithms of the table are only true to about 
half a unit of the last decimal order, we take 243 for the true 
result, which it is in effect. 

480. To divide by a fraction we should (473) subtract its 
log. But to subtract a negative number is (96) to add it as 
a positive number. Wherefore, if we have 63 -?- ^f^, we write 

I 63 1,799341 

lj,h -1^411245 

3,210586 

and (96) having performed the subtraction of the negative log. 
by adding it as a positive number, we have 3,210586. Seek- 
ing this in the table, we find its number 1624, which is the 
true quotient. 

481. From the series of numbers 10, 100, 1000, 10000, &c. 
and their logarithms 1, 2, 3, 4, &c., it is evident that to add 1, 
2, 3, &c. units to the index of a logarithm is to multiply the 
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. corresponding number by 10, 100, 1000, &c.; and vice versdj to 
subtract from the index 1, 2, 3, &c. units, is to divide the 
corresponding number by 10, 100, 1000, &o. 

482. Let n and n -f 1 be any two consecutive numbers, 
and d the difference of their logarithms. Then (473) 

d = l{' — ^ — ) = ZM -| \ that is, d approaches nearer to 

I. 1 or 0, according to the increase of n. 

By inspecting the column marked Diff., the student will see 
that near the end of the table several numbers in succession 
have nearly the same diff. between their logarithms ; that is, 
their logarithms successively differ by only about half a unit 
of the fourth decimal order. 

Now suppose the difference between two consecutive loga- 
rithms to be always the same, and put q = this difference. 
Then, as the diff. between any two consecutive numbers of the 
table is a unit, if a, b, c, d, &c. be consecutive numbers, and 
A, B, C, D, &c. their respective logaritllms, the diff. between 
a and 5 is 1 unit, between a and c, 2 units, between a and d, 
8 units, &c. Also the diff. between A and B is q, between A 
and C is 2q, between A and D is *Sq, &c. Now as the equi- 
multiples of any two numbers (165) have the same ratio to each 
other that the numbers have, it is plain that any two of the 
numeral differences are to 9ne another as the differences of the 
logarithms of the corresponding numbers. Thus — 1 : 2 : : g 
i2q; 1 : 3 : : ^ : 3^ ; 2 : 3 : : 2^ : 3^, &c. 

483. This proportion, though not exact, is near enough, when 
the numbers are large for ordinary purposes, and is of great 
utility in finding the logarithms of numbers which exceed the 
limit of the table, as well as in finding the numbers &om their 
logarithms. 

Suppose, for example, we would find the log. of 458264 ; we 
separate by a comma two figures on the right, that the part 
on the lef^ may be found in the table ; thus, 4582,64. We 
then find the log. of 4582, which is 3,661055. Opposite to this, 
in the column marked Diff., we find 95. We then say 1 : ,64 
: : 95 : 60,80, or 61. Hence, we have 3,661055 + 61 = 
3,661116 for the log. of 4582,64. But as this number is 100 
times too little, we add 2 units (481) to the index of its log., 
and have 5,661116 for the required logarithm. 

Again, if we would find the number corresponding to the 
log. 5,661116, we first suppose 2 units to be taken from its 
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igdex 5 ; and seeking in the table the log. next inferior io^ 
3,661116, we find 3,661055, and its corresponding number, 
4582. Then, taking the diff. between the log. found and the 
given one, which is 61, we say 95 : 61 : : 1 : ,64. This we 
append to the number 4582^ which thus becomes 4582,64. 
Then, as this number is 100 times too little, (481,) we remove 
t}ie comma^ and have 458264 for the number sought. . 

484. From the above (476 and 481) we easUj see that the 
log. of a decimal number is the log. of the same number con- 
sidered as integral, having its index diminished by as many 
units as there are decimals in the number ; or having for its 
index as many units, less one, as there are figures on the lefl 
of the comma. Thus, as the log. of 785398 is 6,895090, to 
haye the log. of 785,398, as there are 3 decimals, we simply 
diminish the index 5 by 3 units, and have 2,895090 for the. 
required logarithm. Also, it is easy to see that in this case 
the number of units in the index will always be one less than, 
the number of figures^ remaining on the left of the comma. 
Hence the log. of 7,85398 is 0,895090. 

485. When there are decimals only, we find the log. as be- 
fbre, and subtract it from as many units as there are decimals, 
prefixing to the remainder the sign — . Thus, to have the log. 
of ,785398, as there are 6 decimals, we subtract the log. of 
785398 from 6, and prefixing the sign — , we have — 0,104910 
for the required logarithm. 

486. Suppose that the given log. is such that while its in- 
dex exceeds, its decimal part is found in the table ; we write 
the corresponding number found in the table, and subtract the 
index of its log. from that of the given log. We then, on the 
right of the number found, place as many ciphers as there are 
units remaining in the index of the given log. Thus, if we 
would have the number corresponding to the log. 7,146438, 
we find the number corresponding to the decimal part, with 
3 for its index, to be 1401. Then, as 7 — 3 = 4, we place 4 
ciphers on the right of 1401, and have 14010000 for the re- 
quired number. 

487. When only the first figures of the decimal are found, 
we may proceed thus : If we would find the number correspond- 
ing to the log. 5,263584, we find in the table the next infe- 
rior decimal ,263399, supposing its index to be 3 units ; hence 
its corresponding number is 1834. Then with the diff. be- 
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tween these two logarithms/ whieh is 185; and the tabular di£f. 
237, we say 

237:l85::l:fff; 

consequently, the corresponding number is 1834^ p, nearly. 

Now, as the proposed log. ('481) belongs to a number 100 
times greater, the true number is nearly 183400J-||Sfi : that is« 
1834782^^, or 183478,06 — . 

488. As the proportion here used oiily approximates to the 
truth when the numbers are large, if the proposed log. is be- 
low that of 1500, we add to its index as many units as we can 
without passing the limit of the table. Having found the cor- 
responding number, we separate as decimals, by a comma, as 
many figures as we have added units to the index. These de- 
cimals will often suffice, but if they do not/We find more, as 
a:bove, by proportion, and annex them. 

For ex. : If we would find the number correspobding to 
0,624569, as this is betweeh the logarithms of 4 and 5, ahd 
mvch under that of 1500, we seek it with 3 units for index, 
and find that is between 4212 and 4213 ; that is, it is 4212 
and a fraction ; therefore, pointing off 3 figures for decimal?, 
we have 4,212 + for the required number. But if we would 
have more decimals, we take the diff. between the log. of 4,212 
and the given log., which is 81 ; also the tabular diff., which is 
103, and say 103 : 81 : : 1 : ^^5= ,786+, or ,79 --, which We 
annex to 4,212, and hare 4,21279 — for the required number. 

The logarithms of the table being only true to about half a 
decimal unit of the «ixth order, it is not safe to push this second 
approximation to more than 2 pkbes of figures. 

489. When the log. is negative, we subtract it from (or 
mther (98) add it to) a number of units, such that thel'eihaib- 
der may not exceed the limit of the table ; and having found ^the 
number answering to. this remainder, wesepara'R on the right, 
by a comma, as many figures as there are units in the numberi 
from which we subtract the log. For ex*, if we have the log. 
— 1,724685, we say, 4 — 1,724685 = 2,275315, which an- 
swers all but the last decimal to the log. of 1885. Now the 
gum of any two logarithms is the log. of their product. But 
4 is the log. of 1000, and — 1,724685 the log. of a fraction. 
Therefore, 2,275315 is the log. of the fraction multiplied by 
10000 ; consequently, as 1885 is 10000 times too great, we 
place a comma on the left, and have, 1885 for the fraction sought, 
within a ten-thousandth. 
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Use of tkt TaUe. 

490. The student will, by the following examples, obtain 
some idea of the vast utility of logarithms; especially if he 
proves them by the usual methods. 

1. Required the quotient of 8725--i-2957; within a thou- 
sandth: 

I. 3726 3,571126 

I. 2957 3,470851 

0,100275 

Seeking the log. of the remainder with an index of 3 units, 
we have 1259 -{-; and as this is 1000 times too great, (481,) we 
point off 3 figures, and have 1,259 -f- ^^r the required number. 

2. Bequired the square root of 148, within a ten-thousandth. 

h 143 = 2,155336 ; dividing by 2, we have 1,077668, whiok 
(488) gives 11,9582 + for the required number. 

8. Bequired the square root of \\^, 

1. 119 — I 117 = 2,075547 —2,068186 = 0,007361 ) di 
viding by 2, we have — 0,008680 ; adding 4, we have 
8,996820, which (488) gives the root ,991561, true to a nul- 
lionth. 

4. Bequired the square root of J. 

Z. 7 — Z. 8 = 0,845098 — 0,477121 = 0,367977. Hence, 
I. \=— 0,867977. Taking [ one-half, we have y'f = 

— 0,188989 — ; adding 4, we have 8,816011, which (488) 
gives the root ,654658, true to a millionth. 

5. Bequired the cube root of 91) within a thousandth. 

I. 91 = 1,959041 ; dividing by 3, we have 0,658014 - 
which (488) gives 4,498 — for the required root. The true, 
root is 4,4979 +. 

6. Bequired the seventh root of 13, within a hundred-thou- 
sandth. 

I. 13 == 1,113943 j dividing by 7, we have 0,159135-, 
which gives the root 1,44256. 

7. Bequired the fifth root of /j, within a hundred-thou- 
sandth. 

l.ll — n = 1,041393 ~ 0,845098 = 0,196295. Hence, 
(478) I /j = — 0,196295 ; dividing by 5, we have t/T^ = 

— 0,089259 ; adding 4 units, we have 8,960741, which (488) 
gives the root ,91856. 
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8. Beqnired the oube root of ^. 

I, 7—1 3=0,845098 — 0,477121=0,867977. Hence, 
I ^=— 0,367977. Dividing by 3, we have Z. :^1 = — 
0,122669 ; adding 4 units, we have 3,877341, which gives the 
tequired root ,753947 — , within a millionth. 

9. Required the fifth root of the fourth power of 6784. 
This may be written thus : f/(6784)% or perhaps better thus, 

(6784)*. 
It is evident the log. of this root is | of the log. of 6784. 

Wherefore, from I 6784 3,831486 

We subtract i of this log ,766297 

3,065189 

the remainder 3,065189 ^ves 1161,96, the required root. 
Prove by the common method. 

10. Eequired the fourth root of the fifth power of 1161,95, 

Ans. 6784. . 

11. Eequired 6 geometrical means between the numbers 
5| and 13|. 

It is plain (463) that the ratio of the series is T/13| -r- 5|. 
Hence (473 and 475) (I. 13,75 — I 5,4) ^ 7 = Z. of the 
ratio. 

1. 13,76.. 1,138303 

I 6,4 .0,732394 

7) 0,405909 



,057987 log. of ratio. 

This log. gives the ratio 1,14286. Beginning with the first 
term and multiplying continually by the ratio, we obtain the 
series -H- 5,4 : 6,171 : 7,053 : 8,061 : 9,213 : 10,529 : 12,033 
: 13,75. Or (472) if to the log. of 5,4 we continually add 
the log. of the ratio, we shall successively form the logarithms 
of the means, viz. : 0,790381; 0,848268 j 0,906355 -, 0,964342, 
1,022329, and 1,080316, opposite to which (488) we shall 
find the means as above, within a thousandth. 

491. When a logarithm is to ^e subtracted, we may add its 
ar. comp., taking care (100) to suppress in the result the alt 
unit of the comp. 

12. Suppose we have 5840 -5- 536. 

30 
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to the I 5840 3,766413 we add 

ar. comp. ^. 636 .7,270835 

;tl,037248 

and suppressing the alt; we have 1;037248; which gives the 
quotient 10,8955. 

13. When there are several complements in one operationi 
we must of course suppress an alt bnit for eaoh complemeBi 
Suppose we have ||| X §1^^ fts ^ch denom. is a divisor we 
proceed thus^ (47o and 100 :) 

I 683 2,834421 

I 547 2,737987 

ar. comp. I 194 7,712198 

ar. comp. I 632 7,199283 

;i0,483889 

Here, as we have 2 complements, we suppress 2 alt units, 
and have the log. 0,483889^ which gives the required product 
8,04712 -.. 

492. f*rom the above we easily infer that to have the log. 
of a fraction^ we add to the log. of its numerator the ar. comp. 
6( the log. of its denominator ; and because the alt is 10 with 
regard to the preceding order, we consider the index 10 units 
too great. Thus to have the log. of |, we say 

/. 3 0,477121 

ar. comp. L 5......... '9,301030 

9,778,161 

The sum 9,778151, considered as a positive number, is 10 
tinits too great; we therefore employ it as such, and reject 10 
at the end of the operation. For exampk^ if we would have 
VrVX{,wetoy, 

I 3479 3,641464 

ar.comp.?. 217 7,663540 

wr. comp. L | 9,778151 

;40,983145 

As we have here employed 2 ar. eomplements, we suppress 
2 alt units, and have for the corresponding number 9,6193^ 
which is true to a ten-thousandth. 

493. When the fraction is decimal, as the ar. comp. of its 
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<]emom. is a whole number^ we add. thi^ comp. to the index of 
the log. of the numerator. Thus to have the comp. of the 
log. of ,7854, as the log. of 7854 is 3,895091, and the log. of 
10000 is 4, we add it$ comp. 6 to the index of the log. of 
7854, and have 9,895091 for the comp. required. 

494. When in an operation we have made use of several ar. 
comps., we know (491) that the index is too great bj as many 
tens as there are comps. used ; consequently, when the index 
surpasses this nmnber of tens, we can easily mak^ the required 
diminution. 

But should the iadex be below the number of tens by which 
it is too great, we know that it belongs to a fraction, to obtain 
which we seek the number correspoiiding tp the log., and bav-* 
ing found it, we separate by a comma as many ten^ of figures as 
there are tens too many in the index. For example, if we have 
7,952341 for the result of an operation in which we have emm 
ployed one ar. comp., we seek the whole number cprrespond- 
ing to the log. 7,952341, and find 89606375. Theq^ as the in* 
dex is 10 units too great, we separate ten figures, and have 
0,0089606875, for the required fraction. ' 

If we do not wish so many decimals, we diminish the index^ 
so that it may be within the limit of the table, and having 
found the eorresponding number, we point off as many figures 
as there are units in the comp. of the number of figures taken 
from the index. Thus, in the above log. we diminish 7 by 4 
units, and having found 8960, which corresponds to 3,952341, 
as the comp, of 4 is 6, we ^pparate 6 figures^ and have 0,00896 
for the fraction sought. 

495. In multiplying the comp. of a negative log. by 2, 3, 4,^ 
5, &c., in order to have the square, cube, fourth, fiflh, &c. 
power of its corresponding number, it is evident that the index 
Qf the resulting log. will be as many tens too great as there are 
units in the multiplier. Thus, if we would have the cube of 
|, having (492) found the comp. of its log. 9,778151, we mul- 
tiply by 3, and have 29,334453 for the log. of the cube, whicli 
Ic^. is 30 units too great ; wherefore, rejecting 20, and dimi- 
nishing 9 by 6 units, we find the number corresponding to 
3,334453, which is 2160 ; and, as the comp, of 6 is 4, we 
point off 4 figures, and have 0,216 for the required cube. 

496. Also in extracting roots, when there are comps., we 
add to or subtract from the index, so that the number of tens 
by which it is too great may equal the index of the root ; 
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then, in dividing by ihe index, the resulting log. will be 
exactly 10 units too great For example; if we would have 
the fifth root of i : 

12 0,301030 

ar. comp. 7. 8 ..9,522879 

5) 49,823909 

9,964782 — 

Having found, as usual, 9,828909 for the oomp. of the log. 
of f , which is 10 units too great, as the index of the root is 
5, we add 4 tens to the index of the log., that it may be 5 
tens too great; and dividing by 5, we have 9,964782 for the 
comp. of the log. of the root. We then diminish 9 by 6 units, 
and having found the corresponding number, which is 9221, 
as the comp. of 6 is 4, we point off 4 figures; and have ,9221 
for the root, within a ten-thousandth. 

The fourth section of the table of Formulas for Geometrical 
Progression is developed thus : 

— La). 
3d Sec. q = -) hence, w = 1 -^ j , or » = 1 

LI — La 

"^ i/(« — a) — X(« — ■ 0* 

la — a 
9 = , ; qs — « = Iq — a] qs — J?^ == * — a)'lq-=qt 

— 9-\-a\ subs, for I its value a^"^) we have 2(02*""^), or 



a£* = 2» — * + «; 2* = ? ^t-; Lqy(, n=z L(<q3 — s 

a 

I > r ^(3.^ — « + a) — La . /^\ V 
+ a^-La, n^-^ ^ ; 2- = 2(-);l 

1st Sec. a =s: Iq -r- sq -{- 8 ; hence, j" = qfz — Y 

\lq — - sq —J- s/ 

LqX''^ = Lq + LI — L(lq — sq-\- «), 

^^l \ Ll—L(lq — 8q+8) 

Lq 
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SECTION XXIV. 



Stocle. 

497- The capital or tcaxi employed in trade by a merohant 
or company is called »toc/i. Also in Book Keeping, stock 
iignifies the otnier or ovnera of tbe books. 

Extensive operations, such as canals, railways, banka, &o., 
are usnally funded by sbares contributed by a Joint Stock 
Company. Tbese Bbares are designated by the general namq 
of Stockt. 

The Hums realized by these operations are divided amongat 
the stockholders according to the shares which they hold. 
These sums, which are called dividendt, are commonly declared 
annually or semi-annually j and, according to the amount of 
the divideDdSj the stocks or shares rise or iall in value. If 
they neither rise nor &1], but remain at their original cost, 
they are said to be at par. When they rise, they are aiove 
par, and are sold at so much per ceut, premium or ttdvance. 
When they &11 belon their first coat, they are beloa par, and 
Vie sold at so much per cent, ditcount. 

Ex. 1. At 7i p. c. advance, what is the worth of 92500 
Company Stock? 
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To find the advance, we take 7} p. c. of $2500, thus : 
5 p. c, or 5^ of 2500 is 125 or 10 p. c. is 250 
2J << ^\f 62,50 Subtr. i 62,50 

187,50 187,50 

Or, by any of the following: 25 X 7} = 175 + 12,50 
= 187,50; 7,5 X 25 = 750 -=- 4 = 187,50; 15 X 12} 
= 180 + 7} = 187,50; 30 X 6J = 180 + 7} = 187,50. 
Then 2500 + 187,50 = $2687,50. Answer. 

As. 1 p. c. is yj^, 5 p. c. is yg^ = j^^; 20 p. c. is y^^ = J; 
25 p. 0. is yYu = I, &o. 

2. What is the worth of $2800 stock, at 15f p. c. discount*? 
15i p. c. of 2800 == 28 X 151 == 63 X 7 = 441; then 2800 
— 441 = $2359. Answer. 

3. At 9| p. 0. discount, what is the value of 32 shares 
Bank Stock, the par value of a share being $275 ? 

Ans. $7953. 

4. What is the value of $10500 Eailway Stock, at 13f p. o. 
advance? Ans. $11935. 

5. At 281 p. c. below par, what is the worth of $6750 
Stock? Ans. $4809,37}. 

6. What is the value of £5600 Stock, at 5| p. o. premium 1 

Ans. £5922. 

7. What is the value of £6795 6 s. 8d. Stock, at 8f p. c. 
discount ? Ans. £6206 8s. 5|^ d. 

Percentage. 

498. This is an allowance of so much per cent, (per centum, 
Lat. by the hundred,) used in most commercial calculations, 
such as. Interest, Commission, Discount, Profit and Loss, the 
rise and fall of Stocks, prices of goods, &c. 

It is also frequently employed as a term of comparison to 
express the superiority or inferiority of an article; also ti esti- 
mate the increase or diminution of quantities, population, &o. 

The hundredth part or 1 p. c. of an integral number is 
found in pointing off two figures ; also, of a decimal number, 
in moving the comma two places towards the left; conse- 
quently, in multiplying this result by 2, 3, 4, 5, &c., we 
obtain 2, 3, 4, 5, &c. p. c. of the given number. 

Or, which is the same thing, to have 1, 2, 3, 4, 5, &o. p. o. 
of any number, we multiply that number by ,01, ,02, ,03, 
04, ,05, &o. Thus'7 p. v- of $985 is 9,85 X 7, or 985 X ,07 
= $68,95. 
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490. Merchants often mark their goods from the Invoice 
or Bill of Cost and Charges, so as to realize upon the first of 
prime cost a profit of so much per cent. This varies greatly 
in different kinds of business. 

Suppose an article has cost $2,405 ^hat must we mark it^ 
so as to gain 20 p. c. ? 

100 : 2,40 : :.20, or 5 : 2,40 ; : 1 : ,48; wherefore, 

2,40 + ,48 = $2,88. Answer. 

Here we see that we must multiply the prime cost by the 
rate p. c, di^de by 100, and to the prime cost, add the result. 

Or thusV 100 : 120 : : 2,40, or 5 : 6 : : 2,40 : $2,88. Answer. 
That is, add the percentage to 100; multiply by the prime 
cost, and divide by 100. 

If we would mark the above article so as to lose 20 p. c, 
we proceed in the same manner, except that instead of adding 
we subtract; that is, by the first method, instead pf $2,40 
+ ,48, we have 2,40 — ,48 = $1,92. Answer. Operating by 
the second method, we subtract the percentage, and say 

100 : 80 : : 2,40, or 5 : 4 : : 2,40, or 1 : 4 : : ,48 : $1,92. Ans. 

Ex. 1. What must the following prices be respectively 
raised to, so as to gain 15 p. c. : namely, $8,50, $9,20, $10,80* 
$11,60, $12,50, $15,80, $16,50, and $18,40 ? 

Ans. $9,77i, $10,58, $12,42, $13,34, $14,371, $18,17, 
$18,974, and §21,16. "" 

2. How much p. o. must each of the preceding answers b^ 
reduced, to give the prime cost or number which gave it ? 

Ans. 13 ^^g p. c. 

15A 115A 
500. If A be increased 15 p. o. it will be A + -^7^ = ^^^ « 

23A 
= -^rr-. Now (188) the ratio of this to A is |J, and its 

reciprocal |§. Therefore, having advanced the pric^ of an 
article 15 p. c, if we multiply the result by | J, we shall (219) 
obtain the prime cost. Also, if we multiply 15 by §|, we 
shall obtain the percentage of discount. Thus, 15 X IS 

Hence, we easily deduce the rule : Add the advance percent- 
age to 100, divide the result by 100, reduce the terms, and mul- 
tiply the rate p. c. by the reciprocal of the result, which will 
give the percentage of discount, to reduce again to prime cost. 

3. Advance the following prices 12 p. c. : namely, 4 s. 2 d., 
6s. 3d., 8s. 4d., 10s. 5d., 128. 6d., 14s. 7d., 16s. 8d., 
and 18 s. 9 d. 



866 PEBCKNTAQB. ^ 

Ans. 48. 8 d., 7s,y 9B,4td.y lis. Bd.^ 14s.; 168.4d« 
188. 8 d., and 21s. ' 

4. How much p. c. must tlie preceding advanced prices be 
reduced to give the prime cost? Ans. 10| p. o. 

6. What is 6 p. c. of ^20000 ? Ans. *1200. 

6. What is 19J p. c. of HOOOO ? Ans. «7733^3f 

7. What is 15 1 p. c. of $56789 ? Aus. 8991,59 J. 

8. Having received, on <J56789 Stock, an advance of 15| 
p. c, at what discount must we sell the whole amount so as 
neither to gain nor lose ? Ans. 13^3^ p. o. 

9. What is 13/58^ p. 0. of »65780,59i ? 

Ans. 98991,59^. 
601. To find how many p. 0. one number A is of another 

B 

number B : First, 1 p. c. of B is ^Tw?; tben the number of 

times that A contains this one p. c. is evidently the number 

sought. We, therefore, divide A by rTr^r, or multiply A bj 

100 A 

-=- = ^ X 100. Hence it is plain that to find how many 

Jt> 15 

p. c. one number is of another, we multiply the ratio of that 
one to that other by 100. 

10. What p. c. of ^ is /^ ? Ans. 48iJ. 

11. How much is 48iJ p. c. of j% ? (498.) Ans. /.. 

12. How much p. c. must be taken from ^^ so as to reduoe 
itto-r^5? (500.) Ans. Sl^V 

13. What p. c. of £20 is 6 s. 8 d ? Ans. If p. 0. 

14. What p. c. of $116,80 is $7,20 ? Ans. 6^1 p. c. 

15. What p. c. of Je50000 is £150, 13 s. 4 d. ? 

Ans. ^41' ^' ^^^ quite | p. 0. 

502. To find what percentage of one number will equal a 
given percentage of another : 

Let the given number be A and B, aad let the questioQ 
be, What p. 0. of A will equal g' p. c. of B ? Now, if A be 

B 

multiplied by —, the product will be B. Wherefore (165) 

any percentage or part of A, multiplied by the same ratio, wiU 
give the same part or percentage of B. Hence we have this 
rule : Place that number, the percentage of which is given, 
over the other, and multiply the given percentage by thig 
fraction reduced to its lowest terms. 

16. What per centage of £17680 will equal 16 p. c. of 
£96470? Ans. 87j^V 
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Profit and Loss. 

503. This, in a merchant's books, is the title of an account 
of incidental or accidental expenses, gains or losses. We shall 
here consider the subject as the gain realized and loss sustained 
bj trading, which are generally estimated at a certain rate 
p. c. on the amount of capital employed. 

To find the gain p. o. : 1. When with a sum A we have 

realized a greater sum B, as 1 p. u of A is ^jrr, we divide the 

gain (B — A) by this fraction, which will evidently give the 
gain p. c. 

2. Or, because A : B : : 100 : 100 -|- gain p. c. 

Divide the sum realized by the sum invested, reduce the 
fraction, multiply by 100, and suppress 100 in the result. 

Ex. 1. Suppose that with $14280 we have realized $18460, 
what is the gain p. c. ? 

100 5 A 

^ .^^ = YTT) reciprocal of -r^, into which we involve the gain 

(B — A) = 18460 — 14280 = 41 80 ; thus, 

5X4180 20900 .^ .^ ... ^ . 

^^^ =-^jj-=29^5''^, required gam p. o. Or thus : 

1846|0 923 ^, 923 X 100 .^^ ^^ 

142810 "" 7l4 ' ^'^^ — 7l4 — "= ^^9//^ p. o. as before. 

2. Suppose that with a capital of $10000 we have realized 
$16580, what is the gain p. c. ? 

A. = 100; B — A= 6580, dividing by 100, we have 65,8, 

16580 
or 65| gain p. o. Or ^x^^^ X 100 = 165,80 j suppressing 

100, we have 65,80 = 654, as before. 

3. Having invested £15600 in stocks, and subsequently sold 
the same for £25000, what is the gain p. c. ? 

Ans. 60|5 p. 0. 

4. What is 60|^ p. o. of £15600 ? Ans. £9400. 

504. When, there is a loss, that is, when B is less than A, 
we have the proportion A : B : : 100 : 100 — loss p. c. ; con- 
sequently, in operating by rule 2, instead of suppressing 100 in 
the result, we must subtract the result from 100. 

5. Invested £25000 in stocks, and sold for £15600 ; what 
IS the loss p. c. ? 
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15600 _ 156 _ 78 78 X 100 78x4 312 

^'"®^' 25000*^250"^ 125^ 125 ~ 5 "" 5 
s= 62f , which is 100 — loss p. o. j therefore, 100 — 62| 
= 37 1 p. c. is the required loss. 

6. What is 37| p. c. of £25000 ? Ana. £d400. 

505. AlsO; when the inyestment and whole gain or loss are 
simple integral number^ ^e may place the gain or loss over 
the investment in the form of a fraction, reduce to lowest terms, 
multiply by 100, and reduce the result for the required pep- 
centage. 

7. Invested 923500, and sold for $16500, what was the loss 
p. c. ? Ans. 29|2. 

8. Bought 20 shares Bank Stock at $350 a share ; sola 12 
shares at 14| p. c. discount, and the remainder at 28^ p. o. 
discount ; what was the loss p. c. on the whole ? 

Ans. 20 p. c. 

9. Bought 26 bales of goods at $26 per bale ; found 3 bales 
so damaged that they were sold 15 p. c. below cost ; how much 
p. c. profit must be charged on the remainder, so as to gain 20 
p. c. on the whole ? Ans. 244| p. c. 

10. What is 24^1 p. o. of $598 ? Ans. $146,90. 

11. What p. c. of $811,20 is $744,90 ? Ans. 91||. 

12. What p. 0. of $811,20 is $66,30 ? Ans. S^\, 

* 
Commission and Brokera^. 

506. Commission is a charge of so much p. o. made by 
i^ents, &cton^, brokers, or correspondents for transa<$tang busi- 
ness on behalf of. others. 

The Commission charged by a Broker is called Brokerage, 

Ex. 1. A factor buys on my account goods to the amount 
of $4569,50 ; what is his commission at 2^ p. o. 

Ans. $114,23|. 

2. An agent sells goods to the amount of £569 11 s. 6 d.; 
what is his commission at 4^ p. c. ? Ans. £26 12 s. 7^ d.— . 

3. My correspondent makes sales of merchandise on my 
account to the amount of $12600, commission '2| p. o. ; how 
much does he place to my account ? Ans. $12316,50. 

4. Having sold 18 cwt. 2 qr. 14 lb. of cochineal for my cor- 
respondent at $86 per cwt., commission 5| p. c, how much 
must I pay over ? ^s. $1509,65. 
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Interest^ 



507. This is a percentage paid for tlie use or retention of 
money. When no time is specified^ one year is understood. 
Thus, vrhen we say 5 p. c, the vrords per annum, by the year, 
are understood. 

The sum on which interest is paid is called the principal. 
The interest of 100, for one year, is called the rate, and the 
sum of principal and interest, the amount 

Interest is usually regulated by law,f and yaries consider- 
ably in different countries, according to the abundance or 
scarcity of money^ facilities of trade, &o. 

£z. 1. Suppose we would have the interest of $1776 for one 
jfear, at 6 p. c. 

The question here evidently is, if $100 gain $6, what, will 
$1776 gain ? Consequently, we have the proportion 

$100 : $1776 : : $6 : $106,56. Answer. 

Hence the general rule : Multiply the principal by the rate 
p. c, and divide by 100. Or, as the question (498) evidently 
requires nothing more than 6 p. c. of $1776, we multiply by 
,06, thus : $1776 X ,06 = $106,56, as before. 

That is, multiply the principal by the rate considered as 
hundredths. 

508. If we require the interest for 2, 3, 4, 5, 6, &c. years, 
it is plain that we have only to multiply $106,56, which is the 
interest for one year, by 2, 3, 4, 5, 6, &c. Or, we may mul- 
tiply the rate by the number of years, (^^9,) ^^^^ proceed as 
before. 

Suppose we would have the interest of $1776 for 3^ years, 
at 6 p. c. we say, ,06 X H =,21; then, $1776 X ;21 = 
$272,96. . 

Proof. $106,56 X 3^ = $53,28 X 7 ^ $372,96. 

* *' In the New England States, New Jersey, Pennsylvania, Delaware, 
Maryland, Virginia, North Carolina, Tennessee, Kentndsy, Ohio, Indiana, 
Illinois, Missouri, Arkansas, and the Dist of Columbia, and on IT. S. Notes, 
the rate is 6 p. c. In New York, S. Carolina, Michigan, Wisconsin, and 
loWa, it is 7 p. c. In Georgia, Alabama, Mississippi, and Florida, 8 p. o. 
In Louisiana, 5 p. c. though the bank interest is ,06, and conventional in- 
terest may be as h^h as ,10. In Maryland the interest on tobacco con- 
traets is ,08. In Mississippi, Missouri, and Arkansas, the interest by agree- 
ment may be as high as ,10, and in Illinois, Wisconsin, and Iowa, as high 
\m ,l2:*^Ch<U6*a ^rt<&.,.pag6 66. 

fin fJngland, legal interest -is 5 p. o. 
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509. Suppose we would have the int. for months^ say 8 mos.; 
the proportion is then compound, and becomes 
»100 : 91776 : : (0 : $71,04 

^ i half the number of months, which divided bj 
100 is ,04. 

Hence we see that the int. at 6 p. c. for any number of 
months is found in multiplying the principal by half the num- 
ber of months, considered as hundredths. 

The following table shows the number of days from the be- 
ginning of the year to the first of each respective month : 



1 mo. (Jan.) 

2 mo. (Feb.) 31 
8 mo. (Mar.) 59 
4 mo. (Apr.) 90 



9 mo. (Sept.) 243 

10 mo. (Oct.) 273 

11 mo. (Nov.) 304 

12 mo. (Deo.) 334 



5 mo. (May) 120 

6 mo. (June) 151 

7 mo. (July) 181 

8 mo. (Aug.) 212 

By this table we easily find the number of days from any 
day of one month to any day of another. 

Kule : Find the difference between the numbers opposite the 
given months, under which write the difference between the 
given dates, and when the first date is the smaller number, add ; 
when it is the greater, subtract, ^o the result add 1, when 
the second month of leap-year is included between the given 
dates. 

When the last date is it the following year, reverse the or 
der of the dates, proceed as above, and subtract the result from 
865. The remainder is the required number. Also, to thus 
remainder add 1, when the second month of leap-year is in- 
cluded between the given dates. 

1. Bequired the number of days from .4 mo. 12 to 12 mo. 
25? 

334 — 90 = 244 No. of days from 4 mo. 1 to 12 mo. 1. 
25 — 12 == 13 diff. of dates added. 

257 Answer. 

2. What is the number of days from Apr. 25 to Dec. 12 1 

Ans. 231. 

8. Bequired the number of days from 12 mo. 25, 1853, to 
4 mo. 12, 1854 ? Ans. 108. 

4. Bequired the number of days from 12 mo. 12, 1855, to 
4 mo. 25, 1856 ? Ans. 135. 

510. As ,06 is {he int. of 100 for one year at 6 p. C; ^ of 
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,06 = ^005 is the int. for 1 ma ; and \ of .005 == ,0/)l is the 
int. for^ of 1 irio. or 6 daysj Consequently, the int. for any 
number ri of dkys 6 : n : : ,001 y multiplying (413) the first and 

third terms by 1000, we have 6000 : w : : 1 : —7^. Hence we 

6000 

have thd following rule, called the bank rule : 

To find the int. at 6 p. c. for any number of days, multiply 
the principal by the number of days, and divide by 6000. 

Ex. 1. Suppose we would have the int. of $1776 for 24 

1776 V 24 
days, we say, ^qq^ = 1,776 X 4 = $7,104. Answer. 

To find the Simple Interest of any amount for years, nionths 
and days: 

Reduce the years and months to months, place \ the num- 
ber of days on the right, and multiply the result, considered 
as mills , by half the principal, or half the result by the whole 
principiai. 

JEJxainples^ 

1. Bequired the interest of $625 for 2 yrs. 9 mo. 21 d. 

2 yrs. 9 mo. = 33 mo. 21 -^ 8 = 7 ; then 337 X 3124 =;= 
105312 « m. = $105,314. Or, ,1685 X 625 = 1685 -,- 16 
= $105,31^, (273.) 

Elucidation. 

21 d. = 1^ mo. ^= y^ mo. ; consequently, these tenths have 
th^ir true value when placed on the right of 33 mo. Then 

100 : 625 : : 6 ) Now the rate 6 p. c. measures the con- 
12 : 83,7 I stant divisor 12 and the result is 2. 

Also the term 837 tenths, divided by the constant divisor 100, 
becomes 337 thousandths or miUs, hence the rule. 

2. What is the int. of $1337,67 for 3 yrs. 5 mo. 17 d. ? 

3 yrs. 5 mo. 17 d. -f- 100 = ,415| mo. ;— then half the 
principal = 668,885 X ,4151 = $278,01^^. Or 222,945 
X 1,247 = $278,01+. 

3. What is the int. of £68 15 s. 8 d. for 4 yrs. 3 mo. 19 d.? 
£68 15 8. 8 d. = 68,78 j.: then ,5161 X 84,394 == 1,549 

X 11,46/5 = £17,7575638 = £17 1^ s- 1| d- +• 

511. As the int. at 6 p. 0. is found with great facility, the 
int. at any other rate may be found by Practice. Thus, for 
the int. of $1776 at 4^ p. c, we say 
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8 p. c. is ^ ) 106,56 int. at 6 p. c. 

li " is 2 ) ^3,28 or, by complement, $106,56 

26,64 for 1^ p. c. subtr. J 26,64 

$79,92 $79,92. 

2. What is the int. of $236,14 at 6 p. c. ? 

Ans. $14,17—. 

3. What is the int. of $993,60, at 4i p. c. ? 

Ans. $44,71. 

4. What is ike int. of £294 16 s. 8 d. at 5 p. o. ? 

Ans. £14 14 s. 10 d. 

5. What is the int. of $900 at 7 p. c. ? Ans. £63. 

6. What is the int. of $1358 at 6 p. o. for 3^ years ? 

6X3^= 21, and 13,58 X 21 = Ans. $285,18. 

7. What is the int. of $169, for 7 mo. at 6 p. c. ? 

$1,69 X 3^ = Ans. $5,9U. 

8. What is the int. of $2600, for 3 yrs. 7 mo. and 5d. at 
6 p. c. ? $26 X 21/3 = Ans. $561,16f . 

9. What is the int. of £65 1,3 s. 4 d., for 78 days at 6 p.c? 

,0656 X 13 == Ans. 17 s. Off d. 

10. What does £786 16 s. amount to in 4 yrs. 8 mo. 
15 d., at 6 p. c. 

7,868 X 28} = 1,967 X 113 = 222,271 = £222 5 b. 
5 d. +. Then £786 16 s. + £222 5 s. 5 d. = Ans. £1009 
1 s. 5 d. +• 

512. To find in what time a sum at simple int. will double 
itself — that is, in how many years the whole amount of int. 
will equal the principal-r-divide 100 by the rate p. c. 

1. Suppose we would find in what time the int. of $350 
will amount to $350, at 6 p. c., we say 

Gap. Cap. I $ 

100 : 350 : : 6 : 21, one year's int. 

Int. Int. Tr. 

then 21 : 350 : : 1 : ^ = 16f yrs. Answer. 

But (406) ^ = ^ ; henoe the rule, according to which 
a sum at 7 p. c. will double itself in 14^ years, at 8 p. c. in 
12| yrs., at 9 p. c. in 11^ yrs. &c. 

513. To find in what time the int. of a given sum will 
attain any other given amount : Divide the given amount by 
the int. of the given sum for one year at the given rate. 

2. In what time will the int. of $350 amount to $200 at 

6 P- C. ? Int. Int. Yr. 

21 : 200 : : 1 : 9^| yrs. Ans. Hence the rule. 
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SECTION XXV. 

PARTIAL PAYMENTS — DISCOUNT — INSURANCE — DUTIES — 
TARE — TAX — GENERAL AVERAGE. 



Partial Payments, 

514. When these payments, which are made at sundry 
times to cancel a Promissory Note, or other ohligation, are, 
with their respective dates, entered on the back of such instru- 
ments, they are (ssHXedi endorsements. When a final settlement 
is made within one year from the date of the instrument, it 
Is customary to calculate the interest on the whole £rom the 
time of its date, or from the time it becomes due, to the time 
of settlement; and on each endorsement, from its date, in 
like manner. Then the amount of all the endorsements, with 
their several interests, is subtracted -horn that of the principal 
and its interest, and the remainder is the balance due. 

Portland, Mar. 10^ 1853. 
For value received, I promise to pay Kufus Horton, or 
order, five hundred dollars, on demand, with interest. 
$500. Noble H. Heath. 

Endorsements. — June 5, 1853, received $60. July 20, 
1853, received $95. Sept. 19, 1853, received $100. Nov. 23, 
1853, received $40. What is due Mar. 10, 1854 ? 

Amount of $500 for 1 yr. $530,00. 

Int. of $60 for 9 mo. 5 d $2,75 

95 '' 7 mo. 18 d 3,61 

$295,00 100 " 5mo. 19d..... 2,82 

9,88 40 " 3 mo. 15 d ^JO 304,88 

$304,88 $295 $9,88 $225,12 

Balance due Mar. 10, 1854, $225,12. 

GoRHAH, Jan. 4, 1853. 

For value received, I promise to pay John Horton, or order, 
one thousand, two hundred and sixty dollars, on demand, 
with interest. Philip Heath. 

$1260. 

Endorsements, — Mar. 15, 1853, received $200. June 9, 
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1853, reoeiyed fl30. July 20, 1853, received $400. Sepl. 
15. 1853, received 9300. What ift due Jan. 4, 1854. 

Ans. »274,97. 

, WncDHAx, Feb. 6, 1853. 

For value received, I promise to pay AmoB Hanson, or order, 
eight hundred and forty dollars, on demand, with interest. 
1840. Mabk Eright. 

Endorsements. — May 16, 1853, received $180. July 8, 
1853, received $100. Aug. 19, 1853, received $60. Oct. 14, 
1853, received $250. What was due Dec. 12, 1853? 

Ans. $280,54. 

515. Though the preceding is, by some, considered the only 
equitable rule, the following is the legal one, as stated in 
the N. Y. Chancery Jleports, (see Emerson^B Thitd Part) 
page 104:) ' • ' 

«The rule for casting interest, w]^n jmrtial payments have 
been made, is t6 apply the jpayment^, inf the first place, to the 
discharge of th^ Interest theu due. If the payment exceeds 
the interest, the surplus gOto towards discha^ng the principal) 
and the subsequent interest is to be boiupiited on the balaDce 
of principal remaiiiing due. If the payment be less than the 
interest, the surplus of interest must not be taken to augment 
the principal; b^t interest continues on tlie former principal 
until the period wheii the payments, taken together, exceed the 
interest due, ^nd then the surplus is to be applied towards 
dischargiog the principal, and interest is to be computed on 
the balance, as aforesaid.'' 

Kbw York, July 8, 1860. 

For value received, I promise to pay ij^yacinthe Feugnet, ox 
order, one thousand five bundred ddlars, on demand, with 
interest. « Jjsan Manssoa. 

$1500. 

Indorsements. — Nov. 19, 1851, j!«ceived $200. Oct. 16, 

1852, received $50. July 11, 1853, received $45. Oct. 20, 

1853, received $560. What was due Dec. 12, 1853 ? 

Principal $1500,00 

Int. from July 8, 1850, to Nov. 19, 1851, (1 yr. 
4 mo. 11 d.,) 122,75 

Amount 1622,76 

First pay't exceeding int 200,00 

New principal 1422,75 
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Int. from Nov. 19, 1851, to Oct. 16, 1852, 

(lOmo. 28d.,) $77,78 

Sec'd pay't less than int 50,00 

Balance of int. due 27,78 

Int. from Oct. 16, 1852, to July 11, 1853, 

(8 mo. 25 d.,) 62,85 

90y63 
Third pay't less than int 45,00 

Balance of int. due 45,63 

Int. from July 11, 1853, to Oct. 20, 1853, 
(3 mo. 9 d.,) 23,47 $69,10 

Amount due Oct. 20, 1853 1491,85 

Fourth pay' t exceeding int 560,00 

New principal 931,85 

Int. from Oct. 20, 1853, to Dec. 12, 1853, 

(1 mo. 22d.,) 8,07 

Amount due Dec. 12, 1853 $939,92 

Westbrook, Feb. 20, 1850. 

For value received, I promise to pay Jeffery Smedley, or 
order, one thousand dollars, on demand, with interest. ^ . 

$1000. Noble Heath, Jr. 

Endorsements, — Oct. 15, 1850, received $150. Nov. 3, 
1851, received $50. Aug. 26, 1852, received $40. Jan. 5, 
1853, received $45. June 9, 1853, received $300. Sept. 29, 
1853, received $400. How much was due on this Note, Mar. 
11,1854? Ans. $212,07. 

Discount. 

•516. This is an allowance of so much p. c. for the pay- 
ment of money before it is due, or for prompt payment in 
the purchase of goods on which credit is allowed. The latter 
is sometimes called Bebate. 

As $100 at 6 p. c. amounts, in one year, to $106, it is plain 
that $100 is the present worth of $106, payable at the end of 
.that time. Hence the ratio of any sum, due at the end of 
one year at 6 p. c, to its present worth, is |M= i-'|-® ; where- 
fore (219) any sum multiplied by y -J^, wnich is the recipro- 
cal of this ratio; that is, divided by 1,06, will give its present 
worth for one year at 6 p. c. 

Ex. 1. If A has B's Note for $583, due in one year, without 
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int., how much should A allow B for prompt payment; dis- 
count at 6 p. c. ? 

$^ ^1 == $550 present worth ; then 

583 — 550 = $33 discount, which A allows B. 

Proof. 55p X ,Q6 = $33 int. and $55Q + 33 = 583 Am't 
of Note. 

517. As U J IS the ratio of any sum due at the end of one 
year to its present worth; and the rate 6 p. c, the discount 
of 106, which will give the present worth, it is plain that 
106 : 6 : : any sum : its discount at 6 p. c. 

Hence the rule: Multiply any given sum by the rate p.o. 
and divide by 100 plus that rate. 

2. Thus for the discount of the above note, we say, 
583^ ^ 58y<3 _ 11 >^ 3 _ ^3^ ,^^i^ ^^^^^^ 

B.equired the discount of each of the following sums : 

3. $840 at 5 p. c. = -S^^-ft = Ans. $40. 

4. $963 at 7 p. c. =9X7 = 63. 

5. $1080 at 8 p. c 80. 

6. £112 at 5 p. c. .:....: £5 6 s. 8 d. 

7. £112 at 7 p. c ^7 6s. 6» d.+^jl-qr. 

8. £967 16 s. lid. at 7 p. c ....£63 6 s. I^g^ d. 

9. £1056 17 s. ll|d. at 8 p. o.......£78 5s. 9|d. ^^qr. 

Required the present worth of each of the following sums : 

10. $100 at 7 p. c. Ans. $93,46-. 

11. $546,50 at 8 p. c. Prove as in Ex. 1 $506,01|i: 

12. £967 16s. lid. at 7 p. c £904 10s. 6m d- 

13. £1056 17 s. 11} d. at 8 p. c £978 12 s. 2i d. |i} qr. 

518. Though the preceding is undoubtedly the equitable or 
true rule of Discount, it is by no means that which is gene- 
rally practiced. The Bank Bule is to deduct the interest of 
the given sum for the given rate and time. 

' Thus, if, where the int. is 6 p. c, we present a Note of $500 
for discount, the Bank deducts $30, which is the int. of $500 
for one year at 6 p. c. and we receive $470 for the Note. This, 
therefore, needs no further elucidation. 

By the true rule, the present worth is the sum which, at 
int. at the given rate, will reach the amount of the Note. 
But we find that the int. of $470 at 6 p. c. is only $28,20, 

and the amount $498,20, instead of $500. 

»...».. • . . 

519. The amount of discount being given, to find the true 
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rate. Let q= the rate; D, the discoant; P, the present 
worth; aad 8, th^ amount of Note. Then by the true rule, (6i7,) 
100 + y : 2 : : S : D dividendo, (410.) 
100 ; £ : ': P : D altemando, (408.) 
100 : P ; : J' : D invertendo, (408.) 
P : IQO : :D:2; that is, 
Th^ I^esqnt worth is to 100, as the given discoant to the rate. 
Ex. 1. Having/ for a Note of $500, received #470 ; what i^ 
the true rate of discount ? 

470 : 100 : : 30 : 64f p. c. the required rate. 
Proof. «4,70 X 6|| = ,1 X 300 = $30. 

520. The Bank rate, being merely the int., is found thus : 

5)00 : IjOO : : 30 : 6 p. 0. 
Hence^ we h^ve the following rule : 

For the true rate, divide 100 times the discount by the pre- 
sent worth. For the Bank rate, divide 100 times the disc, 
(or rather int.) by the whole sum. 

2. Having at a bank received $558 for a Note of $600, 
what is the true, as well as the Bank, rate of discount? 

4-^s. True rate 7^ | p. c. ; Bank' rate, 7 p. o. 
Ptove thus: 5,58 X 7f§ = ,06 X 700 = 6 X 7 = 42. 
Also, 6,00 X 7 = 42. 

3. Having discounted a Note of $720, for which was re* 
ceived $662,40, what is the rate p. c. ? 

True rate, 8^| p. c; Bank rate, 8 p. c. 

4. Having for a Note of £575 5 s., received. £546 9 s. 9 d., 
what is the rate of discount ? 

True rate, 5y^^ p. c. ; Bank rate, 5 p. o. 

Insurance. 

521. This is a bond or contract between two parties bj 
which one engages, for a certain sum, to indemnify the other 
for loss sustained in his property, which is liable to dami^ 
by fire, by the perils of the seas, or otherwise; and is e£feoted 
on houses or other buildings, ships, goods, &c. 

The party who assumes the risk is called the insurer^ asmrerj 
or underwriter, and the owner of the property, the insured or 
dssured. 

The sum paid for insurance, which is a percentage on the 
property insured, is called th^ premium^ and the instrument 
containing the contract is called the policy, 

Ex. 1. At 51 cts. per $100, what is the premium on $62757 

Ans. $32,00i. 
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2. Effected insurance of £5000 on the ship Noble Ann, of 
So. Shields, on a voyage to Buenos AjreS; out and home; 
what did the premium amount to at 2^ p. c. ? 

Ans. £125. 

3. A farmer insures his house for $1000, at a premium of 
1} p. c. ; his barn for S8200, at a premium of 1| p. c, and 
his other out-buildings for 9500, at a premium of | p. o. What 
does he pay on the whole ? Ans. 972,25. 

Duties, 

522. These are imposts levied by government, at an esta- 
blishment called the Custom-House, on certain kinds of goods 
imported into a country. On the re-exportation, of some 
goods, an allowance is restored to the exporter, called the 
drawback. 

The whole weight of goods, as imported in casks, bags, 
boxes, chests, &c., is called gross weight. 

From this weight is first deducted a small allowance for 
waste, called Draft, which is as follows : 
On a single package, weighing 1 cwt., (112 lb.) ... 1 lb. 

above 1 cwt. and under 2 cwt 2 

" 2 " " 3 " 3 

« 3 " " 10 " 4 

" 10 " " 18 " 7 

" 18 and upwards 9 

Tare, 

523. This is an allowance made, subsequently to draft, for 
the bag, box, chest, &c. containing the goods; and in com- 
puting it on the remainder, less than ^ lb. is not reckoned; 
more is called 1 lb. 

For leakage and breakage 2 p. c. is allowed on the gauge of 
all merchandise in casks paying duty by the gallon ; 10 p. c. 
on beer, ale, and porter, in bottles, and 5 p. c. on all other 
bottled liquors. There are other commercial allowances which 
are not recognised at the Custom-House. 

After the deduction of all allowances, the remainder, or 
real weight of the goods, on which duty is computed, is called 
net weight. 

1. What is the duty on 4 boxes of sugar, weighing gross, 
as follows : 1st. 6 cwt. 1 qr. ; 2d. 6 cwt. 3 qrs. ; 3d. 7 cwt. 
1 qr. 14 lb.; 4th, 7 cwt. 2 qrs. 10 lb.; draft as per table, tare 
15 p. c; the duty being 1| cts. per lb. ? Ans. $46,36. 
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2. What is the duty on the above 4 boxes, allowing the 
same draft; and tare 14 lb. per cwt., at 1 j d. sterling per lb. ? 

Ans. £19 17s. 8^d. 

524. This is a general tribute imposed on the citizens of a 
country for the support of its government^ and is of two 
kinds — -poll and property tax. 

Poll tax is so called because it is levied on the head of 
every adult male citizen, without regard to property. 
Property is taxed at a certain percentage of its amount. 

1. Required the tax on an estate worth $17396 at | p. o. 

Ans. *65,23|. 

2. Bequired the tax, at the same rate, on £6397 14 s. 6 d. 

Ans. £23 19 s. 10 d.— 

General Average. 

525. When, in distress, i;he master of a ship, for the general 
safety, cuts away her .masts, throws part of her cargo over- 
board, enters a port to repair damages, or is at extraordinary 
expense to get her aflpat when stranded, &c., the loss sustained 
in consequence is, by a general average, equitably propor- 
tioned amongst the proprietors of the various interests of said 
ship, freight, and cargo, which interest must be cleared of all 
other charges before the average is made. 

Property lost by being thrown overboard is called jettison^ 
from the French jeter, to throw ; and this contributes to the 
general average, otherwise its owner would not share the gene- 
ral loss. 

When jettison consists of masts, rigging, spars, &c., a de- 
duction of one-third of the cost of replacing them is made in 
consequence of the superiority of new articles. 

Also from the freight contribution a deduction of \ is usu- 
ally made (in N. Y. one-half ) for seamen's wages. 

Ship Clio, New York to Charleston^ S. C, grounds on Charles^: 
ton bar, and lies over to starboard ; the master cuts larboard 
main shrouds and fastenings of deck-load, which being heavy^ 
flies outboard, carrying away starboard bulwarks. The main^ 
mast goes by the board, carrying away mizzen and foretopmast 
and jib-boom. After clearing wreck, though she does not look 
very pretty, she behaves well, rights, floats, is towed in by two 
steamboats^ and makes a pretty general average, as follows : 
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W. H. Harrison's goods started overboard $5000,00 

ExpeDse of Steamboats 225,00 

Freight lost by jettison 75,00 

Masts, spars and rigging, $900, less j 600,00 

Other damage, and premium ^ 800,00 

Protest, $15. Adjustment of Average, $60. ........ 75,00 

$6775,00 
Agent's commission, 5 p. c 388,75 

Amount to be made good by average $60 $7113,75 

Contributory Interests. 

Ship, valued at $35000 

Less damage and premi um 140 $33600,00 

Freight, gross amount $3000, less | 2000,00 

Cargo shipped by J. Phillips $40000 

" « P. Stuyvesant 25000 

" " W. Van Twiller 16450 

" " L. Dow 15175 

" " W. H. Harrison 5000 

$101625 
Amount of shipments 101625,00 

$137225,00 

Now the whole loss, divided by the whole amount on which 
it is levied, will give the rate per dollar. ' This is shown by the 
proportion $137225 : $1 : : $7113,75 : $,05184004 +. Hence 
each interest, multiplied by ,05184 -|~; will give the amoun^ 
with which it is charged, thus : 

The ship (33600 X ,05184 +) pays $1741,83 

" freight (2000 X ,05184+) 103,68 

" cargo (101625 X ,05184 +) 5268,24 

$7113,75 

J. Phillips (40000 X ,05184) pays. . . $2073,60 

P. Stuyvesant, 25000 1296,00 

W. Van Twiller, 164"50 852,77 

L. Dow, 15175 786,67 

W. H. Harrison, 5000 .'. 259,20 

$5268,24 
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Equation of Pat/menU. 

526. When Heveral sums become due at different times, we 
find, by this rale, an equated or mean time for the payment of 
the whole, so that there may be no, loss of int«rest to the debtor 
or creditor. 

Suppose A owes B ^0, due in 4 mo. ; $80, due in 6 mo., 
and $20, due in 8 mo. ; what is the equated time for payment 
of the whole? 

The int. of ?100 for 1 year is equal to that of 81 for 100 
years. Thus, at 6 p. c. the int. of SlOO for one year is $6. 
The int. of Jl is ,06, and (503) the int. of 81 for 100 yra. is 
,06x100 = 86. 

In like manner, we might show that the int. of $100 for 2 
yra, is equal to that of *2 for 100 yrs., or of $1 for 200 jra., 
&e. Henoe it is plain that in multiplying the principal by the 
time of its credit, we have the int. of SI for the time epcbified 
by the product. 

I int. of 



te 



"We therefore say the 
(60 for 4 
80 " 6 

int. of »6Ofore0u. 



e int of «1 for 240 mo. 
" 1 " 480 " 

" 1 " 160 'f 



'fti(im« = int. of*l for 880 mo. 

That is, 160 mult, by equated time = 880. Also, as the 
whole interest is equal to that of 81 for 880 mo., it is plain 
that 8160 will, to gain the same int., require only -flj^ part of 
that time; consequently f||8 = y =5;J mo., the equated 
Ume required. 

Hence the rule: Multiply each payment by the time of its 
credit. Divide the sum of the amounts by the sum of the 
payments ; the quotient is the equated time. 

Average of Sales. 
527. To close by one Note, the account of several bills of 
merchandise bought at various times of credit : 
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Place the payments under esuoh. other in the order in which 
they become due. Equate the whole from the time the first 
payment is due, reckoning the equated time forward from the 
time of the first, payment. This is the date when the whole 
falls due; thg Note must, therefore, be dated so as to bring 
the payment to this date. If drawn payable 4, 6, &c. months 
after date, the Note must be dated back 4^ 6^ &c. months ac- 
cordingly. 

Mabblehead, t/t^n« 6, 1854. 

John Doe 

Bo't of Eichard Roe. 

Mar. 20, merchandise at 8 mos $1144,00 

April 4, « 4 mos 736,00 

« 12, « 5 mos..........:....... 900,00 

May 10, " 6 mos 650,00 

June 6, " 6 mod.... 1566,00 

84996,00 

Time in days, at which the payments becbmedue. 

Aug. 4 $736 X 

Sept. 12 900 X 39 35100 

Nov. 10 650 X 98....'... 63700 

Nov. 20 1144X108 123552 

Dec. 6 1566 X 124 194184 d. 

by 4996 divide ) 416536 (83 + eq. time. 

From Aug. 4, reckoning forward 83 days, we find that the 
whole amount, $4996, becomes due Oct. 26, 1854. The NotA 
to close this account, will therefore run thus : ^^ 

$4996. MABBLEiSBAD, Jf/fu; 26, 1854. 

Four months after date, I promise to pay to the order of 
Kichard Boe, Four thousand^ nine hundred and ninety-six 
dollars, without defalcation, value received. John Dob. 
Due Oct. 26-29, allowing 3 days, usual grace. 

1. A owes B $80, due in 6 mos., $120, due in 8 mos., and 
$400, due in one year. A, wishing to pay at once, would 
know the time. Ans. lOf mos., or 10 mos. 12 d. 

2. A owes B £30 2 s. 6 d., due in 4 mos. ; £15 8 s. 4 d., 
due in 6 mos., and £60 3 s. 4 d., due in 9 mos. A, wishing 
to pay cash down, B allows him 5 p. c. per an. discount; how 
much does A pay ? Ans. £102 13 s. IJ d. + ^%\%% qr. 
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8. Knd the int. of £102 13 s. 14 d. + / ^ %> ^^r 7^Wf 
mos.^ at 5 p. c. ? Ans. £3 1 s. 0^ d. -\- mi$. 

4. Find the discount of £106 14 s. 2 d., for 7^^%%% mos., at 
5 p. c. ? 

5. A owes B $1000, payable in 8 mos., and pays $250 in 
2 mos. ; at what time should he pay the remainder ? 

Ans. 8 mos. from time of first payment. 

6. A owes B £198, due in 6 mos., of which he pays ^ in 2 
mos., and at the end of 1 mo. from that time he pays -^ of the 
remainder ; when should he make final payment ? 

Ans. 7^ mos. from time of second payment. 

7. A buys goods to the amount of $1000, at 6 months cre- 
dit. In 3 mos. he pays $330. Wishing to give two Notes for 
the balance, one at 5 mos.^ and the other at 9 mos.; required 
the amount of each Note. 

$1000 at 6 mos. = $6000 at 1 mo. 
330 at 3 mos. = 990 at 1 mo. 



670 at — mos. == 5010 at 1 mo.; that is, ^^^ 
average time in months for balance. 

Times of required Notes, the one great- 
VW -{ 5 }- er and the other less tlmn the average 



r ") Timei 
-< 5 V er an( 
(^ 9 J time. 



As the average time is fractional, we multiply all the three 
times by 670. Taking the results, which are proportionate^ 
and averaging these, we have 

Rm n i ^^^0 ~] 1020 number corresponding to 5 mos. 
.. ^"^" 1 6030 J 1660 " ^ « 9 mos. 

2680 

2680 : 1020 : : 670 : 255 amount at 5 mos. 

hence 415 " 9 mos. 

Proof. 330 @ 3 mos. = 990 ") 

255 "5 " = 1275 [ @ 1 mo. 
415 " 9 " = 3735 J 

Total 1000 @ 6 mos. = 6000 

8. A buys goods to the amount of $1200 @ 6 mos., and 
would give notes for the amount at 3, 5, and 9 mos. 

As 6 is an ar. mean between 3 and 9, one part at 3 and one at 
9 will equal 2 parts at 6. But as the diff. between 5 and 6 
is 1; while that between 6 and 9 is 3, the amounts being in- 

32 
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Versely as tlie times, we must have 3 at 5 for 1 at 9, so that 
^be excess in one may equal the deficit or lack in the other. 
We hare then 1 part at 3 mos., 2 at 9 mos., and 3 at 6 mbs., 
making 6 parts of our principal $1200. Hence each pM iis 
$200. Then 

8 mos. = 60e 

9 mos. =r: 360C 
5 mos. = 3000 




1200 @ 6 mos. == 7200 



Or thns: 
3 "* 



6 



1 



Here, as we have 10 partB| 
1200 -h- 10 =120, value 
of each part. 

8 mos. 
5 inos. 

9 mos. 



3 

5 ] -^ . 8 
9 fJ 3 + 1=4 
Then 120 X 3 = 360 Note 

120 X 3 = 360 " 

120X4=480 « 

Proof. 360 @ 3 mos. = 1080 
360 @ 5 mos. = 1800 
480 @ 9 mos. = 4320 

1200 @ 6 mos. = 7200 @ 1 mb. 

NAkttfCKEt, Jiily 10, 18^. 




Thomas Coffin 

1854. 

Jan. 
u 

Feb. 
it 

May 
July 



Bo't of Preserved Fish. 
4, Mdse. at 9 mos. $1270,26 



12, 

14, 
22, 

4, 
10, 



u 
a 
a 



4 mos. 

6 mos. 

8 mos. 
" 6 mos. 
" 8 mos. 



16 

a 



560,60 
2000,00 

823,00 

. 979,76 

1782,50 



$7416,00 

What is the date of a K'ote at 6 nibnths, to close the above 
account ? Ans. April 2, 1854. 

Partnership, 

528. When several individuals advance a certain sum each, 
with which they form a capital for trading purposes, agreeiilg 
to share equitably the gain or loss resulting therefrom, they 
'take the name of a company or firm. 

The sum advanced by each is called his stock in trade; and 
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tlie gain or lossf is 9liaxe4 hj eact^ in prppprtiou to bis stock, 
when the stock has all been employed tne same length of time. 
Rule : Divide the whole gs^in or losfiby the whole capital, which 
will give the gain or loss of one unit of capital. Reduce this 
to its lowest terms, and multiply each man's stock by the re- 
sult for his share of the gain or Ipss. This rule is obtained 
fronUhe proportion — the whole stock : to each man's : : whole 
gain or loss : each man's share. 

1. A, B, C, and D enter into partnership. A advances 
?500; B, »700; G, J800, and D, WOOd, In one year they 
gain ^3500 ; what is each man's share ? 

Batio of gain per unit^ |. Hence we add J to each man's 
stock, and apportion to A, «583,3Si ; B, »816,66| : C, 
»933,33i, and D, «1166,66|. 

2. A, B, and C buy ^ ship. A pays $5P00 ; B, $6000, 
and C, the remainder, which is the cost of ^ of the ship. The 
ship is chartered for $2000 ; what is the share of each ? 

Ans. A has mi, 27 f J • B, $?72, 72y8_, and C, 400. 

3. A, B, and C buy a ship. A pays $4600 ; B pays for |, 
and C pays the remainder, which is || of the ghare of B, to- 
gether with X of that of A. The ship gsdns $5000 ; what is 
each man's share ? 

Ans. A, $1277,771; B, $1666,66f , and C, $2055,55f. 

4. A bankrupt owes £16000 ; his effects amount to £9866 
13 s. 4 d. ; what does he pay on the pound, and on each of the 
claims. A, £3085 13 s. 6 d. ; B, £5216 lis. 8d., and C. 
£7697 14 s. 10 d.? 

Ans. I J, or 12 s. 4 d. on the pound. On the claims : A, 
£1902 16 s. 7| d. | qr. ; B, £3216 17 s. 10| d. | qr.; and 
C, £4746 18 s. 9| d. J^ qr. 

629. When the stocks are employed for different periods of 
time : Multiply each man's stock by the time it has been em- 
ployed, and proceed with the results as in the preceding article. 

6. A begins business wit-h $1000 ; after 6 months B joins 
him with $1500, and in 3 mos. naore, C joins with $1200 
They trade for 3 yrs. 6 mos. from the time A begins, and 
gain $5000 ; what is each man's share ? 

A $1000 X 3 yrs. 6 mos.,or 3^ yrs. 3500 Ans. A, $1548,67yV5 

B 1500x3yr8 4500 B, 1991,15yf^ 

1200 X 2 yrs. 9 mos., or 2| yr s. 3300 0, 1460,17//^ 

11300 Proof, 5000,00 
Pj<y5, = ^^, ratio of gain per unit of increased capital : 
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wherefore each man's increased capital^ multiplied by ^^, 
^yes his share of gain. 

6. Bragg, Oliver^ and Richardson commence business with 
£60000. Bragg advances £25000 ; Oliver, £16000, and Rich- 
ardson, £9000. At the end of 6 mos. Bragg withdraws £8000 ; 
fonr mos. after Richardson adds £4000, and 1 yr. 3 mos. 
from commencement Oliver withdraws £5000. They trade 3 
years and gain £25000 ; what is each man's share ? 

Bragg, 25000 X ijr.... 12500 1 ..^^ ™.^ 

" 17000 X 2^ « .... 42500 J ^^"^" t)b{)im 

Rich'n., 9000 X |".... 7500 1 onooot AKAn(u\ 

« 13000 X 2 J « .... 303331 j ^^^^i ^^^ 

Oliver, 16000 Xli".... 20000 t ^ . 

« 11000 X 1| " .... 24750 ; ^'^ £kJ7UUU 



1651 
We here multiply each increased capital by yj^^j. Then 
as the results (413) are in the same ratio, we operate with these 
as we should have done with the capitals, and find 

Bragg's share, £9993 18 s. 104 d. J^\ qr. 
Richardson's " 6874 12 5 ^^gMl 
Oliver's " 8131 8 8^ -,^g\4 

£25000 

7. Reynolds and Elliot begin business with $16000, of 
which Reynolds advances |, and Elliot the remainder. After 
6 mos. they are joined by Howard, with $12000. They trade 
during 3 yrs. 1 mo., and gain $13500 ; what is each man's share? 

Ans. Reynolds, $4549,18g\ ; Elliot, $3639,34gf ; and 
Howard, $5311,47|f. 

8. Pitt and Fox commence business with £5000 each. Af- 
ter 8 mos., Pitt advances £5000 more. In one year they are 
joined by Melbourne, with a capital of £7000. - Six months 
after this they are joined by Grey, with a capital of £6000. 
At this time Pitt withdraws £2500, and Melbourne puts in 
£3000 more. They close at the end of 4 years, and find a gain 
of £15680 16 s. What is the share of each ? 

Ans. Pitt £3601 18s. lid. -.ij. 

Fox 2368 8 i||| 

Melbourne... 7934 2 11 i|il 

Grey 1776 6 ^Vrf C 

£15680 16 s. d. 
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630. Money is a general term for coin, paper, &c. used ad a 
circulating medium to represent property, and transfer thQ 
same from one person or party to another. It is distinguished 
into real and imaginary. 

Ileal Money .consists of coin, bank notes, or any other to- 
kens which pass current in exchange for property. 

Imaginary, or Ideal Moneys, are moneys of account, origin- 
ally based on coins or weights, and though no longer repre- 
sented by coins, their value is determined by a known relation 
to them. 

Money is in different countries called by a great variety of 
names, as cash, specie, currency, effective, &c. That which 
does not circulate but remains in Banks of Deposit, is called 
Banco } this, compared with other currency, generally bears a 
premium called the agio. That which circulates by way of 
Exchange, is called Money of Exchange, {Moneta di CambiOf 
It. or Giro.) 

Valuta or Valeur is the value or rate at which moneys are 
reckoned in commercial transactions. 

Reduction of Currmcies, 

531. Currency is a term often used to denote the money of 
a country which is in circulation, whether coin or paper. 

In the United States the term is sometimes applied to a pa- 
per money long discontinued, which on account of too great 
issue was subject to various rates of depreciation. Hence arose 
different currencies based upon the proportionate rise in the 
nominal value of the Pound Sterling and Spanish Dollar. 
These currencies have still a nominal existence in local domes- 
tic traffic, and are as follows : 

1. In Maine, New Hampshire, Vermont, Massachusetts, 
Rhode Island, Connecticut, Virginia, Ohio, Indiana, Ken- 
tucky, Tennessee, and Mississippi, the value of the pound cur- 
rency to that of the pound sterling is as 3 to 4. Hence, as 
the numbers are in inverse ratio to the values of their principal 
units, the dollar, being originally valued at 4 s. 6 d. sterling, 
is 6 s. of this currency. 

Hence also, to reduce this Currency to Sterling, subtract \, 

To reduce Sterling to this Currency add \, 

The real of Spain, pr 124 ct. piece, being $i or ^ of 72 d. 

32* 
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Currency, is here called ninepencef and its hslf/ourpence hal/' 
penny, 

2. In New York and North Carolina, tlie ratio is 9 to 16 ; 
that is, 9 a. Ster. = 16 s. Cur. ; consequently, 9 : 4| : : 16, 
or 2 : 1 : : 16 : 8 s., value of the dollar, in currency. 

The ratio of this currency to the preceding being as 6 to 8, 
or 3 to 4, is the same as that of the preceding to Sterling, and 
is, therefore, reduced to that Currency by subtracting \, Also, 
as its ratio to Sterling is duplicate, that is, the square of its 
ratio to the preceding, thus : | X } = y^ff* i^ is reduced to 
Sterling by twice subtracting \ or by multiplying by y^g. 

The 12 J ct. piece is here called a shilling , because it cor- 
responds with 1 s. Currency, each being $^, and its half is 
called sixpence, 

3. In New Jersey, Pennsylvania, Delaware, and Maryland, 
the ratio of Currency to Sterling is as 3 to 5. Hence we have 
8 : 4^ : : 5, or 2 : 3 : : 5 : 7^^ or 7 s. 6 d., value of the dollar 
in Currency. To reduce to Sterling, multiply by |. To reduce 
Sterling to Currency, multiply by |. 

The ratio of 7 s. 6 d. to 8 s. is as 15 to 16 ; therefore, to 
reduce this to N. Y. currency, add J^. To reduce N. Y, to 
this, subtract -J^. 

Again, 7 s. o d. is to 6 s. as 15 to 12, or as 5 to 4 ; where- 
fore, to reduce this to Virginia currency, subtract \, To re- 
duce Virginia currency to this, add \, 

As 4 of 7 s. 6 d., or 90 d., is ll^J d., the 12^ ct. piece is 
here i^iiXed. elevenpence, which is contracted to levy ; and its 
half is called fivepenccy which is contracted to Jip, 

4. In South Carolina and Georgia, the ratio is as 27 to 28 : 
therefore, to reduce Sterling to this add ^L. Hence we have 
4s. 6d. = 54d. and 54 + f^ ^54 + 2 = 56d. = 4s. 8d., 
the value of the dollar in this Currency. Here 12^ cts. is 7 d. 

532. Accounts are kept in Canada, Halifax, and other pro- 
vinces of North America, belonging to England, in Pounds, 
Shillings, and Pence currency. The ratio is as 9 to 10 ; that 
is, £9 Sterling is equal to £10 Currency : therefore, to reduce 
Sterling to Currency, add \, To reduce Currency to Sterling, 
subtract J^. 

The dollar, 4 s. 6 d. Sterling, is, therefore, in this Currency 
5 s. ] but, in army payments, it is reckoned at 4 s. 8 d. To 
reduce Canada currency to Federal money, considering the 
dollar to be worth 5 s. or £J, multiply the pounds by 4. 
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Thus, to reduce £100 16 s. currency to Federal money, we 
say £100^ X 4 = ?403 J, or $403,20. To reduce this again to 
currency, divide by 4. Thus : 

403,2 -f- 4 == £100,8 ; or £100 16 s. Note. Double the tenths 

for shillings. 

Reckoning the dollar at 4 s. 8 d. = £/u, multiply by -AyQ-. 
Thus the above sum in Federal money becomes 

£100,8 X -V- = 14,4 X 30 = 144 X 3 = »432. 

General Rule for Reduction of Currencies : 

633. To reduce one currency to another, — that is, to express 
the same value by two diflFerent numbers, — ^implies a difference 
in the magnitude or value of their principal units ; and (288) 
the numbers are to each other in inverse ratio to these vidues : 
hence we refer the ^principal unit of each currency to the same 
known standard^ and thus establish their ratio. We then 
multiply the given number by the reciprocal of its ratio to the 
required number ; that is, by the ratio of the value of the 
principal unit of the given to that of the required numher^ 
(219.) 

Examples, 

1. Reduce 50000 soldi piccoli of Venice to grani of Pa- 
lermo : 36^^rani or 34^ soldi piccoli being equal to 1 lira^ 
fuori banco, (out of bank,) 

361 = -y- = A4fi and 34 J = il'J. Hence (189 and 288) 

the ratio oi the value of the soldo piccolo to that of the grano 

. ,^« .X. i. /oiHN ^0000 X 146 8300000 
IS \ih w® therefore say (219) ^ = — jg^ — = 

60683if », or 60584 grani, nearly. 

2. Reduce £8415 Pennsylvania to New York currency. 

Answer, £8976. 

3. Reduce £2618 15 s. Canada currency to Federal money, 
the dollar being 4 s. 8 d. Answer, $11223,21f . 

4. What is the worth of £2618 15 s. Canada currency, the 
pound sterling being $ 4,87 ? Answer, $11477,98 J. 
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SECTION XXVII. 

EXCHANGE — CHAIN RULE — COMPOUNB INTEREST — ANNUI- 
TIES — ^INCREASE OF POPULATION. 



Exchange, 

534. This is tlie method of discharging debts^ pftjiog aii^ 
receiving money, &c., by remitting bills instead of cash^ coio, 
or bullion : (bullion is gold or silver uncoined.) 

If the remittance is made to a place in the fiuime country^ 
the transfer of claims is called Inland Exchange, 

635. When a sum of money of one kind or country is im- 
mediately bartered for its equivalent in that of another, the 
operation is called a Common or Dry Exchange, (Cambio 
Comune, It. ;) but when paid in one place for a bill or order 
for its equivalent in the money of another, the transaction 
is called a Eeal Exchange, (Cambio Reale:) also Foreign 
Exchange. 

536. A Bill of Exchange is a written order, addressed to 
an individual, firm, or company, at a distance, for the payment, 
at an appointed time, of the sum specified in the bill, to the 
person or party in whose favour the bill is drawn, or to the 
order of such person or party. As a precaution against acci- 
dent, it is usual to draw three copies of a foreign bill, and send 
them by different posts. They are called First, Second, and 
Third of Exchange ; and when any one of them is paid, the 
rest become void. 

Form of a BUI of Exchange, 
jfixsif Philadelphia, Mar. 2, 1854. 

Exchange £6000 sterling. 

At sixty days' si^t of this, my first of Exchange, (second 
and third of the same tenor and date unpaid,) pay to George 
Heath or order, Six Thousand Pounds Sterling, with or with- 
out further advice from me. Lyon J. Levy. 

Charles Cheeryble, merchant, London. 

Suppose that Lyon J. Levy sells this bill to Thomas P. 
Cope, then. 
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1. Lyon J. Levy is called the drawer^ or maker^ and zeUer 
of the bill. 

2. Charles Cheeryble is the drawee^ and when he accepts 
the bill, by writing his name across it with the word accepted, 
and thus engages to pay it when due, he is called the acceptor, 

3. Thomas P. Cope, who gives value for the bill, is called 
the buyer, taker, and remitter, 

4t. George Heath is the payee, who may, by endorsement, 
pass it to another. 

Mercantile payments are mostly made in Bills of Exchange, 
which pass, till due, from hand to hand, like any other circu- 
lating medium : and he who, at any time, has a bill in his 
possession, is called the holder. 

When the holder disposes of the bill, he writes his name 
on the back of it, which is called endorsing ; and the payee 
should be the first endorser. 

If the bill be endorsed in favour of any particular person, 
it is called a special endorsement, and the person to whom it 
is thus made payable is called the endorsee, who must also 
endorse the bill if he negotiates it. 

Any person may endorse a bill, and every endorser (as well 
as the acceptor or payee) is a security for the bill, and may be 
sued for payment. 

The term or time of a bill is conventional or regelated by 
custom. Some bills are drawn at sight; some at so many 
days or months after sight or after date ; and some at ttsance ; 
that is, at or for the u«uaZ term, 

A certain number of days (in the United States and British 
dominions, three) are allowed the acceptor, for payment 
of the bill after its term has expired : these are called dayz 
of grace. 

In reckoning when a bill, payable after date, becomes due, 
the day on which it is dated is not included ; and, if payable 
after sight, the day of presentment is not included. When 
the term is expressed in months, calendar months are under<» 
stood ; and when a month is longer than the succeeding, it is ^ 
a rule not to go, in the computation, into a third month. 
Thus, if a bill be dated the 28th, 29th, 30th, or 31st of 
January, and payable one month after date, the term equally 
expires on the last day of February, to which the days of 
grace must, of course, be added; and therefore the bill 
becomes due on the third of March. 
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Inland BUi or Draft, 



$690. PoiLTi^AND, Mi^ch 29, 1854. 

SUij daJ^ after date^ pay to tlie order of Charles 
HortoHi Six Hundred and Ninety Dollars., yalue received, and 
qharge the same to the account of Rufus. D. B£Ak. 

To IsAAO WiNSLOW, merchant, Philaidelphia, 

For payqa^n^. or acceptance, a bill should bis presented 
during the usual hours of business; that is, from 9 a.m. till 
6 p. M. When either has been refrised, the holder should 
give immediate notice to the parties he intends to hold respon- 
sible fbr its payment. This, in foreign exchange, must be. 
accompanied by a protesty which is an instrument drawn by a 
notary, sbowipg that acceptance or payment has been de- 
manded and refused, and that the holder intends to recover 
any damages which he may sustain in conseq^uence. 

Chain RuUf 

537. This rule is considered indispensiable in the higher 
pperations of exchange, and is, therefore, called the Rvle of 
Exchange. It is, from its nature, also called Conjoint Pro- 
portion and RuZe of Reduction : because it is applied to sohe 
a complicated reduction of currencies, and effects, by one ope? 
ration, similar to a Compound Proportion, what would other- 
wise require several statements in the Bule of Three. 

Learners, not being generally acquainted with foreign mo* 
i^eys, to the reduction of which Uiis rule is generally applied, 
may more readily understand it as illustrated by the following 
more familiar objects ; 

1. If 5 lb. of tea be worth 25 lb. of coffee, 7 lb. of coffee 
worth 16 lb. of sugar, and 20 lb. of sugar worth 8 lb. of cocoa, 
what quantity of cocoa should we have for 27 lb. of tea ? 

Put A = 1 lb. of tea, B == 1 lb. of coffee, C = lib. of 

sugar, and D = 1 lb, of cocoa. Then (288) the ratio ^ 
_24 B_16 0_^_l2 B 

~" 5 ' G ^ 7 ' D "~ 20 "^ 5* 

Hence, the ratio of A to D — that is, of 1 lb, of tea to 1 lb. 
of cocoa, which (214) is compounded of the ratios A to £, B 
to C, and C to D— is ^^ x V^ X f == W| J consequently, 
(219) -Y- X ?4f = 118t% lb., the required quantity of cocoa. 

From this example, we easily deduce the following 
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General Rule, 

Draw a horizontal line, a&d place the Term of Demand, 
which is here 27, on the left, above the line i63 a numerator, 
and its homogeneous term under the line, one, place towards 
the right, as a denominator; then the equival^t of this, as 
shown by the sign // one place farther to the right, as a nume- 
rator ; then the term of the same kind One place to the right, 
as a denominator^ and so on through all the terms ; the last 
of which, having no homogeneous termyts called The Odd 
Term, and is, ad well as the term of demand, uhiimerator. The 
result, after cattcelling, is found as in multiplication of frac- 
tions. Thus, for the above example, we hiVe 

—Ul HI 20// =118,-%lb. of cocoa. 

Or the numbers may be arranged in two cdlutnns. 

First, place the (Term of Demand on i/he right, th^eti that 
which is of the same kind first on th'e left, one line lower, 
and opposife to this its equivalent, with th« sign = between 
them ) continue thus to alternate the terms, as nas beien shcfwn 
ftbove, the last of 'which, or Odd Term, will be the last of the 
right-hand column. Then, as the numbers on the right lare 
the nuineratoi^s, and thode on the left the d^bbminators, after 
Uncoiling as much as practicabliB, the result is found by 
dividing the product of the numerators by t^t -of the denomi- 
nators, as in multiplication of fractions. 

The above example will stand thus : 

27 lb. tea, 
5 lb. tea = 24 lb. coffee, 
7 lb. coffee = 16 lb. sugar, 

.. 5 lb. sugar == '2 lb. cocoa. 

Eeduced, gives 118 j®,,,^, as above. 

2. Suppose N, of the United States, would remit $5000 to 
Paris, and that the direct Exchange is 5 Francs 40 centimes 
per dollar, but he wishes to send it through London and 
Amsterdam; which is most advantageous, the direct or indirect 
Bemittance, the quotation of the Course of Exchange being 
a§ follows? — 

United States on London, 52 d. Sterling per Dollalr. 

London on Amsterdam, 10 Florins 10 Stivers per Potind 
Sterling. - 

Amsterdam on Paris, 60 d. Flemish per Ecu of 8 Fttincs. 
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5000 Dollars. 
1 Dollar = 52 Pence Sterling. 
240 Pence = 1 Pound Sterling. 
1 Pound St. = 10| Florins. 
1 Florin = 40 Pence Flemish. 
60 d. Flem. = 3 Francs. 
5000X52X10,5X40X3 ___ 

240 X eo ^^^^® ^^''^• 

Proof. 22750 Francs. 

"3 Francs = 60 Pence Flemish. 
40 Pence Fl. = 1 Florin. 
10^ Florins = 1 Pound Sterling. 
1 Pound St. = 240 Pence Sterling. 
52 Pence St. = 1 Dollar. 
22750 X 60 X 240 -^. . _ ,, 

3X40X10,5X52 = ^^^^ ^'^^' 
Thus we see that by the indirect Exchange, the Bemitter 
will, for $5000, receive only 22750 Francs, which sum gives 
the rate of the dollar 4 IVancs, . 55 Centimes ; whereas, by 
the direct Exchange, he will, at 5 Francs 40 Centimes per 
dollar, receive 27000 Francs: the latter is, therefore, the most 
advantageous. 

On the contrary, to the Drawer, the indirect Exchange 
would, in the same proportion, be most advantageous^ as ym 
be fallj explained hereafter. 

588. The Par of Exchange is Intrinsic or Commercial, 
Intrinsic Par is the comparative value of the Moneys of two 
countries with respect to weight and fineness. . Commercial 
Par is their comparative value according to weighty fineness, 
and the market prices of the metals. Thus two sums of 
different countries are intrinsically at par toJien each contains, 
and commercially at par wlien each can jpurchase^ the same 
quantity of pure metal of the same kind. 

The intrinsic Par between London and the principal trading 
places of Europe is found by comparing gold with gold, and 
silver with silver, either from the Mint Eegulations of each 
place or from Assays. 

539. In computing the Par of Exchange by the Chain Kule, 
the certain mxmey should be the leading term, or first conse- 
quent, and the uncertain money the term of demand, or last 
consequent; as in the following examples : 
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London and Amsterdam. — Oold, 

1. Required the Par of Exehange between London and 
Amsterdam resulting from the 10 Florin Piece, weighing 
6,729 Grammes A fine, and the British Sovereign, or 20 
Shilling Piece ? Here the latter is the certain, and &e former 
the uficertain money. 

1 Pound Sterling, 
1 Pound Sterling = 240 Pence, 
934J Pence = 1 Ounce Standard, 

12 Ounces Standard = 11 Ounces fine Gk)ld. 
1 Ounce = 480 Grains, 

15434 Grains = 1000 Grammes, 

6,729 Grammes X i% = 10 Florins. 
Result, 12 Florins 9 cents for £1 Sterling, or 40 Shillings 
3 Pence Flemish. 

But from Tables ia which the quantity of pure metal in 
each coin is given, the work is performed more readily ; thus, 
if we find that the 10 Florin Piece contains 93,46 Grains^ 
and the Soyereign 113 Grains of fine Gold, say 

9,346 : 113 : : 1 Florin : 12,09, as above. 

London and Amsterdam, — Silver. 

* 2. Required the Par of Exchange between London and 
Amsterdam, resulting from a comparison of the new Silver 
Florin, which contains 148,38 grains of fine silver, and the 
Pound Sterling, which, in silver, contains 1718,7 grains; hence, 

Or. Or Fl. FL 

148,38 : 1718,7 : : 1 : 11,58. 
Thus the Par in silver is 11 Florins 58 cents for the Pound 
Sterling, which differs about 4| per cent, from the gold Par. 

London and Hamburgh. — Chid. 

3. Required the Par of Exchange from the Hamburg 
Ducat containing 53 grains of pure Gold, and the Sovereign 
containing 113 grains, supposing that the Ducat equals 16 
Shillings Flemish. 

Gr. Or. Sh. Sh. d. 

53 : 113 : : 16 : 34 1,35. 
Thus the gold Par is 34 Shillings 1,35 Pence Flemish per 
£1 Sterling ; but from the fluctuating value of the Ducat, the 
Par cannj)t be considered permanent ; by taking the average 
price, for 4 years, of the Ducat, which is 6| Marks, the Par 
would be 35 Shillings 6 Pence per Pound Sterling. 

33 
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London and Hamburgh, — Silver. 

4. The Cologne Mark of fine Silver is generally worth 271 
Mftrks Banco, and 60 Marks Cologne weight are equal to 451 
oances Troy; what is the Par between London and Ham 
burgh Banco, in Silver ? 

1 Pound Sterling, 
1 Pound Sterling = 240 Pence, 
62 Pence = 1 Ounce Standard, 

40 Ounces Standard = 37 Ounces fine Silver, 
461 Ounces = 60 Cologne Marks, 

1 Cologne Mark fine =: 27§ Marks Banco, 
3 Marks Banco = 8 Shillings Flemish Banco. 

B«duced, gives 35 s. Id. Flemish Banco, per £ Sterling. 
But on account of the fluctuations in the price of the Ducat 
and of the Mark of fine Silver, no permanent Par can be de* 
termined between London and Hamburgh. 

London and Paris^-^Gold, 

5. Required the Par of Eischange between London and 
Paris, the Kilogramme of gold weighing 15434 Eng. grainu, 
being valued at 3444 Francs, 44 Cen. 444. 

1 Pound Sterling, • 
1 Pound Sterling == 240 Pence, 
934^ Pence = 1 Ounce Standard Gold, 

12 Oz. Standard = 11 Ounces fine Gold, 
1 Ounce = 480 Grains, 

15434 Grains = 1 Kilogramme, 

1 Kilogramme = 3444 Francs 44 Cen. 444. 
Keduced, gives the Pound Sterling equal to 25 Francs, 22 
Centimes. 

Suppose that by Assay, the Napoleon or 20 Franc Piece is 
found to contain 89^ grains of pure gold, then 

Gr. Gr. Fr. Fr. Oeu. 

89,5 : 113 : : 20 : 25 25. 

London and Paris. — Silver* 

6. Required the Par of Exchange between England and 
France, at 62 d. Sterling per ounce of Standard Silver |3 finej 
the Kilogramme of silver being valued at 222 Francs, 22 
Cen. 222. 

1 Pound Sterling, 
1 Pound Sterling = 240 Pence, ^ 

62 Pence = 1 Ounce Standard, 

40 Oz. Standard =-. 37 Ounces fine, 
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1 Ounce fine = 480 GrainS; 

15434 Grains = 1 Kilogramme, 

1 Kilogramme = 222 Francs 22 Cen. 222. 
Reduced, gives the Pound Sterling equal to 24 Francs, 73 
Cen. 

London and Oenoa» — Oold. 

7. The gold Genovina contains 357,7 English grains of fine 
gold, and it passes for 96 Lire fuori Banco ) what is the Par 
between London and Genoa in gold ? 

1 Pezza, 
1 Pezza '= 5| Lire, 

96 Lire = 1 Genovina, 

1 Genovina = 357,7 Grains of fine Gold, 
480 Grains = 1 Ounce, 

11 Oz. fine Grold == 12 Ounces Standard, 
1 Oz. Standard =? 934^ Pence Sterling. 
Bedueed, ^ves 45| d. Sterling per Pezza. 

London and Genoa. — Silver, 

8. The silver Scudo contains 457^ English grains of fine 
silver, and it passes, for 8 Lire fuori £anco; what is the Par 
between London and Genoa in silver ? 

1 Pezza, 
1 Pezza = 5| Lire, 

8 Lire = 457^ Grains of fine Silver, 

480 Grains = 1 Ounce 

37 Oz. fine Silver = 40 Ounces Standard. 
1 Ounce = 62 Pence Sterling. 

Rediiced, gives 45,92 d. Sterling per Pezza. 

London and Leghorn, — Gold. 

9. The Sequin contains 53,6 Eng. grains of fine gold, and 
it passes for 13^ Lire Moneta Buona ; what is the Par between 
London and Leghorn in gold ? 

1 Pezza, 
1 Pezza = 5| Lire Moneta Buona, 

13 J Lire Mon. Buona = 1 Sequin, 
1 Sequin = 53,6 Grains of fine Gold, 

480 Grains = 1 Ounce, 

11 Oi. fine Gold == 12 Ounces Standard, 
1 Oz. Standard = 934' Pence Sterling. 
Reduced, gives 49,09 d. Sterling per Pezza. 
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London and Leghorn, — Silver, 

10. The Silver Scudo or Leopoldone contains 384 Eng. 
grains of fine Silver, and it passes for 6| Lire Moneta Buona; 
what is the Par between London and Leghorn, in silver? 

1 Pezza, 
1 Pezza = 5| Lire Mon. Buona, 

6^ Lire Mon. Buona = 1 Scudo, 
1 Scudo = 384 Grains of fine Silver, 

480 Grains = 1 Ounce, 

37 Oz. fine Silver = 40 Ounces Standard, 
1 Oz. Standard = 62 Pence Sterling. 
Reduced, gives 48,68 d. per Pezza. 

London and Spain. — Gold. 

11. The Quadruple of 1772 contains 372 Eng. grains of 
fine Gold, and it passes for 320 Eeals Yellon ; what is the Par 
between London and Spain, in gold ? 

1 Dollar of Plate, 
^ 1 Dollar of Plate = 8 Reals of Plate, - 

17 Reals of Plate = 32 Reals Vellon, 
320 Reals Vellon = 1 Quadruple, 

1 Quadruple == 372 Grains of fine Gold, 

480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Ounces Standard, 
1 Oz. Standard = 934| Pence Sterling. 
Reduced, gives 37,18 d. Sterling per Dollar of Plate. 

London and Spain, — SUver. 

12. The Dollar contains 371 Eng. grains of fine Silver, and 
it passes for 20 Reals Vellon ; what is the Par between Loo- 
don and Spain, in silver? 

1 Dollar of Plate, 
1 Dollar of Plate = 8 Reals of Plate, 
17 Reals of Plate = 32 Reals Vellon, 
20 Reals Vellon = 1 Hard Dollar. 
1 Hard Dollar = 371 Grains of fine Silver, 
480 Grains = 1 Ounce, 

37 Oz. fine Silver = 40 Ounces Standard, 
1 Oa. Standard = 62 Pence Sterling. 
Reduced, gives 39 d. Sterling per Dollar of Plate. 

London and Lisbon. — Gold. 

13. The piece of 6400 Rees contains 203 Eng. grains of 
fine Gold; what is the Par between London and Lisbon, in gold? 
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1000 E«es, 
6400 Kees = 203 Grains of fine Gold, 

480 Grains = 1 Ounce, 

11 Oz. fine Gold = 12 Oz. Standard, 
1 Oz. Standard == 934^ Pence Sterling. 
Reduced, gives 67,36 d. Sterling per Milree. 
According to the above methods, the other Pars, contained 
in the following Table, have been computed. 

Table 1. 

A Table of the Par of Exchange between England and the 
principal places in Lloyd's List, computed from the intrinsitl 
value of their coins, by comparing gold with gold, and silver 
with silver, according to their Mint Regulations, and to Assays 
made at the London and Paris Mints, valuing .English gold 
at £3 17 8. 10^ d. per Oz. Standard, and English silver at 
5 8. 2 d. per Oz. Standard. 



Amsteidam^ in 

Flemish 

Ditto, in florios 

Hamburgh 

Paris 


OOID. 


aXLVRR. 


« 

EXPLANAnoilS. 

Shilg8.and pence Flem.per £lstg. 
Florins and cents per £1 stg. 
Sbilgs.and pence Flem.per £lstg. 
Francs and centimes per £1 stg. 
Pence sterling per piastre. 
Pence sterling per milree. 
Pencie sterling per pezza. 
Pence stg. per pezza f uori banco. 
Pence sterling per ducat. 
Grains per £1 stg. 
Lire plooole per £1 stg. 
Italian livres per £1 stg. 


Wat 
B«K«Utioiii. 


Atikfi. 


Mint 
BegnlatkHM. 


Aanqrs. 


40 3 

12 09 
34 3,5 

25 22 

37,3 

67,4 

49,1 

45,6 

41,2 
682 

46,3 

23,44 


•••••• 

34 1,6 
25 26 
37,2 
67,6 
49,0 
45,6 

46,0 
23 


38,6 
11,58 
35 1 
24 75 
.39,2 


35 1,3 
24 91 
39 

46"*5 
45,92 

49,0 
25,07 


Madrid 

Lisbon 


Letrhom 


46,46 
45,92 
41,2 
582 
47,6 
24,30 


Genoa 


Naples 


— otherwise. 
Venice 


— otherwise. 



It has already been shown that when the quantity of pure 
metal in the moneys of Exchange is known, the Par is found 
by division ; and it may, in the same manner also, be found 
from the Table of Moneys of Account, when the moneys of 
exchange are of the same denomination. Thus, to find the 
Par between France and England, the Franc is worth 9,7 
Pence in Silver, and 9,62 Pence in Gold; and therefore 240, 
divided by these sums respectively, will give the Par in Gold 
and Silver, as before. 

540. Gold and silver in their pure state are considered too 
flexible for coin ; hence they are mixed with a certain propor- 
tion of harder metal, called alloi/. The alloy of silver is mostly 

33* 
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copper, and that of gold both silver and copper; but in the 
computations of coins, the alloy is never reckoned of any value. 

541. In regular governments a standard for the quantity 
of pure metal in coins is fixed by law. In the United States 
and in England the legal standard for gold is || or \i ; that 
is, eleven parts of pure metal and one of alloy. The fineness 
of gold is generally estimated in carats; the whole weight 
being divided into 24 equal parts, or carats. Hence the 
United States and English standard gold is said to be 22 
carats fine ; that is, 22 parts of pure gold and 2 of alloy. 
The carat is divided into 4 equal parts, called grains. 

542. The English standard for silver is |f § ^^ ii'y *^* '^y 
11 oz. 2 dwt. of pure silver and 18 dwt. of alloy make 1 lb. Troy. 

In England 1 lb. Troy of standard gold is coined into 44^ 
guineas, and .lib. of standard silver into 66 shillings; hence* 
the Mint price of standard gold is £3 17 s. 10^ d. per oz., and 
that of standard silver, 66 d. per oz. Before the year 1816, 
silver was coined at the rate of 62 d. per oz., and this is still, 
reckoned the standard price in the valuation of foreign silver 
coins. 

543. In 1790 the United States Government established a 
Mint, and ordered money to be coined in gold, silver, and cop- 
per, according to the following denominations and values, viz. : 

Eagles. — Each to be of the value of 10 dollars or unite, and 
to contain 247 1 grains of pure, or 270 grains of standard, gold, 
the standard being 22 carats fine, or -1^. Its intrinsic value 
in English gold is, therefore, £2 3 s. 8 d., nearly : half- 
eagles and quarter-eagles to be in the same proportion. 

Dollars, or Units. — -Each to be of the value of a Spanish 
milled dollar, and to contain 371J grains of pure, or 416 
grains of standard, silver, the standard being |||| fine, or 10 
oz. 14 dwt. nearly. Its intrinsic value in English silver is, 
therefore, 4 s. 3| d., nearly : half-dollars, quarter-dollars, dimes, 
or tenths of dollars, and half-dimes in the same proportion. 

Cents. — Each to be of the value of the one-hundredth part 
of a dollar, and to contain 208 grains of copper: half-cents 
in the same proportion. 

544. The following coins are by Act of Cougi-ess rendered 
current in the United States : 

The gold coins of Great Britain, Portugal, and Brazil, not 
less than 22 carrats fine, at 94,8 cents per dwt. Those of 
France, -^^ fine, at 93,1 cents, and those of Spain, Mexico, 
find Columbia, 20 carats, 3^'^^ grains, at 89,9 oents per dwt. 
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The silver dollars of Mexico, Peru, Chili, and Central Ame- 
rica, of not less weight than 415 grains each, and those re- 
stamped in Brazil, of like weight ; not less than 10 oz. 15 
dwt. in the Troy pound of standard silver, at $1,00 each. 

The 5-franc piece of France, of not less fineness than 10 oz. 
16 dwt. in the Troy pound of standard silver, and weighing 
not less than 384 grains each, at 93 cents. 

545. The intrinsic worth of the Spanish peso duro (hard 
dollar) universally circulated under the name of the Spanish 
dollar, as well as of the dollar of the United States, consi- 
dered of equal value, is, according to the Cambist, 51,79 d., or 
4 s. 3,79 d. sterling. The nominal par^ however, is 4 s. 6 d., 
or £^j^ sterling. Wherefore, at this par. 

To reduce Federal money to Sterling, multiply by -^j^. 
To reduce Sterling money to Federal, multiply by -^-^-, 

Table 2. 
The Relative Value of Gold and SUver in the Princ^al Trading Places 
of the World; computed Jrom the proportional Quantity of Pure Metal 
in their prine^al Coins, and the Legal Current Price of those Coins 
respectively, 

(From Eelley's Uniyeraal Cambist.) 



England : 

i)y old coinage... 
By new coinage.. 



Amsterdam. 



Hamburg. 
Paris 



Madrid. 



Lisbon.... 

Legbom. 
Genoa.... 



Naples 

Venice 

Petersbnrg 

United States. 
Bengal 

Madras 

Bombay 

China 



By Mint 
Regulatioas. 



16,2096 to 1 
14,2878 to 1 



16,8735 to 1 



15 to 1, nearly 



16,5 to 1. 
letol... 



13,56 to 1. 

14,66 to 1. 
16,34 to 1. 



16,21 to 1 

15 to 1, nearly 

16 to 1, nearly 

15 tol 

14,867 to 1 

13,872 to 1 

15 tol 

14,25 to 1 



By Assays. 



Proved cor- 
rect by the 
trials of the 
Pix 



14,83 to 1 ... 



15,5 tol. 



13,33 tol... 

14,32 tol... 
16,35 to 1 ... 



14,35 to 1 ... 
16,25 to 1 ... 
16,94 to 1 ... 
14,827 to 1 .. 

13,867 tol.. 

16 tol 



Names of Coins from which the 
Proportions are taken. 



Per guinea and old shilling. 
' Per sovereign and new shilling. 

' ' Per ten-guilder piece, decreed in 
J 1816, and silver florin of the 

same date. 
'Per ducato, reckoned at 6 marks 

banco, and rlx-dollar. 
Per 20-firanc piece, and 5-frano 
1 piece. 
' Per doubloon and dollar of di^ 

ferent coinages. 
' Per joanese and new silver- em- 
1 sado. 

Per ruspono and francescone. 
Per genovina and scndo. 
' Per oncetta and ducato. (Coin- 

ngeofl818.) 
er sequin and ducat. 
Per ducat and ruble. 
Per eagle and dollar. 
Per gold mohur and Sicca rupee. 
fPer star pagoda and current 
1 rupee. 

Per gold rupee and silver rupee, 
f Per tale of gold and the average 
( price of Spanish doUars. 



1: 



546. The foregoing Table may be computed oy the Chain 
Rule, in the following manner : 
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Kequired the relative proportion between Gold and Silver 
in the English Coins, according to the Mint Regulations both 
of the old and new system. 

The question is, to compare the value of any certain quan- 
tity, suppose an ounce of pure Grold, with an ounce of pure 
Silver, at the Mint price : 



New Syitem, 

1 oz. pure G^ld. 

11 oz. Pure =12 oz. Standard. 

loz. Standard =9344 Pence. 

66 Pence = 1 oz. Standard 

Silver. 
40 oz. Standar4 = 37 oz.Pure. 
Reduced gives 14^11^. Thus 
Gold, decimally expressed, is 
to Silver as 14,2878 to 1. 



Old System. 

1 oz. pure Gold. 

11 oz. pure=12oz. Standard. 

1 oz. Standard =934^ Pence. 

62 Pence = 1 oz. Standard 

Silver. 
40 oz. Standard =:37oz. Pure. 
Reduced gives 15y2gV5%. Thus 
Gold, decimally expressed, is 
to Silver as 15,2096 to 1. 

The operation is more simple when the rate of fineness of 
both metals is expressed in the same manner. Thus, in the 
Coinage of France, the 20-Franc Piece in Gold weighs 6,5161 
Grammes in pure Gold, and 20 Francs in Silver weigh 100 
Grammes : hence, the latter divided by the former will give 
15,5, as in the Table. 

When the fineness differs in expression, the comparison may 
be made from the quantity of pure Gold and of pure Silver in 
any particular sum, found either by the Mint Regulations or 
by Assays. Thus the English Sovereign contains 113 Grains 
of fine Gold ; and 20 Shillings, (new coinage,) 1614,54 Grains 
of fine Silver : hence, the latter divided by the former will 
give the relative value very nearly as above. 

Moneys of Account. — Tahle 3. 

547. In the following Table of Moneys of Account, it may 
be observed that some of these moneys are real coins, the value 
of which may be computed from the Mint Regulations or from 
Assays ; but when they are imaginary moneys, which is gene- 
rally the case, their value must be found by their established 
proportion to real coins. 

Table 3 contains the Value of the Moneys of Account of dif- 
rent Places, (expressed in Pence Sterling and Decimals of 
Pence,) according to the Mint Price both of Gold and Silver in 
England ; that is, £3 17 s. 10^ d. per Ounce Standard for 
Gold, and 5s. 2d. per Ounce Standard for Silver. 
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Tables, (eantintted,) 



HanoTer. 

u 



Ireland 

Konigsberg . 
Leghorn 



« 



Leipsic^. 



Lucca.. 



M 



Malta- 
Milan.. 



« 



Modena.. 
Munich.. 
Nancy... 
Naples... 
NaTarre.. 



Neufchatel. 

Novi...*.'.'.!'.!.* 

Parma 

Persia 

Poland i 

Portugal .... 



ii 



Prague.. 
Riga 



u 



Rome. 



(( 



Russia.... 
SLGall... 

St. Remo. 
Sardinia . 
SicUy 



Spain... 






Stralsnnd 



Strasbourg., 



Sweden 

Switzerland. 
Trieste 



« 



Turin- 
Valencia 
Venice... 



Vienna 
Zante.. 



Rixdollar, in cash 

Rixdollar, gold ralue. 

Pound, Irish 

Gulden, or Florin. 

Pezza of 8 Reals 

Lira moneta buona 

Lira moneta lunga , 

Rixdollar, Convention money 

Rixdollar in Louis d'ors or Fredericks... 

Lira 

Scudo d'oro 

Scudo corrente 

Scudo, or Crown 

Lira Imperiale 

Lira corrente. 

Scudo Imperiale 

Scudo corrente 

Lira. 

Gulden, or Florin 

Livre (money of Lorraine) 

Ducato di regno 

Real 

Libra. 

Livre Tournois ':, ?'.:.. 

Livre foible 

Scudo d'oro marche 

Lira. 

Toman of 100 Mamoodis 

Gulden or Florin 

MUree. 

OldCrusado 

(See Vienna) 

Rixdollar Alberts. 

RixdoUar currency, (agio 40 per cent).... 

Scudo, or Crown 

Scudo di Stampa d'oro 

Ruble 

Florin, money of exchange 

Florin current 

Lira 

Lira 

Ounce 

Scudo, or Crown 

Real of old plate 

Real of new plate 

Real of Mexican plate... 

Real Vellon 

Dollar of old plate, or of exchuige 

Rixdollar of account. 

Pomeranian Gulden 

Livre and Franc. (See France) 

Florin 

Rixdollar 

Franc (new system) 

Florin, Austrian currency 

Lira, Trieste currency 

Lira di Piazza 

Lira 

Libra. 

Lira piccola (In the old coins) 

Lira piocola (in Austrian coin) 

Florin 

Lira 

Zurich I Florin, money of exchange 

Florin, current. , , 



Yalne In 
surer. 




7,40 
55,50 
61,80 
21,32 
10,41 

7,45 
60,90 
42,32 

3,72 
21, 

7,38 
41.20 

4190 

8,20 
13,63 

6,45 
85,49 

2,35 
287,60 

6,03 
uncertain. 



(( 



(« 



52,54 

37,53 

52,05 

79,37 

variable. 

27,44 

22,76 

8,46 

18,21 

123,54 

49,02 

4,88 

5,18 

6,48 

2,59 

39, 

28,36 

14,18 

19,08 

56,41 

22,14 

26,20 

4,76 

4,66 

11,28 

39,45 

6,07 

4,25 

25,20 

4,06 

25,85 

23,50 



\aloe in 
Gold. 



d. 

42,26 

39,24 

221,64 

variable. 

49,1(5 

8,5$ 

8,19 
variable. 
39,68 

7,77 
68,27 
54,:i9 
23,31 
10,53 

7,30 
61,60 
42,78 

3,15 
21,28 

7,26 
uncertain. 

4,67 

7,79 
13,40 

5,36 
83,77 

2,30 

6,27 
67,34 
26,94 

variable. 

« 

61,63 

78,73 

variable. 

8,90 

18,82 

124,80 

49,92 

4,57 

4,86 

6,07 

2,43 
87,30 
variable. 




26,05 

4,73 

4,63 

11,23 

3^^,59 

variable. 



(t 



26,05 

variable. 
u 

u 
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548. The Course of Exchange is the variable price of the 
money of one country which is given for a fixed amount of 
that of another country. Thus, the Exchange Par between 
the United States and England being 54 d. Sterling, when 
this price is given for the Dollar of the U. S., the Course of 
Exchange is said to be at Par. When more than 54 d. is given^ 
the Course is above par. When less than 54 d. is given, the 
Course is hdow far, 

549. The sum of money for which a Bill of Exchange is 
drawn, is expressed in the money of the place on which it is, 
drawn. Thus, when a merchant in the United States draws 
on his debtor or banker in London, his Draft is styled Bill <m 
London^ or United States on London^ and the amount of the 
Bill is expressed in Sterling Money. 

550. When the Course is above or below par, the variation 
in the uncertain price is generally rated at so much per cent. 

To find the value of a BUI. 

This, in the case of a Direct Exchange, and where the 
Course is at par, is a mere Reduction of Currencies, and needs 
no farther explanation. 

551. When the Course is q per cent, above par, the Ex- 
change is evidently q per cent, in favour of the Place which 
gives the Certain Price ; consequently, to reduce the Certain 
Money to the Uncertainy the amount which would result at 

par must be multiplied by — ..^ - ; and inversely, to reduce 

the Uncertain Money to the Certain^ the result at par must be 

multiplied by jg^^^. 

552. When the Course is q p6r cent, below par, the Ex* 
change is q per cent, in favour of the Place which gives the 
Uncertain Price ; wherefore, to reduce the Uncertain Money 

to the Certain, the par result must be multiplied by — tkc\) 

and inversely, to reduce the Certain Money to the Uncertain, 

thenar remit must be multiplied by ^^^ « 

London on United States. 
' 1. Reduce $5840,50 to Sterling, exchange at 4 p. c. above 
par. 
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Ab the United States gives the Certain JPrice, the London 

merchant finds the Sterling worth of his Bill in multiplying 

L ^ « . 100 + a 9 _,, 
the dollars by —j^^ X j^. Thus, 

6840,50 X m X A = 5,8406 X 26 X 9 = 11,681 X 13 
X 9 = 11,681 X 117 = £1366,677 = £1366 13 s. 6^ d. — . 

United States on London. 

2. Eeduce £6613 8 s. to Federal Money, exchange at 4 p. 
c. above par. 

5»g»»=«S561,63H. ' 

8. Reduce $3678,20 to Sterling, at 2 per cent, above par. 

Ans. £821 3 s. 114 d. +. 

4. Reduce £1370 6 s. 8 d. to Federal Money, at 4 p. c. be- 
low par. Aris. $6333,9851, or $6333,99 — . 

5. Reduce £1366 18 s. 6^ d. to Federal Money, at 4 per 
cent, above par. Ans. $6840,50 +. 

6. Reduce $6338,99 to Sterling, at 4 p. c. below par. 

Ans. £1370 6 s. 8 d. +. 

Arbitration of Exchange, 

563. Simple Arbitration is the method of finding the Course 
of Exchange between two places proportioned to prices quoted 
between each of them and a third place. This course is called 
The Arbitrated Price. 

1. Suppose the Course between London and Paris to be 24 
Francs for £1 Sterling, and between Paris and Philadelphia 
5 Francs, 40 Centimes per Dollar ; what is the Arbitrated 
Price between London and Philadelphia ? 

Fr. C. Fr. 

5,40 = 5f = y 

Fr. Ft. • 

^/ : 24 : : $1, or multiplying the first ratio by |, 
9 : 40 : : $1 : \o = $4,44 J, Arb. Price per £1 Sterling. 

Here we say the value of $1, in Francs, is to the value of 
£1 Sterling in Francs, so is $1 to the number of Dollars equi- 
valent to £1 Sterling. 



CHAIN RULE. 897 

Pr. Fr. £. 

Also, 24 : ^/ : : 1 ; multiplying the first ratio by |, 

£. £. 

40 : 9 : : 1 : ^0 = 4 s. 6^., Arb. Price per Dollar. 

By the Cham Ride, 



£1. 
£1 Sterling = 24 Francs, 
Y Francs = 1 Dollar, 
Reduced gives ^ = W,44f 



$1. 

1 Dollar = y Francs, 
24 Francs = 1 Pound Sterling, 
Reduced gives %-^ = 4 s. 6 d., 

as before. 



2. Suppose the Course of Exchange between the United 
States and Amsterdam to be 42 cents per Florin or Gilder, and 
between Amsterdam and Paris 55 Grotes Flemish for 3 Francs ; 
what is the Arbitrated Price between the United States and 
Paris? 

100 Cents, 
42 Cents = 1 Florin, 

6 Florins = 20 Shillings Flemish, 

1 s. Flemish = 12 Grotes, 
55 Grotes = 3 Francs. 

Reduced, gives the Arb. Price per Dollar 5 Francs, 19^ 
Centimes nearly. 

Now suppose that N of the United States draws direct on 
Paris for 2700 Francs, the actual price being 5 Fr. 40 C, his 
Bill is worth $500, which is found thus : 

2700 = 1000 = 500 

But if he orders his correspondent in Amsterdam to draw 
on Paris and remit the value to the U. S., his bill will, by the 
Indirect or Circular Exchange, be worth § \%^ = ^%%%^ 
= $519,73. 

Allowance, however, must be made for delay and difference 
of charges between- direct and indirect operations. 

On the contrary, if N of U. S. remits directly to Paris, he 
will, for 1 dollar, receive 5 Fr. 40 C. ; whereas, by remitting 
through Amsterdam, he will only recieve 5 Fr. 19^ C. 

8. Suppose the Course of Exchange between the United 

States and Hamburg to be 35 cents per Mark Banco, and 

between Hamburg and Paris 254 s. banco for 1 Ecu of 3 

Francs ; what is the Arb. Price oetween the United States 

and Paris ? 

34 
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100 Cents, 
85 CeDts = 1 Mark beo, 
1 Mark = 16 Shillings bco, 
254 s. bco. = 3 Francs, 
which gives ihe Arb. Price 5 Fr. 454 C. per Dollar of the 
U.S. 

Suppose N of U. S. draws on Paris for 2700 Francs, through 
Hamburg, his Bill will be worth f .|§£ = $494,68, which is 
less than by direct exchange. 

Whereas, if he remits to Paris through Hamburg, he will re- 
ceive 5 Fr. 45| C. per Dollar, which is more than by direct 
exchange. 

554. From these results, and those of the preceding exam- 
ple, it is plain that the interest of the Drawer is identified with 
that of Ae Place on which he draws., and consequently, directly 
opposite to that of the Remitter, which is identified with that 
of the Place where he resides. Hence also is deduced the fol- 
lowing 

General Rule, 

Draw upon the place where the arbitrated price is,hetterfor 
that place than the advised pricey (ind remit to the place where 
it is worse, 

555. In like manner also are deduced the two following 

Special Rides. 

(1.) On a place to which the United States gives the Certain 
Pricey the BiU shovld he drawn at the lowest course and remit' 
ted at the highest, 

(2.) On a place to which the United States gives the Uncer- 
tain Price, a Bill should be drawn at the highest course and 
remitted at the lowest. 

The above Eules, taken as is almost the whole of Exchange, 
from the Cambist, in which we have substituted the United 
States for London, will evidently apply to any other places. 

4. The course of exchange between the U. S. and Cadiz 
being 68 cts. per Dollar of Exchange, or of Plate, aQd between 
Cadiz and Paris 14 Fr. 45 C. per Doublooa of 4 dollars of 
Plate ; what is the arbitrated price between the U. S. and 
Paris? 

100 Cents, 
68 Cents = 1 Dollar of Plate, 
4 Dol. Plate == 14 Francs, 45 Centimes. 

Arb. Price, 5 Fr. 31 J C. 
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5. The exchange between the U. S. and Lisbon being $1^24 
per Milree, and between Lisbon and Paris 520 Bees per Ecu of 
3 Fr. ; what is the arbitrated price between U. S. and Paris ? 

100 Cents, 
124 Cents = 1000 Rees, 
520 Rees = 3 Francs. 
Arb. Price, 4 Fr. 65J C. 

6. The exchange between the U. S, and Genoa being 89 
Cents per Pezza, and between Genoa and Paris 465 Centimes 
per Pezza, what is the arbitrated price between U. S. and 
Paris? 

100 Cents, 
89 Cents = . 1 Pezza, 
1 Pezza = 465 Centimes. 
Arb. Price, 5 Fr. 22^ C 

7. The exchange between the U. S. and Leghorn being 90 
Cents per Pezza, and between Leghorn and Paris 503 Centimes 
per Pezza, what is the arbitrated price between U. S. and Paris ? 

Arb. Price, 5 Fr. 58| C. 

8. The exchange between U. S. and Venice being 13| Cents 
per Lira Piccola, and between Venice and Paris 105 Centimes 
of Venice for 1 Franc, what is th^ arbitrated price between 
U. S. and Paris ? 

100 Cents, 
134 Cents = 1 Lira Piccok, 

40000 Lire Piccole = 30467 Lire ItaHane, 

1 Lira ItaJiana = 100 Centimes of Venice, 
105 Centimes = 1 Franc. 

Arb. Price, 5 Fr. 37| C. 

United States and Paris. 

556. Recapitulation of the preceding arbitrated prices, with 
directions for drawing and remitting to the greatest advantage. 

The arbitrated price through Amsterdam 5 Fr. 19 J C. 

" through Hamburg, 5 45| 

" through Cadiz, 5 31| 

« through Lisbon, 4 65J lowest. 

« through Genoa, 5 22^ 

" through Leghorn, 5 58| highest. 

" through Venice, 5 37| 

And the direct course of U. S. on Paris is 5 40 
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Now by Rule 1. (655) As the United States gives the Ger- 
tain Price to Paris, that is, one Dollar for a Tariable number 
of Francs; the most advantageous place to draw through, is 
Lisbon, which gives the lowest price; and to remit through is 
Leghorn, which gives the highest. 

Also, if N of U. S. has to draw on Paris, any one of the 
other places, except Hamburg, is more advantageous than the 
direct course^ and to remit through Hamburg is more advan- 
tageous than the direct course. 

557. The gain or loss per cent, resulting from one mode of 
operation, instead of another, as, for example, drawing through 
Lisbon, instead of directly on Paris, may be thus determined : 

465^ : 540 : : 100 : 116 J^ nearly. 

Hence the gain is nearly 16 j^^ per cent. 

Suppose N of the U. S. sells a Draft on Lisbon of 403 Mil- 
reas 2254 Eees, for which, at $1,24 per Milree, he receives 
$500, and that he buys a Bill on Paris of 2326 Prancs 80| 
Centimes, which at 520 Kees per Ecu of 3 Francs, is the equi- 
valent of his Draft on Lisbon, and for which, at 5 Fr. 40 C. 
per Dollar, he pays $430,80 ; it is plain that the money he 
receives for his Draft will pay for the Bill he remits with a 
surplus of $69,20, and that his debit in Lisbon is balanced by 
his credit in Paris. 

Proof 100 : 124 : : 540 : 6 Francs 69| Centimes, the arbi- 
tratcd price per Milree. Then, 

403,2258 X 6,696 = 2699,9999568, or 2700 Francs : and 
2700 -f- 5,40 = $500. 

Also, 100 : 116 J^ : : $430,80; 15 : 17,41 : : $430,80. Or 
finally 1 : 3,482 : : 143,6 : $500,0152, or $500 very nearly. 

558. The operation of drawing on one place through 
another, as on Amsterdam through Paris, may be performed 
in three different ways : 

1. The United States may draw on Paris, and order his 
correspondent there to draw on Amsterdam. 
• 2. The United States may draw on Paris, and order his 
correspondent in Amsterdam to remit the same sum to Paris. 

3. The U. S. may order his correspondent at Paris to draw 
on Amsterdam, and remit the value to the United States. 

559. The operation of remitting to one place through 
another, as to Amsterdam through Paris, may also be per- 
formed in three different ways : 
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1. The TJ. S. may remit to Paris, and order his correspond- 
ent there to remit the sum to Amsterdam. 

2. The U. S. may remit to Paris, and order his correspond- 
ent in Amsterdam to draw on Paris. 

8. The U. S. may take Bills on Paris, and remit them to 
Amsterdam, there to he negotiated. 

Use of LogarithiM and Fixed Numbers in BuUion and Exchange 

(derations, 

560. In the reduction of a sjbatement of the Chain Rule, it 
is evident that, if, from the log. of the sum of the Consequents, 
we subtract the log. of the sum of the Antecedents, the diffe- 
rence will be the log. of the answer. 

Or, to the log. of the sum of the Consequents add the 
arithmetical complement of the log. of the sum of the Ante- 
cedents, rejecting ten in the index. 

561. Fixed Numbers are of great utility in exchange, 
whether used in Logarithms or not. 

In long statements by the Chain Rule, there are several 
constant or invariable proportions, as the number of shillings 
in a Pound, the established Mint Prices of Gold and Silver, 
&c. These may, by reduction, be converted into one iiumber, 
which is called Fixed. 

Gold in Bars. 

To calculate the Course of Exchange from the Price of Bul- 
lion, and the contrary. Also, to find Fixed Numbers for the 
solution of such questions. 

1. When gold is sold at Hamburg at 104 Sols banco per 
Ducat of 23^ Carats fine, and at London 78 s. 2 d. per stand- 
ard ounce; what should be the Course of Exchange, sup- 
posing that 67 Ducats make 1 Cologne Mark fine, and that 60 
Marks weigh 451 Ounces Troy ? 

1 Pound Sterling, 
t Pound Sterling = 20 Shillings, 
78 J Shillings Sterling = 1 Ounce Standard, 
451 Ounces Standard = 60 Marks Standard, 
47 Marks II = 44 Marks |J, 

1 Mark = 67 Ducats, 

1 Ducat = 104 Shillings Lubs Banco^ 

6 Shillings Lubs Bo. = 1 Shilling Flemish. 
As the prices of gold are the only variable numbers in the 
above statement, the Fixed Number n\,ay be thus determined : 

34* 
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20 X 60X 4iX 67 _ ^^ j..^^ 

4ol X 47 X 6 ' ' 

Hence, 27,815 X 104 -r- 78 J = 37 Shillings, Flemish, (the 
Course of Exchange,) for £1 Sterling. 

By the above Fixed Number, with the Coarse of Exchange, 
and the price of bullion in one place, it is plain that its price 
may be found in the other place. 

2. When gold is sold in Amsterdam at an advance of 17 
per cent, on the TariflF price of 355 Florins per Mark fine, and 
in London at 78 s. per standard Ounce, what is the Course 
of Exchange, supposing that 80 Marks of Amsterdam weigh 
633 Ounces English Troy ? 

1 Pound Sterling, 
. 1 Pound Sterling == 20 Shillings, 
78 Shillings = 1 Ounce Standard, 

12 Ounce Standard = 11 Ounces fine, 
633 Ounces fine = 80 Marks of Amsterdam, 

1 Mark = 355 Florins, 

100 Florins = 117 with the premium. 

The invariable numbers in the above statement are 
20X11X80X355 aoo/^ *i. t?- j xr v I.- k 

12 X 633 X 100 "" ^'^^^' ^ ^^^ Number, which 
X 117 -^ 78 = 12 Fl. 6| St., or 41 s. 1 d. Flemish per 
Pound Sterling, the Course of Exchange. 

3. What is the Course of Exchange between Paris and Lon- 
don resulting from the price of gold : viz. 8 per Mille premium 
on the Tarijff price, which is 3434 Fr. 44 C. per Kilogramme 
fine, and 78 s. per Ounce English standard ? 

1 Pound Sterling, 
1 Pound Sterling = 20 Shillings, 
78 Shillings = 1 Ounce Standard, 

12 Ounces Stand. = 11 Ounces fine, 
32,154 Ounces fine = 1 Kilogramme fine, 

1 Kilogramme fine = 3434 F. 44 C. Tariff price, 
100 Francs = 100,8 with the premium. 

The invariable numbers in the above statement, are 
20 X 11 X 3434/ 44 ^^ ^^^^ ^, t?. j xt i. 
12X32,154X100 == ^^>^^^^> *'^ ^'^'^ ^^°^^'- 
Hence, 19,582 X 100,8 -f- 78 = 25 Fr. 30 C. per Pound 
Sterling, the Course of Exchange. 

4. If the price of gold at Cadiz be 30 Reals per Castellano 
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of 22 J Carats €ne, and in London 934^ d. per ounce standard, 
(the Mint price,) what is the Course of Exchange, &c. ? 

1 Piastre, 
1 Piastre = 8 Reals, 

30 Reals == 1 Castellano, 

44 Castellanos || = 45 Castellanos ||, 
250 Castellanos = 37 Ounces Troy, 
1 Ounce = 934i Pence. 

Reduced, gives the Course of Exchange 37} d. per Piastre. 

The invariable Numbers are -4t — , i^^ == 1,211, the 

44 X 2d0 ' . ' 

Fixed Number. 

5. K gold be sold at Lisbon for 1700 Rees per Outava of 
§1 fine, and in London at the Mint price, what is the Course 
of Exchange? 

1 Milree, 
1 Milree = 1000 Rees, 
1700 Rees = 1 Outava, 
64 Outavas = 1 Mark, 
8 Marks = 59 Ounces Troj, 
1 Ounce == 934^ Pence. 
Reduced, gives 63 1 d. per Milree, the Course of Exchange. 

The invariable Numbers are —^ — —o— = 115,234, the 

54 X 8 
Fixed Number. 

6. If the price of gold at Leghorn be 108 Lire per Ounce 
fine, what is the Course of Exchange, &c. ? 

1 Pezza, 
4X1 Pezza = 5| Lire X 4 = 23, 

108 Lire = 1 Ounce fine of Leghorn, 

144 Oz. of Leghorn = 131 Ounces of London, 
11 Oz. fine = 12 Ounces Standard, 

1 Oz. Standard = 934J Pence. 
Reduced, gives 49,37 d. per Pezza, the Course of Exchange. 

The invariable numbers are -j — ,.,....■,■, ^ 5,706, the 
Fixed Number. 4X144X11 . ' 

2%e fareffoififf Examples solved by Logarithms. 

Hamburg, Fixed Number.... 27,815 Log 1,44428 

Hamburg Price . . 104 Log 2,01703 

London Price 78 J Ar. Comp. . . 8 ,10698 

Course of Exchange 87,08 Log ^4 1,56829 
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Amsterdam, Fixed Number.... 8,225 Log 0,91514 

Amsterdam Price . 117 Log 2,06819 

London Price 78 Ar. Comp... 8,10791 

Course of Exchange 12,338 Log 1,09124 

Paris, Fixed Number. . . 19,582 Log 1,29186 

Paris Price 100,8 Log 2,00346 

London Price.... 78 Ar. Comp... 8,10790 

Course of Exchange 25,30 Log 1,40322 

Cadiz, Fixed Number . . . 1,201 Log 0,08310 

London Price.... 934,5 Log 2,97058 

Cadiz Price 30 Ar. Comp. . 8,52288 

Course of Exchange 37,72 1,57656 

Lisbon, Fixed Number... 115,23 Log 2,06156 

London Price .... 934,5 Log 2,97058 

Lisbon Price 1700 Ar. Comp. . 6,76955 

Course of Exchange 63,34 Log 1,80169 

Leghorn, Fixed Number .... 5,706 Log. 0,75633 

London Price 934,5 Log 2,97058 

Leghorn Price.... 108 Ar. Comp. . 7,96658 

Course of Exchange 49,37 Log 1,69349 

In Bullion operations, the following proportions will be 
found useful : 

Eng. 0«. Troy. 

60 Marks of Hamburg or Cologne = 451 
80 Marks of Amsterdam = 633 

61 Oz. Paris, Poids de Marc = 60 
1 Kilogramme = 32,154 

31,1 Grammes = 1 

5 Marks of Spain, or 250 Castellanos = 37 

8 Marks of Portugal . =59 

144 Oz. of Leghorn or Florence = 131 

100 Oz. of Naples = 86 

11 Oz. of Kome = 10 

. Oz. Eng. Stand, fineness. 

1000 Span. Dollars = 866 Oz. Troy = 835 

1000 Doubloons = 868 Oz. Troy = 853 

1000 Joannese, or Ports. = 460 

55 English ounces French Gold = 54 

37 Ditto French Silver = 36 

19 Marks fine Silver, Amsterdam = 164 
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Oz. £ng. Stand, fineness. 

34 MarlJs of Hamburg Ducats = 273 

8 Marks fine Silver of Hamburg = 65 

11 Oz. of DoUars = 107 

48 Oz. of do. = 43 oz. of fine Silver. 

SUver in Ban. 

562. To find the Course of Exchange between London and 
the foregoing places^ resulting from the following prices of. 
silver : 

Hamburg 27 Marks Banco, per Cologne Mark fine. 

Amsterdam .... 26 Florins^ per Mark fine. 

Paris 3 p. c. Premium on the Tariff price of 218 f . 

89 c. per Kilogramme fine. 

Cadiz 108 Keals of Plate^ per Mark fine. 

Lisbon 990 Bees^ per Ounce fine. 

Leghorn 84 Lire^ per Libra of 12 Ounces fine. 

London 58 Pence, per Ounce | J fine. 



Statements and Results. 

iCSler. Pence. Oz. Stan. Oi. fine. Mks.. Hks.Bo. s.Fl. Conneof Ex. 

„ . 1 , 240 1 87 60 27 8 „. .. 

Ha«»bnrg, j x -gg X 55 X ^ X y X j X - = 86,66 

. , ^ 1 240 1 87 80 26Flor. ,„ ._ 
Amsterdam,! X^X joX^X yX = 12,67 

1 240 1 87 218,89 103 . . .. 
Pans. jX3g-Xj5X82;i64XT00-X ^^'^^ 

Piastre. Seals. Wa. Mka.flv. Os. trt. Pence. 

1 8 1 37 40 68 . - ^^ 

^^^'' 1 X 108 X 6 >^r7 X T ^ - =^^'^^ 

Pexsa. Lire. Oz. Leg. Oz. Tr. Oz. St. Fence. 

1 Si 12 131 40 ^ 68 .^.. 
Lisbon, ^XglXj^jX-g^XyX- = 46,85 



FU'dNmn. 

78,758. 
28,057. 
15,113. 

64,000. 

67,860. 



563. There are three variable numbers in each of the fore- 
going statements; viz. : the price of Foreign Bullion, the Lon- 
don Price, and the Course of Exchange. Now, it is obvious 
that if any two of these prices be given, the third may thence 
be found by the help of the Fixed Number. Suppose, for 
example, in the last statement respecting Paris, that F = the 
Fixed Number, p = the Paris price, I = the London price, 
and c = the Course of Exchange, then c, I, or p, may be 
found, the rest being known. Thus 

¥p 15,113 X 103 „^ Q„ ^ -- a, ,. 

c= -f = —^ — ^ — 26,83 Francs per £1 Sterling. 
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, Fp 15,113X103 .^^ r^ o. r 

1 = -^ =i — ' ofiQQ "= ^° Pence per Ounce Sterling. 

d 26,83 X 56 .^o th. i^m 

p = =• = ' ^..o — = 103 Francs per Kilogramme fine. 

564. The above Equations will answer for all other places 
to wbicli London gives the certain, but where it gives the 
uncertain, as to Cadiz, the following wiU be the Formulas, 
supposing 8 to represent the Spanish or Cadiz price. 

c = — = — =-;r3 — = 34,37 Pence per Piastre. 
8 luo 

¥1 64X58 i^QT, , T^ , 
8 = — = - o^ ONT = 108 Keals per Mark. 
c 34,37 ^ 

, Sc 108 X 34,37 ^^ ^ ^ 

Z = r=- = wT—^ — = 58 Pence per Ounce. 

These Formulse will apply to operations in gold as well as 
silver; and where the calculations are laborious, Logarithms 
may be introduced with advantage ; but in ordinary cases, com- 
mon numbers seem more convenient and intelligible. 

565. If we ask why the Price, when above par, is said to 
be favourable to the place which gives the certain for tbe 
uncertain, and the contrary when hehw par^ seeing that the 
Drawers and Bemitters, whose interests are opposed, are natives 
of the same country, the answer is, that when the Exchange 
is unfavourable to a place, it is the interest of the Bemitters 
to pay their foreign debts in specie or Bullion, instead of 
Bills, and the exportation of these, is often considered a * 
national disadvantage. 

Compound Arbitration 

566. Is a comparison between the exchanges of more than 
three places, in order to find how much a remittance, passing 
through them all, will amount to in the last place, or to find 
the arbitrated price between the first place and the last, in 
order to determine on the most advantageous mode of negotiat- 
ing bills. • . 

Compound Arbitration may, like Simple Arbitration, of 
which it is merely an extension, be solved by several propor- 
tions, or by the Chain Bule, as in the following example : 

1. Suppose the exchange between the U. S. and Amster- 
dam to be 40 cents per Florin, and between Amsterdam and 
Hamburg 32| Stivers for 1 BixdoUar of 2 Marks Hamburg 
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Banco, and between Hamburg and Paris 25g Schillings Banco 
for 1 Ecu of 3 Francs ; what is the arbitrated price betweeii 
the U. S. and Paris ? 

1 Florin : 32f Stivers : : 40 cents : 654 cts. == 2 Marks 
Banco; 2 Marks Bo. : 25| Sch. Bo. : : 66 J cts. : 52 ^f cts. 
= 52^§ Sch. Banco ; 52^§ centa : 100 cents : ; 3 Francs : 5 
Fr. 68 1 cts. Arbitrated Price, 

By the Chain Rule, 

100 Cents, 
40 Cents = 1 Florin, 
1 Florin = 20 Stivers, 
32| Stivers = 2 Marks Banco, 

1 Mark Bo. = 16 Schillings, 
25| Schillings = 3 Francs, 
which gives the arbitrated price 5 Francs 68| Centimes, nearly. 

Here, as the U. S. gives the certain priccj allowing the 
direct exchange on Paris to be, as in the preceding examples, 
5 F. 40 c, it would be more advantageous to draw directly on 
Paris than by the circular exchange. 

2. Suppose London has a sum of money to receive in Cadiz, 
the exchange being at 35 Shillings Flemish per Pound Ster- 
ling; between Amsterdam and Paris,' 53^ Grrotes Flemish per 
Ecu of 3 Francs; and between Paris and Cadiz, 15 Francs 
50 Centimes per Doubloon of Plate ; what is the arbitrated 
price between London and Cadiz ? 

1 Dollar of Plate, 
4 Dollars of Plate == 1 Doubloon do., 
1 Doubloon = 15i Francs, 

3 Francs = 53| Grrotes Flemish, 

12Grotes = 1 Shilling Flemish, 

35 s. Flemish = 240 Pence Sterling. 

Reduced, gives 39^ d. Sterling per Dollar of Plate. 

The circular operation would, therefore, be most advanta- 
geous, as London would receive 39^ d., instead of 38 d., for 
each Dollar, due to him in Cadiz. 

3. London having a sum to receive in Lisbon, wh^n the 
exchange is at 64 d. Sterling per Milree, draws on Lisbon, but 
remits his bill to Hamburg to be negotiated, and directs the 
returns to be made in bills on Leghorn — ^the exchange be- 
tween Hamburg and Lisbon being 45 Grotes Flemish per 
Old Crusade; between Hamburg and Leghorn, 85 Grotes 
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Flemish per Pezza, and between London and Leghorn 52 d. 
Sterling per Pezza; what is the arbitrated price between 
London and Lisbon? 

1000 Kees, 
400 Eees == 1 Old Crusade, 

1 Old Crusade == 45 Grotes Flemish, 
85 Grrotes = 1 Pezza, 

1 Pezza = 52 Pence Sterling. 

Eeduced, gives 68 j-^ Sterling per Milree. 

This circular operation would, therefore, be more advanta- 
geous than the direct exchange of London on Lisbon, viz. : 
6814 d., instead of 64 d. 

4. London has a sum to pay in Petersburg, and another 
to receive in Genoa ; but their being np regular exchange be- 
tween* these places, London draws on Hamburg, and remits 
his biUs to Petersburg, directing Hamburg to draw on Genoa; 
the exchange between London and Genoa being 46^ d. Ster- 
ling per Pezza; between Hamburg and Genoa, 81 Grotes 
Flemish per Pezza ; and between Petersburg and Hamburg, 
28 Schillings Lubs per Euble ; what is the exchange between 
London and Petersburg resulting from the operation ; that is, 
how many Pence Sterling does London pay for the Ruble? 

1 Ruble, 
1 Ruble =28 Schillings Lubs, 

1 Schillings Lubs = 2 Grotes Flemish^ 
SI Grotes = 1 Pezza, 

1 Pezza = 46^ Pence Sterling, 

Reduced, gives 26^^d. Sterling per Ruble. 

5. London has a sum to remit to Paris, the exchange being 
at 24 Livres 5 Sous per Pound Sterling; but instead of taking 
a bill on Paris, London draws on Hamburg, and remits his 
bill to Paris to be negotiated ; Hamburg is directed to draw 
on Venice, and Venice to draw on London ; the exchange be- 
tween Paris and Hamburg being 190 Francs per 100 Marks 
Banco, between Hamburg and Venice 4 Lire 5 Soldi Piccoli 
per Mark Banco, and between Venice and London 55 Lire 
Piccolo per Pound Sterling ; what is the arbitrated price be- 
tween London and Paris ? 

1 Pound Sterling, 
1 Pound Sterling = 55 Lire Piccolo, 
4^ Lire Piccole = 1 Mark, 
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100 Marks =190 Francs, 

80 Francs =81 Livres. 

Reduced, gives 24 Livres 18 Sous per Pound Sterling. 

The circular operation is therefore more advantageous than 
the direct exchange, as London pays, with £1 Sterling, 24 
Livres 18 Sous, instead of 24 Livres 5 Sous. 

567. Hitherto we have only examined one combination of 
the exchanges between several places in order to discover one 
result. In the following example different combinations of the 
same exchanges are examined, to find which is most favourable ; 
and what is here performed with four places only, may be done 
with any greater number in the same manner ; that is, by trial 
and comparison. 

Suppose the following to be the quotations of exchange : 

London on Amsterdam 35 s. Flemish per Pound Sterling. 

" Madrid 38 d. Sterling per Dollar of Plate. 

*' Paris 24 Livres per Pound Sterling. 

Amsterdam on London .... 34 s. Flemish per Pound Sterling. 

" Paris 58 Grotes per Ecu of 3 Francs. 

" Madrid 92 Grotes per Ducat of Plate. 

Paris on London 23^ Livres per Pound Sterling. 

" Madrid 16 Francs per Doubloon of Plate. 

^ Amsterdam. 54 Grotes Fl. per Ecu of 3 Francs. 

Madrid on London .... 39 d. Sterling per Dollar of Plate. 

" Amsterdam. 94 Grotes per Ducat of Plate. 

" Paris 16| Francs per Doubloon of Plate. 

Now if London has a sum to receive in Madrid, what mode 
of operation will be most advantageous ? 

By drawing directly on Madrid, London will receive 38 d. 
Sterling per Dollar. 

1. Let London draw on Amsterdam, directing Amsterdam 
to draw on Paris, and Madrid to remit to Paris ; then 

1 Dollar of Plate, 
4 Dollars of Plate = 1 Doubloon of Plate, 
1 Doubloon = 16^- Francs, 

3 Francs =: 54 Grotes Flemish, 

12 Grotes = 1 s. Flemish, 

35 s. Flemish = 240 d. Sterling. 

Reduced, gives the Dollar equal to 42f d. Sterling. 

2. Let London draw on Paris, directing Paris to draw on 
Amst-erdam, and Madrid to remit to Amsterdam ; then 

35 
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1 Dollar of Plate, 
1 Dollar of Plate = 272 Maravedis, 
375 Maravedis = Idhicat of Plate, 
1 Ducat = 94 Grotefl Flemish, 

^63 Grotes = 3 Francs, 

80 Francs = 81 Livres, 

24 Livres == 240 d. Sterling. 

Eeduced, gives 39 y^^ d. per Dollar. 

3. Let London draw on Madrid, and remit the bill to Paris 
to be negotiated, and let the returns be made in a bill on Am- 
sterdam; then 

1 Dollar of Plate, 
4 Dollars = 1 Doubloon of Plate, 
1 Doubloon = 16 Francs, 
3 Francs = 64 Grotes Flemish, 
12 GrotelJ = Is. Flemish, 

35 s. Flemish = 240 d. Sterling. 
Reduced, gives 41^ d. Sterling per Dollar. 

4. Let London draw on Madrid, and remit to be negotiated 
in Amsterdam, and order the returns to be made in a bill on 
Paris; then 

1 Dollar of Plate, 
1 Dollar == 272 Maravedis, 
375 Maravedis = 1 Ducat of Plate, 
1 Ducat = 92 Grotes Flemish, 
53 Grotes = 3 Francs, 
80 Francs = 81 Livres, 
24 Livres = 240 d. Sterling. 
Reduced, gives 38| d. Sterling per Dollar, nearly. 

5. Let London draw on Amsterdam, Amsterdam on Paris, 
and Paris on Madrid ; then 

IDolbr of Plate, 
4 Dollars = 1 Doubloon of Plate, 
1 Doubloon = 16 Francs, 
3 Francs = 53 Grotes Flemish, 

12 Grotes = Is. Flemish, 

35 s. Flemish = 240 d. Sterling. 

Reduced, gives ^O^^j d. per Dollar. 

6. Let Madrid remit to Paris, Paris to Amsterdam, and 
Amsterdam to London •, l^ieiv 
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per Ditto. 
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per Ditto. 
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1 Dollar of Plate, 
4 Dollars = 1 Doubloon of Plate, 
1 Doubloon = 16^- Francs, 
3 Francs = 64 Grotes Flemish, 

12 Grotes = Is. Flemish, 

34 s. Flemish = 240 d. Sterling. 
Reduced, gives 43| d. per Dollar, nearly. 

Several other combinations might be made, but the foregoing 
are sufficient for the present illustration. 

In recapitulating the different combinations here propo^d, 
we find that 

The First gives 42 1 Pence Sterling per Dollar of Plate. 

The Second « "" 

The Third " 

The Fourth « 

The Fifth " 

The Sixth " 

While the direct 

course " 38 " per Ditto. 

Hence, it is evident, according to the rules laid down, (555,) 
that the 6th operation would be the most advantageous for the 
London drawer, as he would receive more Pence for the Dollar 
than by any other cpmbination ; but it must be observed that 
in this case, he would have to wait about six months for the 
remittance from Madrid through Paris and Amsterdam ; where- 
as, by drawing directly on Madrid, he would receive the money 
immediately \ consequently, interest should be deducted from 
the profit, besides commission, postage, &c. The Profit is, 
however, so great in this case, as far to exceed the additional 
expenses ; thus : 

'38 :43| : : 100 : 115/g. Profit. 15/g percent. 

It is also evident, that if London was the debtor, and had to 
remit to Madrid, the lowest course of exchaDge, which is here 
the direct one, should be adopted. 

Compound Interest. 

568. When the interest of a sum of money, at the time 
it is due,. is, instead of being paid, added to the principal, and 
the sum considered a new principal on which interest is com- 
puted as before, and again when due, added to form a new 
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principal, and so od^ the accumulation of interest tbeiice 
arising, is called Compound Interest. 

This accumulation is so much the greater as the increment 
of time for which it is calculated is shorter. 

Let P be the principal and r the rate p. c. per annum ; then 

100+ r 
100 : 100 -|- r : : P : — .. JT X P> the amount for one year. 

Hence we say: Multiply the principal by the fraction 

— . -yr^r. J rcduccd to its lowest terms, or to a decimal, 

or otherwise, as may be most convenient. 

The product or amount, which is the new principal, multi- 

100 + r 
plied by — ^^ , will evidently give the amount for the 

second year; and continuing thus, it is plain that P X — t^- 

= amount for 1 year ; P X ( i^xT V = amount for 2 

years; P X ( — ^T^t. V = amount for 3 years, &c. Hence 

100 -\- r 
the General Kule : Multiply the principal by — -T raised 

to a power signified by the number of years, half years, or 
other portions of time, for which the interest is calculated. 

1. What is the compound interest of $840 for 5 years at 
6 p. c. ? 
105 _ 21 /2ly _ 4084101 4084101 X 340 

100 ~" 20' V20/ ~" 3200000 ' 3200000 

^408,4101X17^ _ 

16 
Lastly, 433,94 — 340 = $93,94, the interest required. 

Proof. 5 p. c. = yg^ = «j*0 ; then 
340 + ^^^ = 340 + 17 =$357 Amount for 1 year. 
357 + ^sV = 357 + 17,85 = 374,85 « 2 years. 

374,85+^^^ =$393,592 « 3 yearsv 

893,592 + ^^-^^f^ =$413,272 « 4 years. 

413,272+ ^''^^^^ =$433,94 " 5 years. 

Or, Multiply stLccessively h/ the decimal amount of 1 unit. 
Thus : 340 X 1,05 = $357 Amount for one year ; then 
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3 67 

1,05 

374,85 Amount for 2 years. 
1,05 



393,59 25 " 3 years. 

1,05 



413,2721 25 « 4 years. 

1,05 



$433,935731 25 " 5 years. 

Or, multiply the logarithm of the amount of 1 unit by the 
number of years or times specified, and to the product add 
the log. of the principal, which will give the log. of the amount. 
Thus : 

I. 1,05 0,021189 X 5 = 0,105945 

L 340 = 2,531479 

log. of the amount 2,637424 

This log. gives the amount $433,934, which is very nearly 
the true result. 

The student will see, that to multiply the log. of 1,05 by 5, 
is (474) the same as to raise | J to the 5th power. Also (472), 
that to add the log. of 340, is the same as to multiply (| J)* by 
that number. 

2. What is the compound interest of $340 for 5 years at 5 
p. c, the interest payable half-yearly. Ans. $95,23. 

The student may verify his results as in Ex. 1. ' 

3. What is the amount of £587 16 s. Sterling at compound 
interest for 6 yrs. 9 mos. at 6 p. c. ? 

Ans. £871 6 s. 6a d. — . 

Use of Geometrical Progreaaion in the Calculation of Compound Interest,* 

569. From the preceding article, where P is assumed as the 
principal, and r the rate p. c, it is evident that -H- P : P X 

a geometrical progression. Hence we infer, that taking the 
principal for the first term, every series in the calculation of 
compound interest is a geometrical progression. 



♦See Table, art. 465. 
35* 
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Let the capital be $1200, and the rate 10 p. c, or y\y per 
Dollar. Then, as yo8 = TJ> *^® series becomes -rr 1200 : 
1200 X ii : 1200 X (I J? : 1200 X GJ)', &c., of which the 
first term a = 1200, tne quotient q = |J, and any term to 
equals 1200 X (14)"^. 

Therefore, calhng a the first term, and r the interest of a 
dollar, the quotient will be 1 + r, and we shall have -rr a \ a 

X (1 + r) : a X (1 + r)« : a X (1 + r^ w = 1200 X 

(1 + r)«-. 

Increase of Population, 

570. What is here said of compound interest, applies, word 
for word, to the increase of population. 

To make use of the Table (465) for resolving all problems 
relative to Compound Interest and the Increase of Population, 
we shall substitute 1 -|- r for q. Thus, instead of the formulae 

= -^/— , 71 =1-| = we shall, for the first, have 

\a Lq 

Problem 1. 

We have placed at interest $1000000, at the rate of ten per 
cent, compound interest. What sum shall we touch at the end 
of five years and a half? 

The sum that we shall touch at the end of the fifth year, 
will equal aq;\ The interest for the six remaining months 
will equal the half of the interest of aq^ during a year; that 
is to say, aq^ X j© X 3 > therefore, the sum that we shall touch 
at the end of five years and a half will equal a^ -f" ^S"' X jlj 

XI = 1000000(1^)5+1000000(1 JO^XtVX^ = $1691035|. 

Problem 2. 

We have touched $1610510 for a capital, placed five years 
since, the compound interest being one-tenth per dollar ; what 
was this capital ? 

Since we know the last term r610510(ft»,) the number of 

terms 6(n), the quotient { J(^), and that a = -^z^, we shall 



have a = 
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1610510 1610510 1610510 X 10* 



(ji)^^ n* 11* 

10* 

capital. 

Problem 3. 

We have touched $1691035^ for a capital, at interest for 
five years and a half, the compound interest being at ten per 
cent. What was this capital f 

Let a be the capital, the sum touched at the end of the fifth 
year will be a X (ii)*> ^^^ interest for the six remaining 
months will equal the half of the interest of «({ J)* during a 
year ; that is to say, a(l J)^ X tV X ^, or a(l J)* X in- Wo 
shall then have a{\iy + a(jj)^ X 3?j = "*; ^^^^ is to say, 
« X [ (iJ)* + (-} J)* X 3^ ] = «> ; the^refore, 

io 1691035 + ^ _ 



a 



1691035 + ^ 1691035^ 



161051 161051 Jl_ ~" 3221020 + 161051 

100000 "^ 100000 ^ 20 2000000 
(1691035 + ^)2000000 3382071 X 1000000 .nnnnnn 

338207r = 3382071 = ^^^^^^ 

dollars, the required capital. 

Problem 4. 

We have put to interest JIOOOOOO, and have touched 
81610510 at the end of five years. What was the compound 
interest ? ' 

Since we know the first term 1000000(a), the last term 

"-Mai 
1610510(a>), the number of terms 6(n), and that ^ = ^ — , we 

shall have q = f/jS J8§48 = ii f t^^erefore, the interest was 
one-tenth per dollar, or ten per 100. 

Problem 5. 

Having placed at interest $1000000 at 10 per cent., we have 
touched ^1691035^. We demand what time the sum was at 
interest ? 

Since we know the first term 1000000(a), the last term 
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1691035^(w), and the rate, which is one-tenth per dollar, the 
quotient q will then be i J. But the number of terms n = 1 
Lc^ — La ^ , L(1691035+^--L10000QQ 

H j^ J therefore n — 1+ Lll — LIO 

A2 1186 

But the sum touched at the end of the fifth year is equal to 
lOOOOOO(lJ)^ that is to say, 1610510 ; therefore, 1691035+| 
— 1610510; that is to say, 80525^ is the interest of 1610510 
during a time jp of the sixth year. But this interest is equal 
to 1610510 X tV X i> ; that is to say, 161051 Xi> ; therefore, 

161051 X i> = 80525 +i;therefore,i)==^^|||ii = {, 

The sum was therefore at interest 5J years. 

Problem 6. 

Suppose diat there are 30000000 of inhabitants in France, 
and that the population augments by one hundredth per year: 
how many inhabitants, will there be in France at the end of a 
hundred and one years ? 

Agreeably to the formula at = a^^ ; we shall have 

fi, = 30000000 X(i8i)*^^- 
Operating by logarithms, we shall find for the logarithm of 

(t8J») 2,00432 — 2,00000; that is to say, 0,00432 ; and for 
the logarithm of (jgj,)^^^? 0,43200, which corresponds to 
the number n%i. Therefore «> = 30000000 X f 28 i = 
30000 X 2704 = 81120000. 

Therefore, at the end of a hundred and one years, France 
will contain 81120000 inhabitants. 

Problem 7. 

Suppose that in France there are 30000000 of inhabitants, 
and that the population augments by one hundreth per year : 
in how many years will the population amount to 81120000 
inhabitants ? 

According to the formula n = 1 + ^ ,, , — r , 

' L (1 + r) 

, ,, , ^ , L81120000 — L30000000; 
we shall have n = 1 + ^^oi ^ LlOO ' 

then, as L8 1120000 — L30000000 = 0,43200, and LlOl — 
LlOO == 0,00432, we shall have n = \+ %'UUl = ^+ ^^^ 
= 101. 

Therefore, in one hundred and one years the population of 
l^Vance will be 811200(^0. 
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Problem 8. 

There are 80000000 of inhabitants in France: in what 
proportion must the population increase so that there may be 
81120000 at the end of a hundred and one years ? 

According to the formula, 

""■^ I Of ^ . Lft> — La 

r 



, "-Mo; 



n — l 



L81120000 — L30000000 0,43200 _ ___ 

10 ~ + 100 "" "" 

1 + 0,00432; now the logarithm 0,00432 answers to the 
number jg J ; therefore r = — 1 + JSi =tJtj- ^^^ popu- 
lation must therefore increase by y^^ yearly. 

Annuities, 

671. According to the proper import of the word, an An- 
nuity is a yearly income. Kevenues arising from Public 
Funds or Stocks, Donations, Pensions, Salaries, Kents, &o., 
the payments of some of which are usually made at shorter 
periods, are also called Annuities. 

The claim which any one holds, in expectancy, to a revenue 
dependent on a future event, as the demise of one or ^lore 
individuals, &c., is called an Annuity in Ee version. 

572. Public Funds or Stocks are loans advanced to Govern- 
ment, for which interest is regularly paid, from revenues set 
apart for the purpose. This mode of levying taxes for the 
payment of interest is called the Funding System, and the 
loans constitute the. National Debt. 

The debts of Government differ from other contracts in 
this, that the public creditor can claim only his interest; he 
may, however, sell his stock; that is, he may transfer his 
claim, and thus obtain his capital, more or less, according to 
the price of stock, which fluctuates from a variety of causes. 

573. In raising loans a Douceur is sometimes given by Go- 
vernment of an annuity for a limited time; this is called 
a Terminable Annuity ; but the returns of the regular stocks 
on which the common interest is paid, are called Perpetual 
Annuities, • 

574. Peyrard, a talented French writer, to whom we are 
indebted for a great part of this section, says, " We call annui- 
ties equal sums, paid yearly, to extinguish in a given time a 
capital and its compound interest.'' 
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A person having borrowed $12000 for fite years, at ten per 
cent, would acqait himself in five equal yearly payments : what 
sum must he pay at the end of each year ? 

It is evident that, if there were no reimbursements, he 
would be indebted 12000 X (H)* at the end of the fifth 
year. 

But the borrower remits a sum, &, at the end of the first 
year, without which h would have become h X (\iY y he 
remits h at the end ef the second year, without which b would 
have become ^ X (yj)^ ; he remits h at the end of the third 
year, without which b would have become b X (yJ)^; h® 
remits b at the end of the fourth year, without which b would 
have become ^ X yj ; and, lastly, at the end of the fifth year, 
he remits b : therefore b X Gi)^ + ^ X(iJ)^ +^X (HY 
+ ft X (H) + ^ = 12000 ( jj)^ 

But the numbers b X (H)' + ^ X (|J)^+ h X (IJ)^ + 
i X (yj) + ^ form a geometrical progression, the sum of 

which is equal to ^ ^'f; ,'^ ; that is to say, 

^x(H)^-^ t4-i 

b V ^in« b 

therefore ^2LLiJL! r= 12000 X (ji)^; 

1 i } 

therefore ^><C(Tp— 1] ^ ^gOOO X (iJ)« i 

19000 V /^i05 N/ 1 

therefore 6 = .f^J _ i ' " = ^^^ISSgA;! f Answer. 

It will be the same whatever be the sum lent, the interest, 
and the number of years. 

Calling a the sum lent, n the number of years, r the inte- 
rest, and b the sum which must be remitted at the end of 

each year, we shall have o =^ — -; — ; — ^^ — ^— ^, 

(l + r)» — 1 ' 

from which we deduce a = ^ ^ ' / . — ; 

rXO- + ry ' 

h[b~^L(b — aXr)'] 

With these three formula? we can resolve all cases that 
Annuities present. 
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Let it be proposed; for example, to find wliat sum we must 
give yearly, to extinguisli, in three years, a debt of $500, the 
interest being at ten per cent. 

Substituting these numbers in the first formula, we shall 
find 6 = «201 + ^Vy. • Therefore, »201^Vt> ^^ »201,057 + 
is the yearly payment. 

If the interest were at 7 per cent, we should find 6 = 
«190,626 — . 

575. To facilitate the calculation of Annuities, the student 
may construct the following Tables : 

1. Find the amount of 1 unit, at every probable rate of 
interest, from 1 year to such a number of years as may he 
considered sufficient. 

Thus, (568,) P being a unit, if we put r successively equal 
to the numbers 4, 4^', 5, 6, we shall, by the general formula 

.. p.p. lOOXr .p / 100 + r y / lOOXr )^ 

&c., for the respective amounts at the end of each successive 
year have the numbers found in Table 1. 

2. Find the amount of a deferred annuity of 1 unit from 
1 year to the same number of years, and at the same rates. 

We have seen (574) that the amount of an annuity (, 
deferred a certain number of years, is equal to the geometrical 

progreMion h + hX ^^+i X 0^^)^+^ X 
( — 7" ) , &c., the index of the highest power of 

\ — inn ' / ^^^S ^^^ ^^^^ ^®^^ *^*^ *^® number of yeara 
during which the annuity has been deferred. 

Now, if we suppose h a unit, the expressions b X — TKri — } 

/lOO + r\^ . 

h X ^ — TKK — ) y &c., are the same as the compound interest 

of a unit for 1, 2, &c. years. Wherefore the unit h is the 
annuity for 1 year : 1 + 1,04 (the first number in Table 1) 
= 2,04 is the amount of the annuity deferred 2 years ; this 
amount, together with the second number in Table 1, is the 
amount for 3 years. Continuing thus to add to each result 
the number opposite to the same year and under the same 
rate in Table 1, we easily obtain the results found in Table 2. 
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3. Find the present worth of a Terminable Annuity of 1 
unit for the same number of years, and at the same rates as 
those of Tables 1 and 2. 

This is evidently the sum that at compound interest will 
equal the returns of the annuity , each, except the last, which 
is the annuity itself, or one unit, being placed at compound 
interest from the time it^is due to the end of the Term. Ndw 
the amount of any capital at compound interest for any time, 
divided by the amount of 1 unit for the same time, will give 
the capital or present worth. Therefore, to form the numbers 
of Table 3, we divide those of Table 2, term for term, by the 
corresponding ones of Table 1. 

Suppose, for example, that we would construct Tables 1, 2, 
and 3 for 10 years at the rates 4, 4^, 5, and 6 per cent. 
Then for Table 1. As the amount of a unit at these rates is 
evidently 1,04, 1,046, 1,05, and 1,06; having placed these 
numbers at the head of their respective columns, opposite to 
1 in the column marked year, the respective amounts for 2, 3, 
4, &c. years are found by raising each number successively to 
the 2d, 3d, 4th, &c. power, as far as the tenth inclusive; 

Table 1, 

Showing the Amount of one unit at Compound Interest from one Tear to 10. 



Year. 
1. 


4 per cent. 


4| per cent. 


6 per cent. 


6 per cent 


1,040000 


1,045000 


1,050000 


1,060000 


2. 


1,081600 


1,092025 


1,102500 


1,123600 


3. 


1,124864 


1,141166 


1,157625 


1,191016 


4. 


1,169859 


1,192519 


1,215506 


1,262477 


5. 


1,216653 


1,246182 


1,276282 


1,338226 


6. 


1,265319 


1,302260 


1,340096 


1,418519 


7. 


1,315932 


1,360862 


1,407100 


1,503630 


8. 


1,368569 


1,422101 


1,477455 


1,593848 


9. 


1,423312 


1,486095 


1,551328 


1,689479 


10. 


1,480244 


1,552969 


1,628895 


1,790848 



Tall, 2. 
IVie Amount oj an Annuity of 1 aniifion 1 year Ur 10. 



Tear, 


4 per Hut. 


41per«nt. 


,^r^.L 


6p«™nt. 


1. 


1,000000 


1,000000 


1,000000 


1,000000 


2. 


2,040000 


2,045000 


2,050000 


2,060000 


S. 


3,121600 


3,137025 


3,152500 


3,183600 


4. 


4,246464 


4,278191 


4,310125 


4,374616 


ft. 


5,416323 


5,470710 


5,625631 


5,637093 


«. 


6,632975 


6,716892 


6,801913 


6,975319 


7. 


7,898294 


8,019152 


8,142008 


8,393838 


H. 


9,214226 


9,380014 


9,549109 


9,897468 


». 


10,582795 


10,802114 


11,026564 


11,491316 


10. 


12,006107 


12,288210 


12,577893 


13,180796 



Tahk 3. 
The Promt Worlho/anAnnuimofl tinU from I year to 10. 



T« 


4p«rwnt. 


41pwMilt 


6p««nt. 


aperoeni 


1 


0,961538 


0,956938 


0,952381 


0,943396 


2 


1,886094 


1,872668 


1,859410 


1,833393 


1! 


2,775091 




2,723248 


2,673012 


4 


3,629894 


3,587526 


3,545951 


3,465105 


5 


4,461822 


4,389977 


4,329477 


4,212364 


6 


5,242137 


5,157872 


6,075692 


4,917324 


7 


6,002055 


5,892701 


5,786373 


5,582381 


i 


6,732745 


6,595886 


6,463213 


6,209793 


n 


7,435333 


7,268790 


7,107821 


6,801692 


lu 


s.lKisiHl 


7,91271*^ 


7,721 7:J5 


7,360087 



576. Having conatmoted Tables like the preoediog, as &r 
snd at sack rates as we require, it ia plain that if, ftom one of 
the Tables, we take the amount or present worth of a unit, for 
any time and at any rate, and multiply this amount or present 
worth by any number, we shall, fortheieault, obtain theamonot 
or present worth of the number by which we multiply. 

1. Suppose we would find the amount of S500 for 6 years, 
ftt 5 per cent, compound interest. 

2) 1340,096 amount of 1 unit multiplied by 1000. 
•670,048 Answer. 
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5 p. c. = y Jxy = 2u ; then by continnally adding 2«^, we 
have for the snccessive annual amounts, 525^ 551^25^ 578^81, 
607,75, 638,14, 670,048. Or, 

105 
5 



Or, 



6 25 


1st yei 


1,05 




551,25 


2d " 


1,05 




578,8125 


3d « 


1,05 




607,75 31 25 
1,05 


4th « 


638,14 07 81 25 
.1,05 


5th « 


670,04 78 20 31 25 


6th « 


log. 1,05 0,021189 




6 




0,127134 
log. 500 ,.2,698970 





2,826104 

This gives the answer $670,045, very nearly the same as 
before. 

2. Eequired the amount of an annuity of 8500, deferred 6 
years, at 5 per cent. ? 

2) 6801,913 am't of 1 unit, multiplied by 1000. 

3400,9565. Answer. 
Or, by the formula (574), as IJJ = fj, we have 500 

-- 500 X (IA)*= 500 + 525 + 551,25 + 578,81 + 607,75 
-- 638,14 ==»3400,95. 

3. What is the present worth of an annuity of $500, de« 
ferred 6 years, at 5 per cent. ? 

2) 5075,692 amount of 1 X 1000. 

2537,846. Answer. 

Or, Divide the amount of the annuity by the amount of 1 
unit at compound interest, thus : 
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1840096) 3400956500 (2537,845. Answer. 
7207645 
5071650 
10513620 
1132948 
60876 
7272 
572 

From these examples the student will perceive the very great 
conyenience of the Tables. 

577. To find the present worth of an annuity in reversion— 
that is, of a Terminable Annuity — to commence in a given num- 
ber of years. 

Kule : Find its present worth firom the present time till the 
end of its continuance ; also till the time at which it begins ; 
the difference between these two results is the required present 
worth. 

What is the present worth of a reversion of ?500 for 6 
years, to commence in 3 years from the present time, at 6 p. c? 

Observe that in takiug out the Tabular Number, if, instead 
of the amount or present worth of 1 unit, we would have that 
of 10, 100, 1000, &c., we have only to remove the comma 1, 
2; 3, &c. places towards the right. 

6801,692 present worth of 1000 for 9 years. 
2678,012 " " for 3 years. 

2 ) 4128,680 

1^2064,84 required present worth. 

578. To find the present worth of a perpetual annuity. 

This is evidently the sum, the interest of which is equiva- 
lent to the annuity. Now as the interest of any sum is the 
product of the principal and the rate, considered as hundredths, 
(507,) we easily deduce the Rule : Divide the annuity by the 
rate considered as hundredths. 

1. Suppose a house rents for (865 ; fof how much should 
it be sold, where money is loaned at 6 per cent. ? 

6) 86500 
$6088,88} Answer. 

2. The machinery in a manufactory is repaired at the end 
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of every 7 years at a cost of $10000 ; wliat sum will maintun 
the disbursement at 6 per cent. ? (574.) Ans. S29855;83|. 

Moneys of Different Countries. 



Holland. 
16 Pepnings = 

20 Stivers 

Also 12 Grotes or Pence ) 

Flemish, or 6 Stivers... J 
20 Shillings, or 6 Florins = 
2i Florins, or 50 Stivers = 
1 Florin = 



1 
1 

= 1 

1 
1 



Stiver, 

Florin or Guilder, 

Shilling Flemish, 

Pound 
Bixdollar, 



40 Gents. 



10 Centimes (c.) 
10 D^cimes 



France. 

= 1 D^cime (c?.), 
== 1 Franc (/.) = 



18| cents. 



Spain, 

= 1 Keal of Plate, 
= 1 Dollar of Plate, 
== 1 Ducat of Plate or exchange, 
= 1 Hard Dollar (peso duro^ = 
81 United States, 
1 Real of Plate = 2 Reals VeUon. ^ 



34 Maravedis 

8 Reals 
375 Maravedis 
lOf Reals, Plate 



1000 Rees 
400 Rees 
480 Rees 



Portugal. 

1 Milree = about $1,36 in gold, 
1 Old Crusado, or Crusado of exch., 
1 New Crusado. 



Vienna. — Trieste. 



1 Creutzer, 

1 Florin or Gulden, 

1 Rixdollar of account, 

1 Rixdollar, specie. 



4 Pfenings = 

60 Creutzers = 

1^ Florins, or 90 Creutzers = 
2 Florins, or 120 Creutzers = 

Venice. 
^ 12 Denari = 1 Soldo ; 20 Soldi = 1 Lira ; 6 Lire 4 Soldi 
piccoli = 1 Ducat current, or of account ; 8 Lire piccolo = 
1 Ducat effective ; 100 Centimes = 1 Lira Italiana ; 40000 
Lire piccolo = 30467 lire Italiane. 

Sweden. 

12 Rundstycken, or ore = 1 Skilling; 48 Skillings = 
1 Riksdaler. 
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SicUyf 

20 Grani = 1 Tari, or Tarin ; 30 Tari == 1 Oncia ; 12 
Tari = 1 Scudo, or Sicilian Crown. 5 Scudi = 2 Oncie. 

Genoa, 

12 Denari = 1 Soldo ; 20 Soldi = 1 Lira fuori Banco ; 
5 Lire 15 Soldi fuori Banco = 1 Pezza. The Pezza is also 
divided into 20 Soldi, or 240 Denari di Pezza : thus 4 Pezze 
= 23 Lire ; 4 Soldi di Pezza = 23 Soldi di Lira; 4 Denari 
di Pezza = 23 Denari di Lira. 

Also, 4 Lire 12 Soldi fuori Banco = 1 Scudo di Cambio^ 
or Crown of exchange; 10 Lire 16 J Soldi fuori Banco =- 
1 Scudo d'oro, or gold Crown ; 10 Lire 14 Soldi fuori Banco 
= 1 Scudo d'oro marche. 

* Geneva, 

12 Deniers = 1 Sou or Sol ; 20 Sous = 1 Livre current ; 
8 Livres == 1 Ecu^ or Patagon. 

Naples, 

10 Grani = 1 Carlino ] 10 Carlini = 1 Ducato di regno. 

Augsburg, 

60 Creutzers = 1 Florin or Gulden ; 90 Creutzers, or 1 J 
Florin = 1 BixdoUar of account ; 100 Bixdollars giro, or 
money of exchange = 127 Bixdollars current, or 190^ Flo- 
rins current ; 2 Florins = 1 BixdoUar specie. 

Berlin and Breslau ; also Leipsic, 

12 Pfenings = 1 Good Grosche ; 24 Good Groschen = 
1 BixdoUar currency; or of account. 

Btemen, 

5 Swares = 1 Grote ; 32 Gfotes = 1 Bremen Mark ; 72 
G rotes, or 24 Marks = 1 BixdoUar of account; 96 Grotes, 
or 1} Bixdollars of account = 1 BixdoUar specie. 

Constantinople — Smyrna, 

3 Aspers = 1 Para ; 40 Paras, or 120 Aspers = 1 Piastre, 
or Turkish Dollar; 80 Half-Paras, or 100 Minas, also called 
Aspers = 1 Piastre. 

Copenhagen, 

12 Pfenings = 1 Skilling; 16 Skilling8 = l Mark; 6 
Marks Danish, or 8 Marks Lubs = l Byksdaler, or Bix- 
doUar. » 

36* 
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Thus, 2 Pfenings, Skillings, or Marks Danish = 1 PfeniDg, 
Skilling, or Mark Lubs. (Jjuhs, money of Lubeck and Ham« 
burg.) 

Dantsic. 

3 Pfenings = 1 Groschen ; 30 Groschen = 1 Florin or 
Gulden ; 8 Florins = 1 RixdoUar. 

Frankfort. 

4 Pfenings = 1 Creutzer ; 4 Creutzers = 1 Batze ; 60 
Creutzers, or 15 Batzen == 1 Florin ; 90 Creutzers, or 1^ Flo- 
rins = 1 Bixdollar of account. 

Hamhurgy 

Banco bears an agio on currency, which is generally from 
20 to 25 per cent. 

12 Pfenings = 1 Schilling, or Sol Lubs; 16 Schillings 
Lubs = 1 Mark; 3 Marks = 1 Rixdollar; 6 Pfenings =1 
Grote Flemish ; 12 Grotes Flemish, or 6 Schillings Lubs = 
1 Shilling Flemish ; 20 Shillings Flemish, or 7^ Marks = 
1 Pound Flemish. 

Leghorn, 

12 Denari di Pezza = 1 Soldo di Pezza ; 20 Soldi di Pezza 
= 1 Pezza ; commonly called Pezza of 8 Reals. 12 Denari 
di Lira = 1 Soldo di Lira ; 20 Soldi di Lira = 1 Lira ; 24 
Lire moneta lunga = 23 Lire moneta buona ; 6 Lire moneta 
lunga, or 5 1 Lire moneta buona = 1 Pezza of 8 Reals. 

Milan, 

12 Denari = 1 Soldo ; 20 Soldi = 1 Lira ; 106 Soldi or 
Lire imperiali = 150 Soldi or Lire correnti ; 106 Soldi impe- 
riali, or 150 Soldi correnti =1 Filippo; 117 Soldi imperiali 
= 1 Scudo or Crown. 

Petersburg, 

10 Copecks = 1 Grieve or Grievener; 10 Grieves, or 100 
Copecks = 1 Ruble. 

Rome. 
2 Mezzi Quattrini = 1 Quattrino ; 5 Quattrini = 1 Ba- 
jocco; 10 Bajocchi = 1 Paolo; 10 Paoli, or 100 Bajocchi =a 
1 Scudo moneta, or Roman Crown ; 12 Denari d'oro = 
1 Soldo d'oro ; 20 Soldi d'oro = 1 Scudo di stampa d'oro. 

Thirin. 

12 Denari = 1 Soldo -, *10 Mdv = 1 Lira. 
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Malta, 

^ 20 Grani=:l Taro; 12 Tari=rl Scudo. The Taro is 
likewise divided into 2 Carlini, or 120 Piccioli. 2^ Scudi = 
1 Pezza, or Dollar of exchange; 30 Tari lO^Grani^ 
1 Spanish Dollar; 38 Scudi 9 Tari = 1 Spanish Doubloon; 
80 Tari = 1 Sicilian Dollar ; 6 Scudi 3 Tari = 1 Sicilian 
Ounce. 

BengaZy Calcutta^ ^c. 

12 Pice = 1 Anna ; 16 Annas ==: 1 Kupee = 41 Cents ; 1 
Sicca Rupee, E. I. Company = 47^ Cents. 

Bombay, 

100 Rees = 1 Quarter ; 4 Quarters = 1 Rupee. 

Madras, 

80 Cash = 1 Fanam ; 45 Fanams == 1 Star Pagoda = 
« 1,80. 

China, 

10 Cash = 1 Candarine ; 10 Candarines = 1 Maice ; 10 
Mace = 1 Tale = % 1,48, more or less. 

Mensuration, 

579. A triangle having one right angle is right-angled; 
■when one angle is greater than a right angle, it is obtuse^ 
angled ; and when each angle is less than a right angle, it is 
acute-angled, 

580. When the three sides are equal, the triangle is equi- 
lateral ; when two sides are equal, isosceles; and when the 
sides are unequal, scalene, 

581. As the area of any parallelogram is found in multi- 
plying the base by its perpendicular height or altitude, (103,) 
it is evident that the areas of any two parallelograms have to 
one another the ratio which is compounded of the ratios of 
their bases and altitudes. Hence we deduce the following 
properties : 

1. Parallelograms of equal base and altitude are equal to 
one another. 

2. Parallelograms of equal base are to one another as their 
altitudes. 

3. Parallelograms of equal altitude are to one another as 
their bases. 
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582. Because every triangle is the half of a parallelogram 
of equal hase and altitude^ it is plain (165) that the above 
properties also apply to triangles : 

1. Triangles of equal base and altitude are equal. 

2. Trian^es of equal base are to one another as their 
altitudes. 

8. Triangles of equal altitude are to one another as their 
bases. 

583. Also to find the area of a triangle : Multiply any 
side by half the perpendicular drawn to it from the oppo- 
site angle. Or, multiply the perpendicular by half the side. 
Hence, if the triangle be right-angled, we multiply either of 
the two sides containing the right angle by half the other. 

584. In a right-angled triangle, the square of the side sub- 
tending the right angle (which side is called the hypothenuse) 
is equal to the sum of the squares of the sides containing that 
angle. (^Euc, 47, 1.) 

Therefore, if we assume two numbers as representing two 
sides of a right-angled triangle, the number which represents 
the third side will be arbitrary ; thus, if the assumed numbers 
are to contain the right angle, the third side or hypothenuse 
will be the square root of the sum of their squares ; but if one 
of the assumed numbers is to be the hypothenuse, the third 
number will be the square root of the difference of the squares 
of the assumed numbers. 

Let X = hypothenuse, and a and h the other sides ] then if 
we assume a; = 5 and 6 = 3, we shall have 



If a = 6, and 6 = 8, we shall have 



X = |/a« -f ^>« == |/36 + 64 =yiOO = 10. 

585. From the above it is plain that to construct a Carpen- 
ter's square, we have only to join by a pin the ends of two 
straight rulers, the one being placed in a horizontal and the 
other in a vertical position, so that they may be moved like the 
legs of a pair of compasses. Then if we measure 3 inches on 
one and 4 on the other from the angle, and move the vertical 
ruler so that the hypothenuse may measure exactly 5 inches, the 
rulers being secured in this position form the square or right 
angle required. Or we may take 6 inches on one ruler and 8 



MENSURATION. 429 

on the oiher, and move the yertical one till the hjpothennse 
•measures exactly 10 inches. Also, we may use any other equi* 
multiples or equiparts of the numbecs 3; 4, and 5. Or, finally, 
find the hypothenuse corresponding to any two numbers at 
pleasure. The above numbers, however, being integral and 
easily remembered, are considered most convenient, and are, as 
feet, those generally employed by carpenters in framing build- 
ings, &c. 

In laying out rectangular plots of ground for gardens, fields, 
&c., instead of inches or feet, yards or rods may be employed. 
Also, the distances may be measured by a chain or other line, 
which can be kept uniformly tense. 

586. If the circumference of a circle be divided into 6 equal 
arcs, the extremities of which are joined by straight lines, 
called chords, the figure thus inscribed in the circle is called a 
hexagon; and if from the angular points in the circumference 
radii be drawn, aa these are all equal, as well as the chords of 
the arcs, the triangles so formed are equal. Now the three 
interior angles of every triangle (Euc. 32, 1) are equal to two 
right angles or 180 degrees, and each of the angles at the cen- 
tre (302) is 60° ; therefore, calling the chord the base of each 
triangle, the two angles at the base are equal to 120°. But 
the angles at the base of an isosceles triangle are equal, (^Euc, 
5, 1)) therefore, each of the angles is 60°, and the triangles 
are equiangular, But equiangular triangles are also equilateral, 
(^Eiic. cor. 6, 1;) therefore, the side of the hexagon is equal to 
the radius of the circle in which it is inscribed. Hence we see 
that the radius of a circle is the chord of an arc of 60° mea- 
sured on its. circumference. 

587. An instrument, commonly of brass, for measuring or 
constructing angles, is made in the form of a quadrant or 
semicircle, with its perimeter or circular edge marked into the 
appropriate number of equal parts or degrees. This being 
placed with its central point at the point of the angle, and its 
diameter on one of the lines forming the angle, the number 
of degrees which is the measure of the angle is found on the 
perimeter, and marked or noted at the point where it is inter- 
sected by the other line, or through which the other line is to 
be drawn. Or, (586,) extend the compasses on the perimeter 
from 1° to 60°, and, having drawn a line with one foot of the 
compasses resting on the angular point or end of the line at 
which the angle is to be made, and the other beginning on the 
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line, describe an arc of sufficient length. Then extend the 
compasses on the perimeter of the sector, from 1^ to the re- 
quired number of degrees, and set off this distance from the 
line on the described arc, and through the point of section and 
the angular point, bj a ruler, draw a line which will form the 
required angle. 

588. To measure any angle of a rectilinear field : Set a 
stake within the angle, equidistant from either fence, and a 
straight pole with a small white flag at the same distance within 
the other extremity of each fence, or as far as it can be con- 
yenientlj seen. Then from the stake, in the direction of each 
pole, measure 60 links of Gunter's Chain, setting a small stick 
or brass rod at the farther extremity. Lastly, measure the 
distance in links across the angle, from one stick or rod to the 
other, which will give the number of degrees contained in the 
angle. Feet may be used instead of links. 

589. From the above we can easily describe a triangle equi- 
angular to a given triangle, namely, by constructing at the ex- 
tremities of any straight line two angles equal to the two at 
the base of the given triangle ; then because the three angles 
in each triangle are equal to two right angles, and if equals be 
taken from equals, the remainders are equal ; the third angle 
of the one is equal to the third angle of the other. In like 
manner also we may construct a rectilineal figure equiangular, 
and consequently similar, to a given rectilineal figure ; and thus 
the form of any piece of ground enclosed by straight lines 
may be plotted on paper, and its content found according to 
the measurement taken in the field by Gun tor's Chain or 
otherwise. (286 ) 

590. The divisions of Gunter's Chain are sometimes marked 
upon a piece of strong tape, which is painted white on both 
sides, well stretched, dried, and attached to a small roller. Al- 
lowing a foot or two, next the roller, which is not marked, 22 
yards are measured on the tape and neatly divided into 100 
equal parts by black lines. On the other side the divisions 
are feet and inches. This, which is called a tape-line, is a 
neat and exceedingly useful pocket instrument. 

591. To measure a four-sided field which is not rectangular : 
Let a, h, c, dy represent the field. Measure the distance 
from a to c, suppose 32 chains ; then to find the perpendicu- 
lars bg and dg, place in a line with ac and as nearly as 
possible opposite to a flagstaff at h, a straight pole, say 
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10 ft. long, having a centre-piece 8 
ft. long fixed at right angles, like a 
carpenter's square, (685,) which 
centre-piece may, with a plumb- 
line^ be held vertically. Move 
the pole towards a or c till the 
centre-piece is brought in a line 
with h ; mark the point g by set- 
ting a stick or rod, from which to 5 the perpendicular hg may 
be measured. In like mann"^ find and mark the point g and 
measure dg. 

Suppose hg = 14 chains and dq = 11 chains; then (583) 

Sq. Links. 

we have 3200 X 700 = 2240000 area of ahc, 

3200 X 550 = 1760000 area of triangle ode, 

40,00000 area of field, (286.) 

Hence we find that the field contains 40 acres. 

Or, measure the boundary lines and angles, plot the field on 
paper, and measure the other distances, taken from the paper, 
on a scale of equal parts, from which the content may be found 
as before. 

592. To construct a scale of equal parts : Draw 11 equi- 
distant horizontal lines. Crossing these at right angles, draw 
any number of equidistant lines, at pleasure, according to the 
length of the scale, at sufficient distance from each other to allow 
the space between the two right-hand lines to be divided into 
ten equal parts. Let these be marked by 9 equidistant points 
on the upper and also on the lower line. Then draw ten 
oblique lines, the first from the top of the last but one of the 
perpendicular lines to the first or nearest point on the lower 
line ; the second from the first point on the upper line to the 
second on the lower line, and so on to the tenth, which is 
drawn from the last of the 9 points on the upper line to the 
bottom of the last line of the scale. Then, beginning on the 
space next to that containing the oblique lines, number the 
spaces, by writing above them 1, 2, 8, &c., in succession, and 
the scale is complete. 

The student will see that in descending on any oblique line 
the space from the last but one of the perpendicular lines is 
increased by one hundredth ; therefore, to measure 5,36, wo 
extend the compasses on the upper line, with one foot on the 
nei^rest point on the left of the figure 5 to the third of the 
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9 points which we marked between the two right-hand lines ; 
this gives 5^3. Then, counting the upper line 1^ we descend 
with both feet of the compasses to the seventh line, and find 
that we must extend a little farther for the 6 hundredths. 

593. The three sides of a triangle being given to find the 
area : Find the difference between each side and half the sum 
of the sides ; multiply the three remainders together, and this 
product by the half sum : the square root of the last product 
is the area. 

What is the area of a triangle, the three sides of which mea- 
sure 35 ft., 27 ft., and 19 ft. ? Ans. 254,27 ft. nearly. 

a^ fi 594. Let the straight line bcy 

be bisected — that is, equally di- 
vided, in e — and on ec let there be 
a right-angled parallelogram aecdj 
and join ab and ac. 

Then it is plain (106) that any 
one of the triangles, ae6, aec, and 
adcy will coincide with each of the two others ; therefore, the 
parallelogram is double of the triangle upon the same base ec, 
and equal to the whole triangle ahc. 

But the area of the parallelogram is equal to the product 
ae yCec, hence the area of the triangle is found in multiply- 
ing its perpendicular height by half its base. 

595. If we suppose the circumference of a circle to be cut 
into equal parts, and radii to be drawn to the points of section, 
then if we join the points of section by straight lines, we shall 
form triangles having their common vertex* in the centre of 
the circle, and so much the more numerous as there shall be 
a greater number of parts in the circumference. Also the 
bases of these ^triangles will approach the circumference as 
they increase in number, and consequently the perpendicular 
height of each will approach the radius. The ultimatum or 
limit, therefore, with regard to the sum of the bases, suppos- 
ing the number infinite, is evidently the circumference itself, 
and hence the perpendicular height of each, the radius itself. 
Wherefore, the area of all the triangles — ^that is, the area of 
the circles— is (594) the product of the radius and half the cir- 
cumference. 

596. The exact ratio of the circumference of a. drole to its 



* Angular point opposite the base. 
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diameter cannot^ by any method hitberto discovered, be ex- 
actly expressed by numbers in the natural scale. 

The approximate value of this ratio given by Archimedes 

was \^, or as 3,142857 to 1, which is too great by rather more 
than ^^jj of the diameter. 

Adrian Metius gave the ratio |f |, or as 3,141592 -f- to 1, 
which is extremely near the truth, being too great by less than 
half a millionth of the diameter. 

Others, in modern times, have, with surprising assiduity, 
carried the approximation to 30, 100, and even upwards of 150 
places of decimals, the importance of which the student will 
easily discover thus: the ratio carried to 12 places is as 
3,141592653589 to 1, which is within a trillionth of the dia- 
meter. This, supposing the diameter of the globe we inhabit 
to be 7920 miles, gives the error in the circumference about 
the two-thousandth part of an inch. 

The diameter of a circle being given, to find the area : 

597. As the area (595) is equal to the radius multiplied by 
half the circumference, it is also equal to the diameter multi- 
plied by one-fourth of the circumference, which, supposing the 
diameter 1, is equal to ,785398 -|- or nearly ,7854. 

Now circles are to one another as the squares of their dia- 
meters, {Playfair\ Euc, 6, 1, sup. ;) therefore, 

As the square of 1 

To the square of the given diameter, 

So is ,7854 

To the required area. Hence the following Rule : Multiply 
the square of the given diameter by ,7854, or, if great accu- 
racy is required, by ,785398. 

What is the" area of the equatorial circle, supposing its dia- 
meter 7925 miles ? Ans, 49327537| square miles. ^ 

598. To find the circumference of a circle from its diameter : 
Multiply by 3,141592. 

To find the diameter from the circumference : Divide by 
3,141592, or father multiply by its reciprocal*, which is 
,31831 very nearly. 

599. If in a circle we draw two diameters at right angles to 
each other, and join their extremities, as there are four right- 
angles at the centre, the subtending arcs are equal and their 
chords equal. 

* 1-^3441692. 
37 
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Again, as the four triangles, the Bides of which arc radii and 
the base of each the chord of 90°, are right-angled and isos- 
celes, each angle at the base is half a right angle ; therefore, 
the angles of the inscribed figure are right angles, and, as its 
sides are equal, it is a square. Also the side of this square, 
which in each triangle is opposite to a right angle^ is the square 
root of twice the square or the radius. 

Now, the diameter being 1, the radius is ,5, and twice its 
► square is also ,5; and extracting the root, we have |/,5 = 
,707160678, the side of the square the diameter or diagonal 
of which is 1. ^ 

Hence it is evident that if we draw the diagonals of a square, 
and take the point of intersection as a centre and the distance 
from this point to one of the angular points of the square as 
a radius, the circle will pass through the other angles of the 
square and be described about the square. 

To find the side of the square inscribed in a given circle : 

600. Seeing that, when the diameter is 1, the side of the 
inscribed square is ,707160678 +> and (^Euc, 4, 6) that the 
sides about the equal angles of equiangular triangles are pro- 
portionals, we have the following proportion — 1 : the given 
diameter : : ,7071607 : the side of the inscribed square. 

Thus, if we find how large a square stick of timber can be 
hewn from a round one of 42 inches diameter at the smaller 
end, we have ,7071607 X 42 = 29,7 inches nearly. Hence 
the hewn stick will be 29,7 inches square. 

Or thus : the diameter of the given circle is also the diago- 
nal of the square and subtends the right angle of an isosceles 
triangle : therefore, its square is double of the square in- 
scribed in the circle, and hence the following rule : 

Square the diameter and take the square root of half the re- 
sult. Or rather : Multiply the diameter by its half and take 
the square root of the result. 

Thus, for the above stick of timber, we have 43 X 21 = 882, 
and |/882 = 29,7 inches very nearly. 

1. How large a square stick of timber can be hewn from a 
round one, the least diameter of which is 51 inches ? 

Ans. 36w^ + inches. 

2. Xhe side of a square inscribed in a circle is 200 feet ; 
what is the length of the arc which it subtends ? 

Ans. 222,1441 + feet. 
To choose a tree out of which a stick of timber of given di- 
mensions may be hewn : 
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601 . Frame together 3 pieces of lath in the form of a right- 
angled isosceles triaDgle, (585,) having a plumb-line attached 
to one of the sides containing the right angle. Then, holding 
one side Verticallj, the other is kept pointed towards the tree 
we wish to cut, and withdrawn from or approached to it, as 
nearly as possible on a level with its base, until, by taking sight 
from the lower end along the hypothenuse, some part of the 
tree is seen exactly in range, to which point, and no farther, 
we know that the tree is eligible. Then, because, in equian- 
gular triangles, sides about equal angles are proportionals, we 
measure from the eye to the base of the tree, which) allowance 
being made for cutting, is the length of the stick it will afford. 
Allow also, at ^ of the height of the tree, about | (in very 
tall forest timber ^) diminution in the diameter of the stick, 
from the smaller end of which the calculation is made. 

If we would have a beam 40 feet long and 20 inches square, 
then, supposing that we require a tree 120 ft, high, we pro- 
ceed thus : 20«==400 : then 400 X 2 = 800, and |/800 = 
•28,284 inches, diameter of stick at the smaller end, to which 
we add ^ of itself, and have 28,284 + 9,426 = 37,71 inches 
for the diameter, and consequently, 118,47 inches for the cir- 
cumference at the base. In measuring, this allowance is made 
for the bark. 

To find the side of the inscribed square from the circumfe- 
rence : 

602. Because the circumferences of all circles are equimul- 
tiples of their diameters, 1 : given diameter : : ,707160678 
or 3,141592 : given circumference : : ,707160678 : required 
side. Now ,707160678 h- 3,141592 = ,225096 +. Hence 
the Rule : Multiply the circumference (for timber, that of 
smaller end) by ,225096, or, in ordinary calculation, by ,2251. 

Thus, for the above stick, supposing the tree 118,47 inches 
at the base, subtracting | of this, we have 118,47 — 29,62 = 
88,85, and 88,85 X ,2251 = 20,000135 in. for the side of the 
required stick. 

1. A tree 150 feet high, allowance having been made for the 
bark, is 15 feet in circumference at the base : how large a 
stick 50 feet long may be hewn from it ? 

Ang. 32,41 + in. square. 

2. A tree is 90 feet high and 7 feet in circumference at the 
base : how large a stick 45 feet long can be hewn from it ? 

Ans. 11,82 — inches. 
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To find the side of an equilateral triangle inscribed in a 
given circle : 

603. If we draw the chord of double the arc subtended by 
the side of a hexagon, we have the side of an equilateral tri- 
angle inscribed in the circle. From one extremity of this 
side draw a diameter, and, by a straight line, join the other 
end with the other end of the diameter. The angle opposite 
the diameter, being in a semicircle, is (^Euc. 31, 3) a right 
angle. Now one of the sides containing this angle, being the 
chord of J of the circumference, is equal to the radius : we 
therefore subtract the square of the radius from the square of 
the diameter, and extract the square root of the result. Thus, 
the diameter being 1, we have 

12 _ ^52 ^ 1 _ ^25 = ,75, and ^,75 == ,8660254 +. 

Then, because the sides about the equal angles of equiangu- 
lar triangles are proportionals, 1 : diameter of any circle : : 
,8660254 : the side of an equilateral triangle inscribed in that 
circle. Hence the rule : Multiply the diameter by ,8660254. 

Hequired the side of an equilateral triangle inscribed in a 
circle of 3 feet diameter. Ans. 2,598 -f- feet. 

To find the side of a square equal to a given circle : 

604. When the diameter is 1, the area (597) is 
,785398163397. The square root of this, which is, 886227, 
is therefore the side of an equal square. 

Now, to find the square equal to any other circle, because 
the circles are to each other as the squares of their diameters, 
and also as their equal squares, the squares of the diameters 
(411) are to each other as the equal squares. But (414) 
when four squares are proportionals, their roots are propor- 
tional : therefore, 1 : diam.- of any circle : : ,886227 : side of 
equal square. Hence the Rule : Multiply the given diameter 
by ,886227. 

Suppose the diameter of a circle to be 7920 miles : what is 
the side of an equal square ? Ans. 7018,92 — miles. 

605. The cylinder is a solid figure generated by the revolu- 
tion of a parallelogram about one of its sides, which remains 
fixed. Hence its bases or ends are equal circles. 

To find the convex surface of a cylinder : 
Multiply the circumference of one end by the length of the 
cylinder. 

1. How many square yards of paper will cover the wall of 
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a circular room, the diameter of the room being 18 ft. 10 in, 
and its height 12 ft. 8 in. ? Ans. 249| +. 

To find the solidity of a cylinder : 

Multiply the area of one of the ends by the length. 

2. What is the content of the above room in cubic yards ? 

Ans. 130,69 +. 

606. The sphere is a solid figure generated by the revolu- 
tion of a semicircle about its diameter, which remains fixed. 

To find the surface of a sphere : 

Multiply the circumference of the circle, of which the re- 
volving semicircle is one-half, which circle is called a great 
circle of the sphere, by its diameter, called also the diameter 
or axis of the sphere. Or multiply the square of the dia- 
meter by 3,141692. 

This surface is equal to the convex surface of a cylinder, 
the base of which is a great circle of the sphere, and its height 
the diameter of the sphere. 

1. What is the number of square miles of land on the sur- 
face of the globe, allowing | of the whole surface to be water^i 
the mean diameter being 7920 miles ? 

Ans. 78824302,5715 -f . 

To find the solidity of a sphere : 

Cube the diameter and multiply by ,5236. 

2. What is the content of the earth in cubic miles ? 

Ans. 260120860876,8. 

607. Spheres are to one another as the cubes of their 
diameters. 

1. How many balls of pure gold, one inch in diameter, can 
be made from one ball of the same metal, the diameter of 
which is 80 inches ? Ans. 512000. 

2. What is the comparative size of two oranges, the mean 
diameter of one of which is 3| inches, and that of the other 
5^ inches? 

Ans. The larger orange is 3| times the size of the smaller. 

608. The cone is a solid figure generated by the revolution 
of a right-angled triangle about one of the sides containing 
the ^ight angk. 

To find the slant surface of a cone : 

Multiply the circumference of the base by half the slant 
height. 

37* 
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1. Wbat is the slant surface of a cone, the diameter of the 
base of which is 25 ft. 6 in.; and the perpendicular height 
76 ft. 3 in."? Ans. 3057,12 + sq. feet. 

609. The pyramid is a solid, having for its base any rec- 
tilineal figure, and is such that if it be cut by a plane 
parallel to the base, the section presents a figure similar to 
the base, though smaller as it recedes from it, till, like the 
cone, the pyramid ends in a point, called the vertex, or 
summit. 

To find the solidity of a pyramid or cone : 
Multiply the area of the base by one third of the perpendi- 
cular height. 

2. What is the solidity of the cone in the preceding exam- 
ple ? Ans. 12810,22 — cubic feet. 

3. Kequired the solidity of a pyramid 100 ft. high, having 
for its base a hexagon, the side of which is 10 feet. 

Ans. 8660| -|- cubic feet. 

610. When a pyramid or cone is cut by a plane parallel to 
the base, the upper part is still a pyramid or cone, and the 
lower part is called a frusrfum. 

To find the area of the frustrum of a cone : 

To the product of the diameters of the ends add one-third 
of the square of the difference of those diameters. Multiply 
the sum by ,7854, and this product by the height. This 
may be applied to the measurement of round timber. 

When the frustrum is a tub or other vessel, the content of 
which is required in wine gallons, of 231 cubic inches, with 
" all the dimensions taken in inches, we proceed as above, ex- 
cept that, instead of multipl3ring by ,7854 and dividing by 
231, we perform both these operations in simply multiplying 
by ,0034. 

What is the content of a tub, in wine gallons, the inside 
diameter at the bottom being 8 feet, at the top 14 feet, and 
the height 10 feet ? Ans. 7285,248. 

To find the content of stone masonry : 

611. Find the content of the wall in cubic feet and divide 
by 22^ for the content in perches. Or, when the wall is 1^ 
feet thick, multiply the length in feet by the height in feet, 
and divide the product by 15 for the content in perches of 
22^ c. ft. 



" . # MENSURATION. 489 

Examples. 

1. What is the cost of enclosing, with a stone wall, 10 ft. 
high, and 1^ ft. thick, an acre of ground, in the form of a 
square, at ?2^ per perch of 22| cubic feet ? 

Side of square, 208 ft. 8^ in. ] thickness of wall, 1 ft. 6 in. ; 
then 210 ft. U in. X 4 = 840 ft. 10 in. = 840^* ft. .= ^045, 
whole length. e ff ^ 

Then, by the Rule, Ao^is x 10 X 1^ -^ 22^ :— Or 
6 0^4 6. X j_fi. X 3 X f^ = ^-V-S. = 560,5 perches. 
Or thus, -^-Y^- X {^ = -^ V- = ^60,5 P., content : then 

560,6 X 2^ = 140,138 X 10 =$1401,38 = $1401,39, the 
required cost. ^ 

2. Required the cost, at the same rate, of enclosing with a 
wall, similar to the above, a square lot containing 100 acres. 

Ans. $13914,02+. 

612. Bricks are generally sold and laid by the thousand. 
The thickness of a brick, allowance being made for cement, is 
about 2^ inches, and its width half its length, the latter being 
usually considered about 9 inches. This length, or rather its 
half, is the unit for measuring the thickness of brick walls : 
thus a wall is said to be 41 in., 9 in., 13 in., 18 in., 22 in., &c., 
according to the number of half-lengths of brick which it con- 
tains : hence we say that a 9-inch wall is one brick thick ; a 
13inch wall, 1^ bricks ; an 18-inch wall, 2 bricks thick, &c. 

To find the content of brick-work. 

The number of bricks used in building a wall is found by 
counting the number of courses and the number of bricks in 
each course. Builders and jobbers, however, in making esti- 
mates, as well as in finding the content of their work, fre- 
quently use the following Rule : — Find the superficies of the 
wall in square feet and multiply it by 14 for every length of 
brick in the thickness. 

Uxamples, i 

1 . How many bricks will be required to build an 18-inch 
wall, 16 ft. high, round a garden, containing 2 J acres, in the 
form of a square, and what will it cost at the rate of $4^ per 
thousand ? Ans. 594048 bricks, and the cost $2672,216. 

2. The other conditions being as above, how many bricks 
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will be required and wliat will be the cost, supposing the length 
of the garden equal to twice its breadth ? 

Ans. 629920 brickS; and tne cost 82884,64. 

For circular work, 

613. Take the diameter of the outer circle in feet, multiply 
by 81416, and that product by the depth or height, taken also 
in feet, which will give the surface of the curb or wall in square 
feet. Then multiply this area by 7 for every half-length of 
brick in the thickness. 

£/xamples. 

1. How many bricks are required to build the wall of a 
circular cistern 10 ft. in diameter and 12 feet deep, tHe wall 
being 18 in. ? 

3,1416 X 10 X 12 = 376,992, outer surface of wall ; then, 
376,992 X 21 = 7916,832 or 7917, Answer. 

2. How many bricks are there in a 4^-in. curb, the diameter 
of which is 5 ft. and the depth 80 ft. ? 

Ans. 8298,68 or 3299, 
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42069 


43362 


43755 


44148 


44540 


44931 


393 


111 


45323 


45714 


40105 


46495 


46S85 
50766 


47275 


47664 


48053 


48442 


48830 


390 


112 


49218 


49606 


49993 


50380 


61152 


51638 


61924 


52309 


52694 


386 


113 


53078 


53463 


53846 


54-230 


54613 


64996 


65378 


66760 


66142 


56524 


383 


114 


56905 


572S6 


57666 


58046 


68426 


58805 


89185 


59563 


59942 


60320 


379 


115 


60698 


61075 


61452 


61829 


62206 


62582 


62958 


6333;j 


63709 


64083 


376 


116 


64458 


64832 


65206 


Q55S0 


65953 


66326 


66699 


67071 


67443 


67814 


373 


117 


68186 


68557 


68928 


69298 


69C68 


70038 


70407 


70776 


71145 


71614 


370 


118 


71882 


' 72250 


72617 


729S5 


73352 


73718 


74085 


74451 


74816 


75182 


366 


119 


75547 


75912 


76276 


76640 


77004 


77368 


77731 


78094 


78457 


78819 


363 


120 


79181 


79543 


79904 


80206 


80626 


80987 


81347 


81707 


82067 


82426 


360 


121 


82785 


83144 


83503 


83861 


84219 


84576 


84934 


85291 


85647 


86004 


357 


122 


86360 


86716 


87071 


87426 


87781 


88136 


88490 


88845 


89198 


89552 


355 


123 


89905 


90258 


90611 


90963 


91315 


91667 


92018 


92.370 


92721 


93071 


352 


124 


93422 


93772 


94122 


94471 


94820 


95169 


95618 


95866 


96215 


96562 


349 


125 


96910 


97257 


97604 


97951 


9S297 


98644 


98990 


99335 


99681 


100026 


346 


126 


100370 


100716 


101059 


101-103 


101747 


102091) 


102434 


102777 


103119 


03462 


343 


127 


03804 


04146 


04487 


04828 


05169 


05510 


05851 


06191 


06531 


06870 


341 


128 


07210 


07549 


07888 


08227 


08565 


08903 


09241 


09578 


09916 


10253 


338 


129 


10590 


10926 


11262 


11698 


11934 


12270 


12005 


12940 


13275 


13609 


335 


130 


13943 


14277 


14611 


14944 


16278 


16610 


15943 


16-2T6 


16608 


16940 


'332 


131 


17271 


17603 


17934 


18266 


18595 


18920 


19256 


19586 


19915 


20245 


330 


132 


20574 


20903 


21231 


21660 


21888 


22216 


22543 


22871 


23198 


23525 


328 


133 


23852 


24178 


24504 


24830 


25156 


26481 


26806 


26131 


26456 


26781 325 


134 


27105 


27429 


27752 


28076 


28399 


2S722 


2D046 


29368 


29690 


30012 823 


135 


30334 


30655 


30977 


31298 


31619 


31939 


32260 


32680 


32900 


33219 


321 


136 


33539 


33858 


34177 


34496 


34814 


35133 


35461 


35768 


36086 


36403 


318 


137 


36721 


37037 


37354 


37670 


37987 


38303 


88618 


38934 


39249 


39564 


316 


138 


39879 


40194 


40508 


40822 


41136 


41460 


41763 


42076 


42389 


42702 


314 


139 


43015 


43327 


43639 


43951 


44263 


44574 


44886 


45196 


45607 


45818 


311 


140 


46128 


46438 


46748 


47058 


47367 


47676 


47986 


48294 


48603 


48911 


309 


141 


49219 


49527 


49835 


50142 


50449 


60756 


61063 


51370 


61676 


51982 


307 


142 


52288 


52594 


52900 


53205 


63510 


53815 


54119 


64424 


54728 


65032 


305 


143, 


55336 


55640 


55943 


66246 


66549 


66852 


57164 


57467 


67759 


68061 


303 


144 


58362 


58664 


68965 


59266 


59607 


69S68 


60168 


60468 


60769 


61068 


300 


145 


61368 


61667 


61967 


62266 


62564 


62863 


63161 


63460 


63757 


64055 


298 ' 


146 


64353 


64650 


64947 


66244 


65641 


66S38 


66134 


66430 


66726 


67022- 


296 


147 


67317 


67013 


67908 


68203 


68497 


68792 


69086 


69380 


69674 


69968 


294 


148 


70262 


70555 


70848 


71141 


71434 


71726 


72019 


72311 


72603 


72895 


292 


149 


73186 


73478 


73769 


74060 


74351 


74641 


74932 


75222 


75512 


75802 


290 


150 


76091 


76381 


76670 


76959 


77248 


77636 


77825 


78113 


78401 


78689 


288 


151 


78977 


79264 


79552 


79839 


80126 


80413 


80699 


80986 


81272 


81558 


287 


152 


81844 


82129 


82415 


82700 


82986 


83270 


83564 


83839 


84123 


84407 


285 


153 


84691 


84975 


85259 


85642 


85826 


86108 


86391 


86674 


86956 


87239 


283 


154 


87621 


87803 


88084 


88366 


886-47 


88928 


89209 


89490 


89771 


90051 


281 


156 


90.3:32 


90612 


90892 


91171 


91451 


91730 


92010 


92289 


92567 


92846 


279 


150 


93125 


93403 


93681 


98959 


94237 


94614 


94792 


95069 


96346 


96623 


278 


157 


95900 


90176 


96462 


96729 


97006 


97281 


97556 


97832 


98107 


98382 


276 


158 


98657 


98932 


99206 


99481 


99765 


200029 


200303 


200577 


200850 


201124 


274 


159 


201397 


201670 


201943 


202216 


202488 


02761 


03033 


03306 


03677 


03848 


272 





1 


2 


3 


4 


6 


6 


7 


8 


9 
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A TABLB Of LOGARITHMS. 



No. 1600-2200. 

i 






Log. 204120-842423. 1 


No. 
160 





1 


2 3 


4 6 


6 


7 


8 





Diff. 


20412U 


2U4391 


2046C2 204933 2l'62U4 


206475 206745 


206016 


2002861206556 


271 


161 


06826 


07005 


07366 


07634 


07903 


08172 


08441 


08710 


08978 


09247 


2f9 


162 


09616 


09783 


10061 


10318 


10586 


10^^53 


11120 


11388 


11654 


11921 


267 


163 


12188 


12454 


12720 


12986 


13252 


13518 


13783 


14049 


14314 


14579 


266 


104 


14844 


16109 


15373 


16<i38 


15902 


16166 


16430 


16694 


16967 


17221 


264 


166 


174S4 


17747 


18010 


18273 


18536 


18798 


19060 


19:^22 


19584 


19846 


262 


166 


20108 


20370 


20631 


2>892 


21153 


21414 


21675 


21936 


22196 


22456 


261 


167 


22716 


22976 


23236 


23406 


23765 


24015 


24274 


24533 


24792 


25051 


259 


168 


26309 


26568 


26826 


26084 


26342 


26600 


20858 


27116 


27372 


27(30 


258 


169 


27887 


28144 


28400 


28667 


28913 


29170 


29426 


29682 


29938 


30193 


256 


170 


30449 


30704 


30960 


31215 


31470 


3171i4 


31979 


32233 


32488 


82742 


2f5 


171 


82996 


33260 


33604 


33757 


a4011 


34264 


84517 


84770 


35028 


3527r 253 


172 


36628 


35781 


36033 


36285 


36637 


36789 


37041 


37292 


37544 


377r.5|262 


173 


,38046 


38297 


38548 


38799 


39049 


39299 


39550 


39800 


40050 


40300 


260 


174 


40649 


40799 


4104S 


41297 


41646 


41795 


42044 


42298 


42541 


42790 


249 


176 


43028 


43286 


43534 


43782 


44030 


44277 


44524 


44772 


45019 


45266 


247 


176 


45513 


45769 


46006 


46252 


46499 


'46746 


46991 


47236 


47482 


47728 


216 


177 


47973 


48219 


484C4 


48709 


48954 


49198 


49443 


49887 


49932 


60176 


245 


178 


60420 


50664 


60908 


51151 


51395 


61638 


51881 


62125 


52367 


52610 


248 


179 


62863 


63096 


63338 


53580 


63822 


64064 


64306 


54548 


54790 


56031 


242 


180 


55273 


55514 


55755 


56996 


66236 


. 6C477 


66718 


66958 


67198 


57439 


241 


181 


67679 


57918 


58158 


68398 


58637 


58877 


59116 


59355 


69594 


69833 


239 


182 


60071 


60310 


60548 


60787 


61025 


61263 


61501 


61738 


61976 


62214 


238 


183 


62451 


62688 


62925 


63162 


63399 


63636 


63873 


64109 


64345 


64682 


237 


184 


64818 


65054 


6&290 


65525 


6.^761 


65996 


66232 


66467 


66702 


66937 


•236 


186 


67172 


67406 


67641 


67875 


68110 


68344 


68578 


68812 


69046 


69279 


234 


186 


69513 


69746 


69980 


70213 


70446 


70679 


70912 


71144 


71877 


71609 


233 


187 


71842 


72074 


72306 


72538 


72770 


73001 


73233 


73464 


78696 


73927 


232 


188 


74158 


74389 


74620 


74850 


75081 


75311 


75542 


75772 


76002 


76232 


230 


189 


76462 


76691 


76921 


77151 


77380 


77609 


77838 


78067 


78296 


78525 


229 


190 


78754 


78982 


79210 


79439 


79667 


79S96 


80123 


80361 


80578 


80806 


228 


101 


81033 


81261 


81488 


81715 


81942 


82169 


82895 


82622 


82840 


83075 


227 


192 


83301 


83527 


83763 


83979 


84206 


84431 


84656 


84882 


85107 


85332 


•226 


193 


85557 


85782 


86007 


86232 


8G456 


86681 


86906 


87180 


87864 


87678 


•25 


194 


87802 


88025 


88249 


88473 


88606 


88920 


89143 


89366 


89589 


89812 


223 


196 


90036 


90267 


90480 


90702 


90925 


91147 


91369 


91591 


91818 


92034 


222 


196 


92266 


92478 


92099 


92920 


93141 


03363 


93583 


93804 


94026 


04246 


221 


197 


94466 


94687 


94907 


95127 


95347 


05567 


95787 


96007 


06226 


06446 


220 


198 


96666 


96834 


97104 


97323 


97542 


97761 


97979 


98198 


98416 


08635 


210 


199 


98853 


99071 


99289 


99507 


99725 


99943 


300161 


300878 


300596 


300813 


218 


200 


301030 


301247 


301464 


301681 


301898 


302114 


02331 


02647 


02764 


02080 


217 


201 


03196 


03412 


03828 


03844 


04059 


04276 


04491 


04706 


04921 


05186 


216 


202 


05351 


05666 


05781 


05996 


06211 


06425 


06639 


06854 


07068 


07282 


214 


203 


07496 


07710 


07924 


08137 


08351 


08564 


08778 


08991 


09204 


09417 


218 


204 


09630 


09843 


10056 


, 10268 


10481 


10693 


10906 


11118 


11330 


11542 


212 


206 


11754 


11966 


12177 


12389 


12600 


12812 


13023 


18234 


13446 


13656 


211 


206 


188ffr 


14078 


14289 


14499 


14710 


14920 


15130 


15340 


15550 


15760 


210 


207 


15970 


16180 


16390 


16599 


16809 


17018 


17227 


17436 


17615 


17854 


209 


208 


18063 


18272 


18481 


18689 


18898 


19106 


19314 


19522 


19780 


19938 


208 


209 


20146 


20354 


20662 


20769 


20977 


21184 


21391 


21598 


21805 


22012 


207 


210 


22219 


22426 


22633 


22839 


23046 


23262 


23468 


28666 


28871 


24077 


206 


211 


24282 


24488 


24694 


24899 


25105 


26310 


25616 


25721 


25926 


26131 


205 


212 


26336 


26541 


26745 


26960 


27156 


27359 


27563 


27767 


27072 


28176 


204 


: 213 


28380 


28583 


28787 


28991 


29194 


29398 


29601 


20805 


80008 


80211 


203 


214 


30414 


30617 


30819 


31022 


31225 


81427 


81630 


81882 


32034 


82236 


202 


216 


32438 


32640 


32842 


83044 


33246 


88447 


88649 


83850 


34061 


84258 


202 


216 


34454 


34666 


34866 


35056 


35257 


35458 


85658 


86850 


86050 


86260 


201 


217 


36460 


36660 


36860 


37060 


37260 


87459 


87669 


87858 


88058 


88267 


200 


218 


38456 


38666 


88865 


39064 


39253 


39451 


89650 


89840 


40047 


40246 


190 


219 


40444 


40642 


40841 


41039 


41237 


51436 


41682 


41880 


42028 


42226 


198 





1 


2 3 


4 5 1 


6 


7 


8 






A TABtB 01' LOQABTTHHS. 
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No. 2200-2800. 












Log. 342423-447168. 


No. 
320 





1 


2 


3 


4 


6 


6 


7 


8 


9 


Diff. 
197 


342423 


342620 


842817 


343014 


343212 


843409 


343606 


343802 


843999 


844196 


221 


44392 


44589 


44785 


44981 


46178 


46374 


45670 


45706 


45962 


46167 


196 


222 


46353 


46549 


46744 


46939 


47136 


47330 


47526 


47720 


47915 


48110 


196 


223 


48305 


48500 


48694 


48889 


49083 


49278 


49472 


49666 


49800 


50054 


194 


224 


50248 


50442 


60636 


60829 


61023 


61216 


61410 


61603 


51796 


51989 


193 


225 


52182 


52375 


62668 


62761 


52954 


63147 


63339 


53532 


63724 


63916 


198 


226 


54108 


54301 


64493 


64685 


64876 


65068 


66260 


65452 


65643 


66834 


192 


227 


56026 


56217 


66408 


66699 


66790 


66981 


67172 


67363 


67654 


57744 


191 


228 


57935 


58125 


68316 


58606 


68098 


68886 


69076 


6926C 


69456 


69646 


190 


229 


59835 


60025 


00216 


60404 


80693 


60783 


00972 


61161 


61360 


81689 


189 


230 


61728 


61917 


62106 


02294 


62482 


02671 


02869 


03048 


63230 


08424 


188 


231 


63612 


63800 


03988 


04176 


64363 


64551 


04739 


04920 


66113 


05301 


188 


232 


65488 


65675 


66862 


86049 


06236 


66423 


06610 


66796 


66983 


67169 


187 


233 


67366 


67542 


67729 


67915 


68101 


68287 


08473 


68659 


68844 


69030 


186 


234 


69216 


69401 


69587 


69772 


69958 


70143 


70328 


70513 


70698 


70883 


186 


235 


71068 


71263 


71437 


71622 


71808 


71991 


72175 


72360 


72544 


72728 


184 


230 


72912 


73096 


73280 


73464 


73647 


73831 


74016 


74198 


74382 


74565 


184 


237 


74748 


74932 


76116 


75298 


75481 


75664 


75846 


76029 


76212 


78394 


183 


238 


76577 


76759 


76942 


77124 


77308 


77488 


77670 


77862 


78034 


78216 


182 


239 


78398 


78580 


78761 


78943 


79124 


79306 


79487 


79688 


79849 


80030 


181 


240 


80211 


80392 


80673 


80764 


80934 


81116 


81296 


81476 


81656 


81837 


181 


241 


82017 


82197 


82377 


82667 


82737 


82917 


83097 


83277 


83466 


83636 


180 


242 


83815 


83995 


84174 


84363 


84533 


84712 


84891 


85070 


85249 


86428 


179 


243 


85606 


85786 


85964 


86142 


86321 


86499 


86677 


86856 


87034 


87212 


178 


244 


87390 


87588 


87746 


87923 


88101 


88279 


88456 


88684 


88811 


88989 


178 


245 


89166 


89343 


89620 


80697 


89875 


90051 


90228 


90405 


90582 


90759 


177 


240 


90935 


91112 


91288 


914&4 


91641 


91817 


91993 


92169 


92345 


92521 


176 


247 


92697 


92873 


93048 


93224 


93400 


93575 


93751 


93926 


94101 


94277 


178 


248 


94452 


94627 


94802 


94977 


96152 


95326 


95501 


95676 


95850 


96026 


176 


249 


96199 


96374 


96648 


96722 


96896 


97071 


97245 


97418 


97502 


97706 


174 


250 


97940 


98114 


98287 


08461 


98634 


08808 


98981 


99164 


99327 


99601 


173 


251 


99674 


99847 


400020 


400192 


400365 


400538 


400711 


400883 


401066 


401228 


178 


252 


401400 


401673 


01746 


01917 


02089 


02261 


02433 


02605 


02777 


02949 


172 


253 


03120 


03292 


03464 


03636 


0S807 


03978 


04149 


01320 


04492 


04663 


171 


254 


04834 


05006 


05176 


06346 


05617 


05688 


05858 


06029 


06199 


06370 


171 


255 


06540 


06710 


06881 


07061 


07221 


07391 


07661 


07731 


07900 


08070 


170 


256 


08240 


08410 


08579 


08749 


08918 


09087 


09257 


09426 


09595 


09764 


169 


257 


09933 


10102 


10271 


10440 


10608 


10777 


10946 


11114 


11283 


11461 


169 


258 


11620 


11788 


11956 


12124 


12292 


12460 


12628 


12796 


12964 


18132 


168 


259 


13300 


13467 


13636 


13802 


13970 


14137 


14305 


14472 


14639 


14808 


167 


280 


14973 


16140 


16307 


15474 


16641 


15808 


16974 


16141 


16308 


16474 


107 


261 


16640 


16807 


16973 


17139 


17306 


17472 


17088 


17804 


17970 


18136 


100 


262 


18301 


18467 


18633 


18798 


18964 


19129 


19296 


19460 


19626 


19791 


106 


283 


19966 


20121 


20286 


20461 


20616 


20781 


20946 


21110 


21276 


21439 


166 


2&4 


21604 


21768 


21933 


22097 


22261 


22426 


22590 


22784 


22918 


23082 


104 


265 


23246 


23410 


23573 


23737 


23901 


24084 


24228 


24392 


24666 


24718 


164 


266 


24882 


26045 


26208 


26371 


26634 


25697 


25800 


26023 


26186 


26840 


188 


207 


26511 


26674 


26836 


26999 


27161 


27324 


27486 


27648 


27811 


27973 


162 


26^ 


28135 


28297 


28469 


28621 


28782 


28944 


29106 


29268 


29429 


29691 


162 


'2m 


29752 


29914 


30075 


30236 


30398 


30659 


80720 


80881 


81042 


81203 


161 


270 


31364 


31525 


31686 


31846 


82007 


82187 


32328 


32488 


82049 


82809 


160 


271 


32969 


33129 


88290 


83450 


83610 


83770 


83<>30 


84090 


84249 


84409 


160 


272 


34669 


34728 


34888 


86048 


85207 


35306 


36526 


86686 


36844 


36008 


169 


273 


36163 


36322 


86481 


36640 


86798 


86967 


87110 


87276 


87488 


87692 


169 


274 


,37751 
39333 


37909 


38067 


88228 


88384 


38542 


88700 


88869 


89017 


89176 


168 


275 


89491 


39648 


89806 


39964 


40122 


40279 


40437 


40694 


40762 


168 


276 


40309 


41066 


41224 


41381 


41638 


41895 


41862 


42009 


42106 


42323 


167 


277 


42480 


42636 


42793 


42950 


43106 


43268 


43419 


48676 


43782 


43888 


167 


278 


44045 


44201 


44367 


44613 


44669 


44826 


44981 


46187 


46293 


46448 


166 


279 


45604 


46760 


46916 


46071 


46226 


46382 


40637 


48692 


46848 


47003 


166 





1 


2 


3 


4 


5 





7 • 


8 


9 



444 



'A TABLE OF LOQABITHMS. 



Mo. 8800-3400. 








Log. 447158^631479. 


No 

280 


0. 


1 


2 


3 


4 


5 


6 7 1 8 


9 


Diff. 


447158 


447313 


447468 


447623 


447778 


4479:33 


448088 


448242 


448397 


448552 


156 


281 


48706 


48861 


49016 


49170 


49324 


49478 


49»533 


49787 


49941 


50095 


154 


282 


50249 


5<>403 


60557 


50711 


50866 


61018 


61172 


51326 


51479 


61633 


154 


283 


61786 


61940 


52093 


62247 


62400 


62563 


52706 


52859 


63012 


63166 


153 


2S4 


6331» 


63471 


63624 


63777 


63930 


54082 


64236 


64387 


54540 


64692 


153 


285 


54845 


64997 


65149 


65302 


65454 


55606 


66768 


56910 


66062 


66214 


152 


286 


66366 


66518 


56670 


66821 


66973 


571-25 


57276 


57428 


67679 


67730 


152 


287 


67882 


68033 


68184 


68336 


68487 


58638 


68789 


68940 


69091 


59-242 


151 


288 


69392 


69543 


69694 


69845 


69995 


60146 


60296 


60447 


60597 


60747 


151 


289 


60898 


61048 


61198 


61348 


61498 


61649 


61799 


61948 


62098 


62248 


150 


290 


62398 


62548 


62697 


62847 


62997 


63146 


63206 


63446 


63594 


63744 


150 


291 


63893 


64042 


64191 


64340 


64489 


64639 


64787 


64936 


66086 


66234 


149 


292 


65383 


66532 


66680 


66829 


65977 


66126 


66274 


66423 


66671 


66719 


149 


293 


66868 


67016 


67164 


67312 


67460 


67608 


67766 


67904 


68062 


68200 


148 


294 


68347 


68495 


68643 


68790 


68938 


69086 


69233 


69380 


69527 


60675 


148 


295 


60822 


69969 


70116 


70263 


70410 


70567 


70704 


70851 


70998 


71145 


147 


296 


71292 


71438 


71585 


71732 


71878 


72026 


72171 


72317 


724G4 


7-2610 


147 


297 


72756 


72903 


73049 


73195 


73341 


73487 


73633 


7S779 


73026 


74070 


146 


298 


74216 


74362 


74508 


74663 


74799 


74944 


76090 


75236 


75381 


75526 


146 


299 


76671 


75816 


76962 


76107 


76252 


76397 


76642 


76687 


76832 


76976 


145 


300 


77121 


77266 


77411 


77565 


77700 


77844 


77989 


78133 


78278 


78422 


146 


301 


78566 


78711 


78855 


78999 


79143 


79287 


79431 


79676 


79719 


79863 


144 


302 


80007 


80151 


80294 


80438 


80582 


80726 


80869 


81012 


81156 


81299 


144 


303 


81443 


81686 


81729 


81872 


82016 


82159 


82302 


82416 


82588 


82731 


143 


304 


82874 


83016 


83159 


83302 


83445 


83587 


83730 


83872 


84015 


84157 


143 


305 


84300 


84442 


84684 


84727 


84S69 


85011 


85163 


85296 


85437 


85679 


142 


306 


85721 


86863 


86005 


86147 


86289 


86430 


86672 


86714 


86865 


86997 


142 


307 


87138 


87280 


87421 


87563 


87704 


87846 


87986 


88127 


88269 


88410 


141 


308 


88561 


88692 


88833 


88973 


89114 


89265 


89398 


89537 


89677 


89818 


141 


309 


89968 


90099 


902S9 


90380 


90620 


90661 


90801 


90941 


91081 


91222 


140 


310 


91362 


91602 


91642 


9H82 


91922 


92062 


92201 


92341 


92481 


92621 


140 


811 


92760 


92900 


93040 


93179 


93319 


93468 


93697 


93737 


93876 


94015 


139 


312 


94155 


94294 


94433 


94572 


94711 


94860 


94989 


06128 


95267 


95406 


139 


313 


95544 


95688 


95822 


95960 


96099 


96237 


96376 


96514 


96653 


96791 


139 


314 


96930 


97068 


97206 


. 97344 


97482 


97621 


97769 


97897 


98036 


98173 


138 


815 


98311 


98448 


98586 


98724 


98862 


98999 


99137 


99276 


99412 


99550 


138 


316 


99687 


99824 


99962 


600099 


600236 


600374 


600611 


600648 


600785 


5009-22 


137 


317 


601069 


601196 


601333 


01470 


01607 


01744 


01880 


02017 


02154 


02290 


137 


318 


01W27 


02664 


02700 


02837 


02973 


03109 


03246 


03382 


03518 


03654- 


136 


819 


03791 


03927 


04063 


04199 


04336 


04471 


04607 


04743 


04878 


06014 


136 


320 


05150 


05286 


05421 


05557 


06692 


05828 


06963 


06099 


06234 


06370 


136 


321 


06605 


06640 


06775 


06911 


07046 


07181 


07316 


07461 


07586 


07721 


136 


322 


07856 


07991 


08126 


08260 


08395 


08630 


08664 


08799 


08933 


09068 


135 


323 


09202 


09337 


09471 


09606 


09740 


09874 


10008 


10143 


10277 


10411 


134 


824 


10546 


10679 


10813 


10947 


11081 


11215 


11348 


11482 


11616 


11750 


134 


325 


11883 


12017 


12160 


12284 


12417 


12561 


12684 


12818 


12961 


13084 


133 


326 


13218 


13361 


13484 


13617 


13750 


13883 


14016 


14149 


14282 


14415 


133 


327 


14548 


14680 


14813 


14946 


16079 


15211 


15344 


16470 


16609 


15741 


133 


328 


16874 


16006 


16139 


16271 


16403 


16536 


16668 


16800 


16932 


17064 


132 


329 


17196 


17328 


17460 


17592 


17724 


17866 


17987 


18119 


18261 


18382 


132 


330 


18614 


18646 


18777 


18909 


19040 


19171 


19303 


19434 


19666 


19697 


131 


331 


19828 


19959 


20090 


20221 


20362 


20483 


20614 


20745 


20876 


21007 


131 


332 


21138 


21269 


21400 


21530 


21661 


21792 


21922 


22053 


22183 


22314 


131 


333 


22444 


22575 


22705 


22835 


22966 


23096 


23226 


23366 


23486 


23616 


130 


334 


23746 


23876 


24006 


24136 


24266 


24396 


24526 


24666 


24786 


24915 


130 


336 


25046 


25174 


26304 


25434 


25563 


25693 


25822 


26951 


26081 


26210 


'129 


336 


26339 


26468 


26598 


26727 


26856 


2nPS5 


27114 


27243 


27372 


27501 


129 


837 


27630 


27759 


27888 


28016 


28145 


28274 


28402 


28531 


28660 


28788 


129 


338 


28917 


29045 


29174 


29302 


29430 


29559 


29687 


29S16 


29943 


30072 


128 


839 


30200 


30328 


30456 


305S4 


30712 


30840 


30968 


31095 


31223 


31351 


128 





1 


2 


3 


4 


6 6 


7 i 8 






A TABLE OF LOGARITHMS. 



445 



No. 3400-4000. 










Log. 531479-602060. 


No. 
340 





1 


2 


3 


4 


6 


6 


7 


8 


^ 9 


Diff. 
128 


531479' 


531607 


531734 


531862 


531990 


632117 


532245 


532372 


532500 


532027 


34L 


32754 


32882 


3.'M)09 


33136 


38263 


33391 


83518 


33645 


33772 


33899 


127 


342 


34020 


34153 


34280 


34407 


34534 


34601 


34787 


34914 


36041 


36167 


127 


343 


35294 


35421 


35647 


35674 


36800 


36927 


36053 


36179 


36306 


36432 


126 


344 


36568 


36685 


36811 


36937 


37063 


37189 


37315 


37441 


37567 


37693 


126 


345 


37819 


37946 


88071 


38197 


38322 


38448 


38574 


38699 


38826 


38951 


128 


346 


39076 


39202 


39327 


39452 


39578 


39703 


39829 


39954 


40079 


40204 


126 


347 


40329 


40466 


40580 


40705 


40830 


40955 


41080 


41206 


41330 


41464 


126 


348 


41579 


41704 


41829 


41953 


42078 


42203 


42327 


42452 


42576 


42701 


126 


349 


42825 


42950 


43074 


43199 


43323 


43447 


43571 


43096 


43820 


43944 


124 


350 


44068 


44192 


44316 


44440 


44564 


44688 


44812 


44936 


45060 


45183 


124 


351 


45307 


45431 


45564 


45678 


45802 


45925 


4G049 


46172 


46-29() 


46419 


124 


352 


46543 


4H666 


46789 


46913 


47036 


47159 


47282 


47405 


47529 


47652 


123 


353 


47776 


47898 


48021 


48144 


48266 


4S389 


48512 


48635 


48758 


48881 


123 


354 


49003 


49126 


49249 


49371 


49494 


49616 


49739 


498G1 


499S4 


50106 


123 


355 


50228 


60351 


50473 


60595 


50717 


50840 


50962 


51084 


51206 


51328 


122 


356 


61460 


61572 


61694 


61816 


61938 


62059 


52181 


62303 


52426 


62546 


122 


357 


52668 


52790 


62911 


63033 


63154 


63276 


63398 


58519 


63640 


63762 


121 


358 


53883 


54004 


64126 


54247 


64368 


54489 


64610 


64731 


64852 


64973 


121 


359 


65094 


65215 


65336 


65457 


65678 


66690 


66820 


65940 


66061 


66182 


121 


360 


56302 


66423 


66644 


66664 


66786 


66906 


57026 


67146 


67267 


67387 


120 


361 


57507 


67627 


57748 


67867 


67988 


68108 


68228 


68348 


68469 


58589 


120 


362 


58709 


58829 


58948 


69068 


59188 


69308 


69428 


69548 


69667 


59787 


120 


363 


59907 


60026 


60146 


60266 


60386 


60504 


60624 


60743 


60863 


60982 


119 


304 


61101 


61221 


61340 


61459 


61578 


61698 


61817 


61936 


62055 


62174 


119 


365 


62293 


62412 


62631 


62660 


62769 


62887 


63006 


63125 


63244 


83362 


119 


366 


63481 


63600 


63718 


63837 


63955 


64074 


64192 


MSll 


84429 


64548 


119 


367 


64666 


64784 


64903 


65021 


66139 


65257 


68376 


66494 


66612 


66730 


118 


368 


65848 


65966 


66084 


66202 


66320 


66437 


66555. 


66673 


66791 


86909 


118 


369 


67026 


67144 


67262 


67379 


67497 


67614 


67732 


67849 


67967 


68084 


118 


370 


68202 


68319 


68436 


68664 


68671 


68788 


68905 


69023 


60140 


69267 


117 


371 


69374 


69491 


69608 


69725 


69842 


69959 


70076 


70193 


70309 


70426 


117 


372 


70543 


70680 


70776 


70893 


71010 


71126 


71243 


71359 


71476 


71592 


117 


373 


71709 


71825 


71942 


72058 


72174 


72291 


72407 


72623 


72639 


72755 


118 


374 


72872 


72988 


73104 


73220 


73336 


73452 


73568 


73684 


73800 


73916 


118 


375 


74031 


74147 


74263 


74379 


74494 


74610 


74726 


74841 


74957 


75072 


118 


376 


75188 


75303 


75419 


75534 


75660 


76766 


75880 


75996 


76111 


76226 


116 


377 


76341 


76467 


76572 


76687 


76802 


76917 


77032 


77147 


77262 


77377 


116 


378 


77492 


77607 


77721 


77836 


77951 


78066 


78181 


78295 


78410 


78526 


116 


879 


78639 


78764 


78868 


78988 


79097 


79212 


79326 


79441 


79555 


79669 


114 


380 


79784 


79898 


80012 


80126 


80240 


80366 


80469 


80683 


80697 


80811 


114 


381 


80925 


81039 


81153 


81267 


81381 


81495 


81608 


81722 


81836 


81960 


114 


382 


82063 


82177 


82291 


82404 


82518 


82631 


82745 


82858 


8-2972 


83085 


114 


383 


83199 


83312 


83426 


83539 


83662 


83765 


83879 


83992 


84106 


84218 


113 


384 


84331 


84444 


84567 


84670 


84783 


84896 


85009 


85122 


85235 


85348 


113 


385 


85461 


86574 


85686 


86799 


86912 


86024 


86137 


86260 


86362 


86476 


113 


386 


86587 


86700 


86812 


86925 


87037 


87149 


87262 


87374 


87486 


87599 


112 


387 


87711 


87823 


87935 


88047 


88160 


88272 


88384 


88496 


88008 


88720 


112 


388 


88832 


88944 


89056 


89167 


89279 


89391 


89603 


89616 


89726 


89838 


112 


389 


89960 


90061 


90173 


90284 


90396 


90507 


90619 


90730 


90842 


90953 


112 


390 


91065 


9n76 


91287 


91399 


91610 


91621 


91732 


91843 


91955 


92066 


111 


391 


92177 


92288 


92399 


92610 


92621 


92732 


92843 


92954 


93064 


93175 


111 


392 


93286 


93397 


93508 


93618 


93729 


93840 


93950 


94061 


94171 


94282 


111 


393 


94393 


945a3 


04613 


94724 


94834 


^ 94946 


95056 


95165 


95276 


95386 


110 


394 


95496 


96606 


95717 


96827 


96937 


96047 


96167 


96267 


96377 


96487 


110 


395 


96597 


96707 


96817 


96927 


97037 


97146 


97266 


97366 


97476 


97685 


110 


396 


97695 


97806 


97914 


98024 


98134 


98243 


98353 


98462 


98572 


98681 


110 


397 


98790 


98900 


99009 


99119 


99228 


99337 


99446 


99556 


99665 


99774 


109 


398 


99883 


99992 


600101 


600210 


600319 


600428 


800537 


600646 


600755 


600884 


109 


399 


600973 


601082 


01190 


01299 


01408 


01617 


01625 


01734 


01843 


01951 


109 





1 


2 


8 


4 


5 





7 


8 


9 



38 
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A TABLE OP LOQAKITHBIS. 



j No. 4000-4600. 

1 






Log. G02060-662758. 


No. 





1 2 


3 4 


5 


6 


7 1 8 


9 


Diff. 
108 


400 


tiO20tiU 


602169 602277 


602386 602494 


602603 


60-2711 


602819 


602928 


603036 


401 


03144 


03253 


03361 


03469 


03577 


03686 


03794 


03902 


04010 


04118 


108 


402 


0422t5 


04334 


04442 


04550 


04658 


04766 


04874 


04982 


06089 


05197 


108 


403 


Ob?JOb 


05413 


055-21 


05628 


05736 


06844 


05951 


06059 


06166 


06-274 i 108 1 


.404 


06381 


00489 


. 06596 


06704 


06811 


06919 


07026 


07133 


07241 07348,107 


405 


07455 


07562 


07669 


07777 


07884 


07991 


08098 


08236 


08312 0841 9h07 


406 


08526 


08633 


08740 


08847 


08954 


09061 


09167 


09274 


09381 


094?8)107 


407 


09594 


09701 


09808 


09914 


10021 


10128 


10234 


10341 


10447 


10554 107 


408 


10660 


10767 


10873 


10979 


11086 


11192 


11238 


11405 


11611 


11617:106 


409 


11723 


11829 


11936 


12042 


12148 


12254 


12360 


12466 


12572 


126781106 


410 


12784 


12890 


12996 


13101 


13207 


13313 


13419 


13525 


13630 


13736! 106 


411 


13842 


13947 


14053 


14159 


14264 


14370 


14476 


14581 


14686 


14792! 106 


412 


14897 


15003 


15108 


15213 


15319 


16424 


16529 


15634 


15740 


15845 105 


413 


15950 


16055 


16160 


16266 


16370 


16475 


16580 


16685 


16790 


16895 105 


414 


17000 


17105 


17210 


17315 


17420 


17524 


17629 


17734 


17839 


17943 105 


415 


18048 


18153 


18257 


18362 


18466 


18671 


18675 


18780 


18884 


18989 


106 


416 


19093 


19198 


19302 


19406 


19511 


19615 


19719 


19823 


19928 


20032 


104 


417 


20136 


20240 


20344 


20448 


20552 


20666 


20760 


20864 


20968 


21072 


104 


418 


21176 


21280 


21384 


21488 


21592 


21695 


21799 


21903 


22007 


22110 


104 


419 


22214 


22318 


22421 


22525 


22628 


22732 


22835 


22939 


23042 


23146 


104 


420 


23249 


23363 


23456 


23550 


23663 


23766 


23869 


23972 


24076 


24179 


103 


421 


242S2 


24385 


24488 


24691 


24694 


24798 


24901 


26004 


26107 


25209 


103 


422 


25312 


25415 


25518 


25621 


25724 


25827 


25929 


26032 


26136 


26238 


103 


423 


26340 


26443 


26546 


26648 


26751 


26864 


26956 


27058 


27161 


27263 


103 


424 


27366 


27468 


27571 


27673 


27776 


27878 


27980 


28082 


28184 


28287 


102 


425 


28389 


28491 


28593 


28695 


28797 


28900 


29002 


29104 


29206 


29308 


102 


426 


29410 


29511 


29613 


29715 


29817 


29919 


30021 


30123 


30224 


30326 


102 


427 


30428 


30530 


30631 


30733 


30834 


30936 


31038 


31139 


31241 


31342 102 


428 


31444 


31545 


31647 


31748 


31849 


31951 


32052 


32163 


3-2255 


32356 101 


429 


32457 


32558 


32660 


32761 


32862 


32963 


33064 


38165 


33-266 


33367 


101 


430 


33468 


33569 


33670 


33771 


33872 


33973 


84074 


34175 


34276 


34376 


101 


4:n 


34477 


34578 


34679 


34779 


34880 


34981 


35081 


35182 


35283 


35383 101 1 


432 


36484 


35584 


35685 


35785 


36886 


35986 


86086 


36187 


36287 


36388 


100 


433 


36488 


36588 


36688 


36789 


86889 


36989 


37089 


37189 


37289 


37390 


100 


434 


37490 


37590 


37690 


37790 


37890 


37990 


38090 


38190 


38289 


38389 


IGO 


435 


3S489 


38589 


38689 


38789 


38888 


38988 


39088 


39188 


39287 


39387 


100 


436 


39486 


39586 


39686 


39785 


39885 


39984 


40084 


40183 


40283 


40382 


99 


437 


40481 


40581 


40680 


40779 


40879 


40978 


41077 


41176 


41276 


41375 


99 


438 


41474 


41573 


41672 


41771 


41870 


41970 


42069 


42168 


42267 


42366 


99 


439 


424f34 


42563 


^42662 


42761 


42860 


42959 


43058 


43156 


43255 


43364 


99 


440 


43453 


43561 


43650 


43749 


43847 


43946 


44044 


44143 


44242 


44340 


98 


441 


4-4439 


44537 


44636 


44734 


44832 


44931 


45029 


45127 


45226 


45324 


98 


442 


45422 


45620 


45619 


45717 


45815 


45913 


46011 


46109 


46208 


46306 


98 


443 


46404 


4fi502 


46600 


46698 


46796 


46894 


46991 


47089 


47187 


472S5 


s*8 


444 


47383 


47481 


47679 


47676 


47774 


47872 


47969 


48067 


48165 


48262 


38 


445 


48360 


48458 


48556 


48653 


48750 


48848 


48945 


49043 


49140 


40237 


97 


446 


49335 


49432 


49530 


49627 


49724 


49821 


49919 


50016 


60113 


50210 


97 


447 


50307 


50406 


60502 


50599 


50696 


60793 


60890 


50987 


51084 


51181 


97 


448 


51278 


61375 


51472 


61669 


61666 


51762 


51859 


51956 


52053 


52160 


97 


449 


62246 


62343 


62440 


52536 


52633 


62730 


52826 


52923 


53019 


53116 


97 


450 


53213 


53309 


63405 


63502 


53598 


53696 


53791 


53888 


63984 


64080 


96 


451 


5417'0 


54273 


64369 


64465 


54562 


54658 


64764 


64860 


54946 


65042 


96 


452 


651.38 


55234 


65331 


66427 


65523 


55619 


55714 


65810 


65906 


66002 


96 


453 


56098 


66194 


66290 


56386 


66481 


66577 


56673 


56769 


56864 


669G0 


96 


454 


57056 


57151 


57247 


57343 


67438 


67534 


57629 


57725 


578-20 


57916 


9S 


455 


58011 


58107 


58202 


58298 


68393 


58488 


58684 


58679 


58774 


58870 


95 


456 


58965 


59060 


59155 


69250 


59346 


59441 


69536 


59631 


59726 


69821 


95 


457 


59916 


60011 


60106 


60201 


60296 


60391 


60486 


60681 


60676 


60771 


95 


458 


60865 


60960 


61055 


61150 


61245 


61339 


61434 


61529 


61623 


61718 


95 


450 


61813 


61907 


62002 


62096 


62191 


62285 


62380 


62474 


62669 


62663 


95 





1 


2 


3 


4 


5 


6 


7 


8 9 



A TABLE OF LOQAAITHMS. 



4^17 



No. 4600-6200. Log. 662758-716003. 


No. 

460 





1 


2 


3 


4 


5 


6 


7 


8 


9 


Diff. 
94 


662768 


662852 


662947 


663041 


663135 


663230 


663324 


663418 


663512 


663607 


461 


63701 


63795 


63889 


63983 


64078 


64172 


64266 


64360 


64454 


64548 


94 


462 


61&42 


64736 


64830 


64924 


65018 


65112 


65206 


66299 


65393 


65487 


94 


463 


65581 


65675 


65769 


65862 


65956 


66050 


66143 


66237 


66331 


66424 


94 


464 


66518 


66612 


66706 


66799 


66892 


66986 


67079 


67173 


67266 


67359 


94 


465 


67453 


67546 


67640 


67733 


67826 


67920 


68013 


68106 


68199 


68293 


93 


466 


68386 


68479 


68672 


68665 


68768 


68852 


68945 


69038 


69131 


69224 


93 


467 


69317 


69410 


69503 


69596 


69689 


69782 


69875 


69907 


70060 


701.53 


93 


468 


70246 


70339 


70431 


70524 


70617 


70710 


70802 


70895 


70988 


71080 


93 


469 


71173 


71266 


71358 


71451 


71643 


71636 


71728 


71821 


71913 


72005 


93 


470 


72098 


72190 


72283 


72375 


72467 


72560 


72662 


72744 


72836 


72929 


92 


471 


73021 


73113 


73205 


73297 


73390 


73482 


73574 


73666 


73758 


73850 


92 


472 


73942 


74034 


74126 


74218 


74310 


74402 


74494 


74586 


74677 


74769 


92 


473 


74861 


74953 


75045 


75136 


75228 


75320 


.75412 


75503 


76595 


75687 


92 


474 


75778 


75870 


75962 


76053 


76145 


76236 


76328 


76419 


76511 


76602 


92 


476 


76694 


76785 


76876 


76968 


77059 


77151 


77242 


77333 


77424 


77516 


91 


476 


77607 


77698 


77789 


77881 


77972 


78063 


78154 


78245 


78336 


78427 


91 


477 


78618 


78609 


78700 


78791 


78882 


78973 


79064 


79155 


79246 


79337 


91 


478 


79428 


79519 


79610 


79700 


79791 


79882 


79973 


80063 


80154 


80245 


91 


479 


80336 


80426 


80517 


80607 


80698 


80789 


80879 


80970 


81060 


81151 


91 


480 


81241 


81832 


81421^ 


81513 


81603 


81693 


81784 


81874 


81984 


82055 


90 


481 


82145 


82235 


82326 


82416 


82506 


82596 


82686 


82777 


82867 


82957 


90 


482 


83047 


83137 


83227 


83317 


83407 


83497 


83587 


83677 


83767 


83857 


90 


483 


83947 


84037 


84127 


84217 


84307 


84396 


84486 


84576 


84666 


84756 


90 


484 


84845 


84935 


85025 


85114 


85204 


85294 


85383 


85473 


85563 


85652 


90 


486 


85742 


85831 


85921 


86010 


86100 


86189 


86279 


86368 


86457 


86547 


89 


486 


86636 


86726 


86815 


86904 


86994 


87083 


87172 


87261 


87361 


87440 


89 


487 


87629 


87618 


87707 


87796 


87886 


87975 


88064 


88163 


88242 


88331 


89 


488 


88420 


88509 


88598 


88687 


88776 


88865 


88953 


89042 


89131 


80220 


89 


489 


89309 


89398 


89486 


89575 


89664 


89763 


89841 


89930 


90019 


90107 


89 


490 


90196 


90285 


90373 


90462 


90550 


90639 


90727 


90816 


90905 


90993 


89 


491 


91081 


91170 


91258 


91347 


91435 


91524 


91612 


91700 


91789 


91877 


88 


492 


91965 


92053 


92142 


92230 


92:n8 


92406 


92494 


92583 


92671 


92759 


88 


493 


92847 


92936 


93023 


93111 


93199 


93287 


93375 


93463 


93551 


93639 


88 


494 


93727 


93815 


93903 


93991 


94078 


94166 


94254 


94342 


944.30 


94517 


88 


495 


94605 


94693 


94781 


94868 


94956 


95044 


95131 


95219 


95307 


95394 


88 


496 


95482 


95569 


96657 


95744 


95S32 


95919 


96007 


96094 


96182 


96269 


87 


497 


96356 


96444 


96531 


96618 


96706 


96793 


96880 


96968 


97055 


97142 


87 


498 


97229 


97317 


97404 


97491 


97578 


97665 


97752 


97839 


97926 


98013 


87 


499 


98100 


98188 


98275 


98362 


98448 


98535 


98622 


98709 


98796 


98883 


87 


500 


98970 


99057 


99144 


99231 


99317 


99404 


99491 


99578 


99664 


99751 


87 


601 


99838 


99924 


700011 


700098 


700184 


700271 


700358 


700444 


700531 


700617 


87 


602 


700704 


700790 


00877 


00963 


01050 


01136 


01222 


01309 


01395 


01482 


86 


603 


01568 


01654 


01741 


01827 


01913 


01999 


02086 


02172 


02258 


02344 


86 


604 


02430 


02517 


02603 


02689 


02775 


02861 


02947 


03033 


03119 


03205 


86 


605 


03291 


03377 


03463 


03549 


03635 


03721 


03807 


03893 


03979 


04066 


86 


606 


04160 


04236 


04322 


04408 


04494 


04579 


04665 


04751 


04837 


04922 


86 


507 


05008 


05094 


05179 


05265 


05350 


05436 


05522 


05607 


05693 


06778 


86 


608 


05864 


05949 


06035 


06120 


06206 


06291 


06376 


06462 


06547 


06632 


86 


609 


06718 


06803 


06888 


06974 


07059 


07144 


07229 


07315 


07400 


07485 


86 


610 


07670 


07655 


07740 


07826 


07911 


07996 


08081 


08166 


08251 


08336 


86 


611 


08421 


08506 


08591 


0867G 


08761 


08846 


08931 


09015 


09100 


09186 


86 


612 


09270 


09365 


09440 


09524 


09609 


09694 


09779 


09S63 


09948 


10033 


85 


613 


10117 


10202 


10287 


10371 


10456 


10540 


10625 


10710 


10794 


10879 


85 


514 


10963 


11048 


11132 


11216 


11301 


11385 


11470 


11554 


11638 


11723 


84 


515 


11807 


11892 


11976 


12060 


12144 


12229 


12313 


12397 


12481 


12568 


84 


616 


12660 


12734 


12818 


12902 


12986 


13070 


13164 


13238 


13322 


13406 


84 


617 


13490 


13574 


13658 


13742 


13826 


13910 


13994 


14078 


14162 


14246 


84 


618 


14330 


14414 


14497 


14581 


14665 


14749 


14832 


14916 


15000 


15084 


84 


619 


15167 


15251 


15335 


15418 


15502 


15586 


15669 


15753 


15836 


16920 


84 





1 


2 


3 


. 4 


6 


6 


7 8 


9 





448 



A TABI.E or LOOARITHMS. 



No. 6300-6800. 








Log. 716003-7r»3428. 


No. 

620 





1 


2 


3 


4 


6 


6 


7 


8 


9 


Diff. 
83 


71ti003 


716087 


716170 


716264 


716337 


716421 


716604 


716688 


716671 


716764 


621 


16838 


16921 


17004 


17088 


17171 


17264 


17338 


17421 


17604 


17587 


83 


522 


17671 


17754 


17887 


17920 


18003 


18086 


18169 


18263 


18336 


18419 


83 


623 


18602 


18585 


18668 


18761 


18834 


18917 


19000 


19083 


19166 


19248 


83 


624 


19331 


19414 


19497 


19580 


19663 


19745 


19828 


19911 


10994 


20077 


83 


625 


20169 


20242 


20325 


20407 


20490 


20573 


20656 


20738 


20821 


20903 


83 


626 


20986 


21068 


21151 


21233 


21316 


21398 


21481 


21563 


21G46 


21728 


82 


527 


21811 


21893 


21975 


22058 


22140 


22222 


22306 


22387 


22469 


22562 


82 


628 


22634 


22716 


22798 


22881 


22963 


23045 


23127 


23200 


23291 


23374 


82 


629 


23456 


23638 


23C20 


23702 


23784 


23866 


23948 


24030 


24112 


24194 


82 


530 


24276 


24358 


24440 


24522 


24603 


24685 


24767 


24849 


24981 


26013 


82 


631 


25095 


25176 


25258 


25340 


26422 


25503 


26586 


26667 


26748 


25830 


82 


682 


. 26912 


25993 


26075 


26156 


26238 


26320 


26401 


26483 


26664 


26646 


82 


633 


26727 


26809 


26890 


26972 


27053 


27134 


27216 


27297 


27379 


27460 


81 


634 


27641 


27623 


27704 


27786 


27866 


27948 


28029 


28110 


28101 


28273 


81 


635 


28354 


28435 


28516 


28597 


28078 


28769 


28841 


28922 


29003 


29084 


81 


636 


29165 


29246 


29327 


29408 


29489 


29570 


29651 


29732 


29813 


29893 


81 


637 


29974 


30055 


30136 


30217 


30298 


30378 


30459 


30640 


80621 


30702 


81 


538 


30782 


30863 


30944 


31024 


31105 


31186 


31266 


31347 


31428 


31508 


81 


639 


31589 


31669 


31760 


31830 


31911 


31991 


32072 


32162 


32233 


82318 


81 


640 


32394 


32474 


32565 


32635 


32715 


82796 


32876 


82966 


33037 


33117 


80 


641 


33197 


33278 


33358 


33438 


33518 


3359S 


33679 


33759 


33839 


33919 


80 


642 


33999 


34079 


34159 


34240 


34320 


34400 


34480 


34660 


34640 34720 


80 


643 


34800 


34880 


34960 


35040 


36120 


35200 


36279 


36359 


35439 


35519 


80 


644 


35599 


35679 


35759 


35838 


35918 


36998 


36078 


36157 


86237 


36317 


80 


645 


36396 


36476 


36556 


36635 


36715 


36795 


36874 


36954 


37034 


37113 


80 


646 


87193 


37272 


37352 


37431 


37511 


37590 


37670 


37749 


37829 


37908 


79 


647 


37987 


38067 


38146 


38226 


38305 


38384 


38463 


38543 


38622 


38701 


79 


648 


38781 


38860 


38939 


39018 


39097 


39177 


39266 


39335 


39414 


39493 


79 


649 


39572 


39651 


39730 


39810 


39889 


39968 


40047 


40126 


40205 


40284 


79 


660 


40363 


40442 


40521 


40699 


40678 


40757 


40836 


40915 


40994 


41073 


79 


661 


, 41152 


41230 


41309 


41388 


41467 


41546 


41624 


41703 


41782 


41860 


79 


652 


41939 


42018 


42096 


42175 


42254 


42.332 


42411 


42489 


42568 


42647 


79 


663 


42726 


42804 


42882 


42961 


43039 


43118 


43196 


43275 


43353 


43431 


78 


654 


43510 


43588 


43667 


43745 


43823 


43902 


43980 


44058 


44136 


44215 


78 


565 


44293 


44371 


44449 


44528 


44606 


44684 


44762 


44840 


44919 


44997 


78 


556 


46075 


45153 


45-231 


45309 


45387 


45465 


45543 


45621 


45699 


45777 


78 


657 


46856 


45933 


46011 


46089 


46167 


46245 


46323 


46401 


46479 


46656 


78 


658 


46634 


46712 


46790 


46868 


46945 


47023 


47101 


47179 


47256 


47334 


78 


669 


47412 


47489 


47567 


47645 


47722 


47800 


47878 


47956 


48033 


48110 


78 


660 


48188 


48266 


48343 


48421 


48498 


48576 


48653 


48731 


48808 


48886 


77 


661 


48963 


49040 


49118 


49195 


49272 


49350 


49427 


49504 


49582 


49659 


77 


662 


49736 


49814 


49891 


49968 


50045 


50123 


50200 


60277 


60364 


50431 


77 


663 


60508 


50586 


50663 


50740 


50817 


50894 


60971 


51048 


61125 


51202 


77 


661 


51279 


51356 


51433 


51510 


61587 


51664 


61741 


61818 


61895 


51972 


77 


665 


62048 


52125 


52202 


52279 


62356 


52433 


62509 


52586 


62663 


52740 


77 


566 


62816 


52898 


62970 


53047 


63123 


63200 


63277 


53353 


63430 


53506 


77 


567 


53583 


536C0 


53736 


63813 


53889 


63966 


64042 


64119 


54195 


54272 


77 


668 


64348 


54425 


54501 


64578 


64654 


64730 


54807 


54883 


64960 


65036 


76 


660 


55112 


55189 


55265 


65341 


65417 


65494 


55570 


66C40 


66722 


55799 


76 


670 


65875 


55951 


50027 


66103 


66180 


66266 


66832 


66408 


56484 


66560 


76 


671 


56636 


56712 


66788 


66864 


56940 


67016 


67092 


67168 


67244 


67320 


76 


672 


57396 


67472 


67548 


57624 


57700 


67775 


67851 


67927 


68003 


58079 


76 


673 


68155 


68230 


58306 


68382 


58468 


68533 


68609 


68686 


58761 


58836 


76 


674 


68912 


58988 


59063 


59139 


69214 


69290 


69366 


69441 


59517 


69592 


76 


675 


69668 


59743 


59819 


69894 


69970 


60046 


60121 


60196 


60272 


60347 


75 


676 


60422 


6049S 


60573 


60649 


60724 


60799 


60875 


60950 


61026 


61101 


76 


677 


61176 


61251 


61326 


61402 


61477 


61552 


61627 


61702 


61778 


61853 


75 


678 


61928 


62003 


62078 


62153 


62228 


62303 


62378 


62453 


62529 


62604 


76 


679 


62679 


62754 


62829 


62904 


62978 


63053 


63128 


63203 G3278 


63353 


76 





1 


2 


3 


4 


6 


6 


7 8 


9 



A TABLE or LOOARITHMS. 



449 



No. 6800-6400. Log. 768428-806180. 


No. 

5«0 





1 


2 


3 


4 


5 


6' 


7 


8 


9 


DIff. 
76 


763428 


763503 


703578 


763663 


763727 


763802 


703877 


763952 


764027 


764101 


581 


64176 


64251 


64326 


64400 


64475 


64550 


64624 


64699 


64774 


64848 


76 


682 


64923 


64998 


65072 


66147 


65221 


66296 


65370 


65445 


65520 


65594 


76 


683 


65669 


65743 


65818 


66892 


65966 


66041 


66115 


66190 


66264 


66338 


74 


584 


66413 


66487 


6r662 


60636 


66710 


68785 


6€869 


66933 


67007 


67082 


74 


6S.T 


67156 


67230 


67o04 


67379 


67453 


67527 


67601 


67675 


67749 


678-23 


74 


6S6 


67898 


67972 


68046 


68120 


68194 


68268 


68342 


68416 


68490 


88564 


74 


687 


6S638 


68712 


68786 


68860 


68934 


69008 


69082 


69156 


69230 


69303 


74 


5«8 


69J77 


69451 


09525 


69599 


60673 


69746 


60820 


69894 


69968 


70042 


74 


589 


7U115 


70189 


70263 


70336 


70410 


70484 


70557 


70631 


70706 


70778 


74 


59 T 


70S52 


70926 


70999 


71073 


71146 


71220 


71293 


71367 


71440 


71514 


74 


591 


71587 


71661 


71734 


71808 


71881 


71955 


72028 


72102 


72175 


7-2248 


73 


592 


7-23J2 


72395 


72468 


72542 


W615 


72688 


72762 


72835 


72908 


7-2981 


73 


593 


730.05 


73128 


73-201 


73274 


73348 


73421 


73494 


73567 


73640 


73713 


73 


6M 


73786 


73S60 


73933 


74006 


74079 


74152 


74225 


74298 


74371 


74444 


73 


595 


74517 


74590 


74663 


74736 


74809 


74882 


74955 


75028 


75100 


75173 


73 


59r^ 


75246 


75319 


75392 


76465 


75638 


75610 


75683 


75756 


75829 


75902 


73 


697 


76974 


76047 


76120 


76193 


76266 


76338 


76411 


76483 


76558 


766-29 


73 


698 


76701 


76774 


76846 


76919 


76992 


77064 


77137 


77209 


77282 


77364 


73 


599 


77427 


77499 


77672 


77644 


77717 


77789 


77862 


77934 


78006 


78079 


73 


600 78151 


78224 


78296 


78368 


78441 


78513 


78585 


78658 


78730 


78802 


72 


601 


78874 


78947 


79019 


79091 


79163 


79236 


79308 


79380 


79452 


79524 


72 


602 


79596 


79669 


79741 


79813 


79885 


79957 


800-29 


80101 


80173 


80245 


72 


603 


8U317 


80389 


80461 


80533 


80605 


80677 


80749 


80821 


80893 


80965 


72 


604 


81037 


81109 


81181 


81253 


81324 


81306 


81468 


81540 


81612 


81684 


72 


605 


81756 


81827 


81899 


81971 


82042 


82114 


82186 


82-268 


823-29 


82401 


72 


606 


82473 


82544 


82616 


82688 


82769 


82831 


82902 


82974 


83046 


83117 


72 


607 


83189 


83260 


83332 


83403 


83476 


83546 


83618 


83689 


83761 


83832 


71 


608 


83904 


83976 


84046 


84118 


84189 


84261 


84332 


84403 


84476 


84546 


71 


609 


84017 


84689 


84760 


84831 


84902 


84974 


85045 


85116 


85187 


86269 


71 


610 


85330 


85401 


86472 


86543 


85615 


86686 


86757 


86828 


86899 


85970 


71 


611 


86041 


86112 


86183 


86254 


86325 


86396 


86467 


86638 


86609 


86680 


71 


612 


86751 


86822 


86893 


86964 


87035 


87106 


87177 


87248 


87319 


87390 


71 


61,'} 


87460 


87531 


87602 


87673 


87744 


87815 


87885 


87956 


88027 


88098 


71 


614 


88168 


88239 


88310 


88381 


88451 


88522 


88593 


88663 


88734 


88804 


71 


615 


88876 


88946 


89016 


89087 


89157 


89228 


89299 


89369 


89440 


89510 


71 


616 


89581 


89651 


89722 


89792 


89863 


89933 


90004 


90074 


90144 


90215 


70 


617 


90285 


90356 


90426 


90496 


90567 


90637 


90707 


90778 


90848 


90918 


70 


618 


90988 


91059 


91129 


91199 


91269 


91340 


91410 


> 91480 


91550 


91620 


70 


619 


91691 


91761 


91831 


91901 


91971 


92041 


92111 


92181 


9'2'252 


92322 


70 


6-20 


92392 


92462 


92632 


92602 


92672 


92742 


92812 


92882 


92952 


93022 


70 


621 


93092 


93162 


93231 


93301 


93371 


93441 


93511 


93581 


93651 


93721 


70 


622 


93790 


93860 


93930 


94000 


94070 


94139 


94209 


94279 


94349 


94418 


70 


1 623 


94488 


94568 


94627 


94697 


94767 


94836 


94906 


94976 


95045 


95115 


70 


624 


95185 


95264 


95324 


95393 


95463 


95532 


95602 


95671 


96741 


95811 


69 


625 


958S0 


95949 


96019 


96088 


96158 


962-27 


90297 


96366 


96436 


96505 


69 


620 


9i>574 


96644 


96713 


96782 


96852 


96921 


96990 


97060 


971-29 


97198 


69 


627 


97268 


97337 


97406 


97475 


97545 


97614 


97683 


97762 


97821 


97890 


69 


628 


97960 


98029 


98098 


98167 


98236 


98305 


98374 


93443 


98612 


98582 


69 


62J 


9S651 


98720 


98789 


98858 


98927 


98996 


99065 


99134 


99-203 


99272 


69 


630 


99341 


99409 


99478 


99547 


99616 


99686 


99754 


99823 


99892 


99961 


69 


631 


800029 


800098 


800167 


800236 


800305 


800373 


800442 


800511 


800580 


800648 


69 


632 


00717 


00786 


00864 


00923 


00992 


01060 


011-29 


01198 


01286 


01335 


60 


633 


01404 


01472 


01541 


01609 


01678 


01747 


01815 


01884 


01952 


02021 


69 


631 


02089 


02158 


02226 


02295 


02363 


02432 


02500 


02568 


02C37 


02705 


68 


635 


02774 


02842 


02910 


02979 


03047 


03116 


03184 


03-252 


03321 


03389 


68 


636 


03467 


03525 


03594 


03662 


03730 


03798 


03867 


03935 


04003 


04071 


68 


637 


04139 


04208 


04276 


04344 


04412 


04480 


04648 


04616 


04685 


04753 


68 


638 


04821 


04889 


04957 


06025 


05093 


05161 


052-29 


05297 


05365 


05433 


68 


639 


05501 


06569 


05637 


06705 


06773 


05841 


06908 


05976 


06044 


06112 
9 


68 





1 


2 


3 


4 


6 


6 


7 
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A TABLE OF LOOAKITHHS. 



l\(l 


. 6400-7 


000. 


Log. 806180-845098. 




Nil 

640 





1 


2 


3 


4 


5 


6 


7 8 9 


Diflf. 
68 




801)1n0 


806248 


806316;S0(>384 


806451 


806519 


806687 


806655 


806723 


80679C 




Ml 


06S5S 


06926 


0C934 


07061 


07129 


07197 


07264 


07332 


07400 


07467 


68 




612 


075C5 


076(t3 


07670 


07738 


07806 


07873 


07941 


08008 


08076 


0814{i 


68 




64i 


08211 


08279 


08346 


08414 


08481 


08549 


08616 


08684 


08751 


C8818 


68 




644 


0S8S6 


08953 


09021 


09088 


09156 


09223 


09290 


09358 


09425 


09492 


67 




645 


09560 


09627 


09694 


09762 


09829 


09896 


09964 


10031 


10098 


10165 


67 




64''i 


10-233 


10300 


10367 


104:U 


10601 


10560 


10636 


10?03 


107-70 


10837 


67 




647 


10904 


10971 


11038 


11106 


11173 


11240 


11307 


11374 


11441 


11508 


67 




648 


11575 


11642 


11709 


11776 


11843 


11910 


11977 


12044 


12111 


12178 


67 




649 


12245 


12312 


12378 


12445 


12512 


12579. 


12646 


12713 


12780 


12847 


67 




650 


12913 


12980 


13047 


13114 


13181 


13247 


13314 


13381 


13448 


13514 


67 




651 


13581 


13648 


13714 


137S1 


13848 


13914 


13981 


14048 


14114 


14181 


67 




652 


14248 


14314 


14381 


14447 


14514 


14581 


14(^47 


14714 


14780 


14847 


67 




653 


14913 


14980 


15046 


15113 


15179 


15248 


15312 


15378 


15445 


15511 


66 




654 


15578 


15044 


15711 


15777 


15843 


1/,910 


6976 


16042 


10109 


16175 


66 




655 


16241 


i6;:os 


16374 


16U0 


16506 


16573 


16639 


16705 


16771 


16838 


66 




65H 


16004 


ir.970 


17036 


17102 


17169 


17235 


17301 


17367 


17433 


17499 


66 




667 


17oB5 


17631 


17698 


177(4 


17830 


17896 


17962 


18028 


18094 


18160 


66 




658 


18220 


182UJ 


18358 


18424 


18490 


18556 


18022 


18088 


18754 


18819 


66 




659 


18885 


18951 


19017 


19083 


19149 


19215 


19281 


19346 


19412 


19478 


66 




660 


19544 


19610 


19676 


19741 


19807 


19S73 


10939 


20004 


20070 


20136 


66 




661 


20201 


20267 


20333 


20399 


20464 


20530 


20596 


20661 


20727 


20792 


66 




662 


20858 


20924 


20989 


21055 


21120 


21186 


21251 


21317 


21382 


21448 


66 




663 


21514 


21579 


21644 


21710 


21775 


21841 


21906 


21972 


22037 


22103 


65 




6&1 


22168 


22233 


22299 


22364 


224;i0 


22495 


22560 


22626 


22691 


22756 


65 




665 


22822 


22887 


22952 


23018 


23083 


23143 


23213 


23279 


23344 


23409 


65 




606 


23474 


2:J539 


23605 


23670 


23735 


23800 


23865 


23930 


23996 


24061 


65 




667 


24126 


24191 


24256 


24321 


24386 


24451 


24516 


24581 


24n4v3 


24711 


66 




668 


24770 


24841 


24906 


24971 


25036 


25101 


25166 


25231 


25296 


25361 


65 




669 


25426 


25491 


25656 


25621 


25686 


25751 


25816 


25880 


25945 


26010 


65 




670 


26075 


26140 


26204 


26269 


26:334 


26399 


26^464 


26528 


20593 


26658 


65 




671 


26723 


26787 


26852 


26917 


26981 


27046 


27111 


27175 


27240 


27305 


65 




672 


27369 


27434 


27498 


27563 


27628 


27692 


27757 


27821 


27886 


27951 


65 




673 


28016 


28080 


28144 


28209 


28273 


28338 


28402 


28467 


28531 


28595 


64 




674 


28660 


28724 


28789 


28853 


28918 


28982 


29046 


29111 


29176 


29239 


64 




675 


29304 


29)68 


29432 


29497 


29561 


29625 


29090 


29754 


29818 


29882 


64 




676 


29947 


30011 


30075 


30139 


30204 


30268 


30332 


30396 


30460 


30525 


64 




677 


30589 


30(:53 


30717 


30781 


30845 


30909 


30973 


31037 


31102 


31166 


64 




678 


312.10 


31294 


31358 


31422 


31486 


31560 


31614 


31678 


31742 


318C6 


64 




679 


31*70 


31934 


31998' 


' 32062 


32126 


32189 


32253 


32317 


32381 


32445 


64 




680 


32509 


32573 


32637 


32700 


32764 


32828 


32892 


32956 


33020 


33083 


64 




681 


33147 


33211 


33275 


33338 


33402 


33466 


33530 


33593 


33667 


33721 


64 




682 


33784 


33848 


33U12 


33975 


34039 


34103 


34106 


34230 


34293 


34357 


64 




683 


34421 


34484 


34548 


34611 


34675 


34739 


34802 


34866 


S4929 


34993 


64 




684 


35056 


35120 


35183 


35217 


35310 


35373 


35437 


35500 


35664 


35627 


63 




685 


35691 


35754 


35817 


35881 


35944 


36007 


36071 


36134 


36197 


36261 


63 




686 


36324 


36387 


36451 


36514 


36577 


36641 


36704 


36767 


36830 


36894 


63 




687 


3G957 


37020 


37083 


37146 


37210 


37273 


37336 


37399 


37462 


37525 


63 




688 


37588 


37652 


37715 


37778 


37841 


37904 


37967 


38030 


38093 


38156 


63 




689 


38219 


382b2 


3S345 


38408 


38471 


385^34 


38597 


38660 


38723 


38786 


63 




690 


38849 


38912 


38975 


39038 


39101 


39164 


39227 


39289 


39352 


39416 


63 




691 


39478 


39541 


39604 


39667 


39729 


39792 


39855 


39918 


39981 


40043 


63 




692 


40106 


40169 


40232 


40294 


40357 


40420 


40482 


40545 


40608 


40671 


63 




693 


40733 


40796 


40859 


40921 


40984 


41046 


41109 


41172 


41234 


41297 


63 




694 


41359 


41422 


41485 


41547 


41610 


41672 


41735 


41797 


41860 


41922 


63 




695 


41985 


42047 


42110 


4217^ 


42235 


42297 


42360 


42422 


42484 


42547 


62 




696 


42609 


42672 


4271U 


42796 


43859 


42921 


42983 


43046 


43108 


43170 


62 




697 


43233 


43295 


43357 


43420 


43482 


43644 


43606 


43669 


43731 


43793 


62 




698 


4S855 


43918 


43980 


44042 


44104 


44166 


44229 


44291 


44353 


44415 


62 




699 


44477 


44539 


44601 


44664 


44726 


44788 


44860 


44912 


44974 


45036 


62 







1 


2 
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7 
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A TABLE OF LOGARITHMS. 



451 



No. 7000-7600. 








Log. 846998-880814. 


No. 

700 





1 


2 


3 


4 


5 


6 


7 


8 


9 


Dlff. 
62 


84509.S 


845160 


845222 


845284 


845346 


845408 


845470 


845532 


845694 


846666 


701 


46718 


45780 


45842 


45904 


45966 


46028 


46090 


46151 


46213 


46276 


62 


702 


46337 


4C399 


46461 


46523 


46584 


46648 


4670S 


48770 


46832 


40894 


62 


7o;i 


46955 


47017 


47079 


47141 


47202 


47-264 


47326 


47388 


47449 


47511 


62 


704 


47573 


47634 


47696 


47758 


47819 


47881 


47943 


48004 


48068 


48127 


62 


705 


4S189 


48251 


48312 


48374 


48436 


. 48497 


48559 


486-20 


48082 


48743 


62 


70«i 


4S805 


48860 


48928 


48989 


49051 


49112 


49174 


49235 


49296 


49368 


61 


707 


49419 


494S1 


49542 


49604 


49665 


49726 


49788 


49849 


49911 


49972 


61 


70S 


50033 


50095 


50156 


50217 


50279 


50340 


50401 


50462 


50524 


50586 


61 


709 


50CiO 


50707 


50769 


50830 


60891 


60952 


61014 


51075 


61136 


61197 


61 


710 


5125S 


61320 


513S1 


514^12 


51603 


61604 


61625 


61CS6 


51747 


51808 


61 


711 


51S70 


51931 


61992 


5'20o3 


6-2114 


5217.3 


5-2-230 


52-297 


5-2358 


52419 


61 


712 


524S0 


52541 


52602 


62003 


52724 


5278.} 


6284«- 


5-2907 


52908 


63029 


61 


713 


5309) 


531 r>o 


53211 


53272 


5.3:i33 


5339 4 


5345.) 


53516 


53676 


63637 


61 


714 


53698 


53759 


5:]82(> 


53881 


53941 


f.4:J02 


540H:] 


541-24 


54185 


64245 


61 


715 


5430 r. 


54367 


544-27 


544^8 


54549 


54610 


54670 


54731 


54792 


54852 


61 


716 


5-i913 


54974 


55034 


55095 


551.36 


55218 


.55277 


55337 


^5398 


65469 


61 


717 


55519 


55580 


65640 


66701 


65761 


55822 


55882 


55943 


56003 


66064 


61 


71S 


56124 


56185 


56245 


56306 


66360 


56427 


66487 


56548 


66608 


66668 


60 


71D 


51729 


50789 


56?50 


66910 


50970 


57031 


57091 


57151 


67212 


57272 


60 


720 


57332 


67393 


57453 


67513 


67674 


57634 


67694 


57754 


67816 


67876 


60 


721 


57935 


67996 


58056 


68116 


68176 


58-236 


58297 


58357 


68417 


68477 


60 


722 


58537 


58597 


58657 


68718 


68778 


58838 


58898 


58958 


69018 


69078 


60 


723 


59138 


59198 


59258 


59318 


59378 


69438 


59499 


59559 


69619 


69679 


60 


724 


59739 


69799 


59858 


59918 


59978 


60038 


60098 


60158 


60218 


60278 


60 


725 


60:338 


6J39S 


60458 


60518 


60678 


60«»37 


60697 


60757 


60817 


60877 


60 


726 


G0937 


609'J6 


61056 


61116 


61176 


61236 


61295 


61365 


61415 


61476 


60 


727 


61534 


61594 


61654 


61714 


61773 


61833 


61893 


61952 


6-2012 


6-2072 


60 


728 


62131 


62191 


62251 


62:no 


6-2370 


62430 


62489 


6-2549 


62608 


62668 


60 


729 


62728 


62787 


62847 


62906 


62966 


63026 


63085 


63144 


63204 


63263 


60 


730 


63323 


63382 


f3442 


63501 


03661 


63620 


63680 


63739 


63798 


63868 


59 


731 


63917 


6.3977 


64036 


64096 


64155 


64214 


64274 


64333 


64392 


64452 


69 


732 


64511 


64570 


64630 


64»i89 


64748 


64808 


64867 


W926 


64985 


65045 


69 


733 


65104 


65163 


05222 


65282 


65:541 


65400 


65459 


6.'J518 


65578 


66637 


59 


731 


65»!9!; 


65755 


65814 


65874 


65933 


65992 


66051 


60110 


66109 


06228 


69 


735 


66287 


6(;346 


6f>405 


66406 


665-24 


665S3 


66W2 


66701 


66760 


66819- 


69 


736 


6C87S 


66937 


6699(i 


67055 


67114 


67173 


67232 


67201 


67350 


67409 


69 


737 


67467 


67520 


67585 


67644 


67703 


67762 


67821 


67880 


67939 


67998 


59 


73S 


680r;G 


6S115 


68174 


68233 


682J2 


68350 


68409 


68408 


685-27 


68586 


69 


739 


6S&44 


6S703 


68762 


C8821 


68879 


68938 


68997 


09050 


69114 


69173 


59 


740 


69232 


69290 


69340 


69408 


69466 


69525 


69584 


69042 


69701 


69760 


69 


741 


69818 


69877 


699:i6 


69994 


70053 


70U1 


70170 


702-28 


70287 


70346 


59 


742 


70404 


70462 


70521 


70579 


70638 


70096 


70755 


70813 


70872 


70930 


58 


743 


70989 


71047 


71106 


71164 


71223 


71281 


71339 


71398 


71456 


71515 


58 


744 


71573 


71631 


71690 


71748 


71806 


71805 


719-23 


71981 


72040 


72098 


58 


745 


72150 


72215 


72-273 


72331 


7*2389 


72448 


72506 


72604 


72622 


72681 


58 


T46 


72739 


72797 


72855 


72913 


72972 


73030 


73088 


73146 


73204 


73262 


58 


747 


73321 


73379 


73437 


73495 


73553 


73611 


73069 


73727 


73785 


73848 


58 


748 


73902 


739C0 


74018 


74076 


74134 


74192 


74250 


74308 


74366 


74424 


68 


749 


74482 


74640 


74598 


74656 


74714 


74772 


74830 


74887 


74946 


75003 


58 


750 


75061 


76119 


75177 


76235 


76293 


76351 


76409 


75466 


76524 


76687 


58 


751 


75840 


75698 


75756 


76813 


76871 


75929 


75987 


76045 


76102 


76160 


58 


752 


7621 S 


76276 


763.33 


76391 


76449 


76507 


76664 


76622 


76680 


76737 


68 


753 


70795 


70853 


76910 


76968 


77026 


77083 


77141 


77198 


77256 


77314 


58 


754 


77371 


77429 


77486 


77544 


77602 


77669 


77717 


77774 


77832 


77889 


58 


755 


77947 


78004 


78062 


78119 


78177 


78234 


78292 


78349 


78407 


78464 


57 


756 


78522 


78579 


78637 


78694 


78751 


78809 


78866 


78924 


78981 


79038 


67 


757 


7909 r. 


79153 


79-211 


79268 


79325 


79383 


79440 


79497 


79555 


79612 


57 


758 


79669 


79726 


7f-784 


79841 


79898 


79956 


80013 


80070 


80127 


80186 


57 


759 


80242 


80299 


80:i56 


80413 


80471 


80628 


80585 


806-12 


80699 


80756 


67 





1 


2 


3 


• 

4 


6 


6 


7 


8 
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A TABLE or LOOARITHMS. 



No. 7600-8200. Log. 880814-913814. 


No. 
760 





1 


2 


3 


4 


5 


6 


7 


8 


9 


Difif, 

57 


880814 


880871 


880928 


880985 


881042 


881099 


8811.56 


881213 


881270 


881328 


761 


81385 


81442 


81499 


81556 


81613 


81670 


81727 


81784 


81841 


81898 


57 


762 


81955 


82012 


82069 


82126 


82183 


82240 


82297 


82364 


82411 


8-2468 


57 


763 


82524 


82581 


82S538 


82695 


82752 


82809 


82866 


82923 


82980 


83037 


57 


7&4 


83093 


83150 


83207 


83264 


83321 


83377 


83434 


83491 


83548 


83605 


57 


765 


83661 


83718 


83775 


83832 


83888 


83945 


84002 


84059 


84115 


84172 


67 


766 


84229 


84285 


84342 


84399 


84455 


84512 


84569 


84625 


84682 


84739 


57 


767 


84795 


84852 


84909 


84965 


85022 


85078 


85135 


85192 


86248 


85305 


67 


,768 


85361 


85418 


85474 


8.'>531 


85587 


85644 


85700 


85767 


86813 


86870 


57 


769 


85926 


85983 


86039 


86096 


86152 


86209 


86265 


86321 


86378 


86434 


56 


770 


86491 


86547 


86604 


86660 


86716 


86773 


86829 


86885 


86942 


86998 


66 


771 


87054 


87111 


87167 


87223 


87280 


87336 


87392 


87449 


87605 


87661 


56 


772 


87617 


87674 


87730 


87786 


87842 


87898 


87955 


88011 


88067 


88123 


56 


773 


88179 


8823f3 


88292 


88348 


88404 


88460 


88516 


88673 


88629 


88685 


56 


774 


88741 


88797 


88853 


88909 


88966 


89021 


89077 


89134 


89190 


89246 


56 


775 


89302 


89358 


89414 


89470 


89526 


89582 


89638 


89694 


89750 


89806 


56 


776 


89862 


89918 


89974 


90030 


90086 


90141 


90197 


90253 


90309 


90365 


56 


777 


90421 


90477 


90533 


905S9 


90644 


90700 


9U75G 


90812 


90868 


909*24 


56 


778 


90980 


91035 


91091 


91147 


91203 


91259 


91314 


91370 


91426 


91482 


56 


779 


91537 


91593 


91649 


91705 


91760 


91816 


91872 


91928 


91983 


92039 


56 


780 


92095 


92150 


92206 


92262 


92317 


92373 


92429 


92484 


92540 


92595 


56 


781 


92651 


92707 


92762 


92818 


92873 


9-2929 


92985 


93040 


93096 


93151 


56 


782 


93207 


93262 


93318 


93373 


93429 


93484 


93640 


93595 


93661 


93706 


56 


783 


93702 


93817 


93873 


93928 


93984 


94039 


94094 


94150 


94205 


94261 


55 


784 


94316 


94371 


94427 


94482 


94538 


94593 


94648 


94704 


94759 


94814 


55 


785 


94870 


94925 


94980 


95036 


95091 


96146 


95-201 


95257 


95312 


95367 


55 


786 


95423 


95478 


95533 


95588 


95643 


95699 


95754 


95809 


95864 


95920 


55 


787 


95975 


96030 


96085 


96140 


96195 


96251 


96306 


96361 


96416 


96471 


55 


788 


96526 


96581 


96636 


96692 


96747 


96802 


96857 


96912 


96967 


97022 


55 


789 


97077 


97132 


97187 


97242 


97297 


97352 


97407 


97462 


97517 


97572 


65 


790 


97627 


97682 


97737 


97792 


97847 


97902 


97987 


98012 


98067 


98122 


55 


791 


98176 


98231 


98286 


98^41 


98.396 


98451 


98506 


98561 


98616 


98670 


55 


792 


98725 


98780 


98835 


98890 


98944 


98999 


99054 


99109 


99164 


99218 


55 


793 


99273 


99328 


99383 


99437 


99492 


99547 


99602 


99656 


99711 


99766 


55 


794 


99820 


99875 


99930 


99985 


900039 


900094 


900149 


900203 


900258 


900312 


55 


795 


900367 


900422 


900476 


900531 


00586 


00640 


00695 


00749 


00804 


00858 


56 


796 


00913 


00968 


01022 


01077 


01131 


01186 


01240 


01295 


01349 


01404 


55 


797 


01458 


01513 


01567 


01622 


01676 


01731 


01785 


01840 


01894 


01948 


54 


798 


02003 


02057 


02112 


02166 


02221 


02275 


02329 


02384 


02438 


02491 


54 


799 


02547 


02601 


02655 


02710 


02764 


02818 


02873 


02927 


02981 


03036 


64 


800 


03090 


03144 


03198 


03253 


03307 


03361 


03416 


03470 


03524 


03678 


54 


801 


03632 


03687 


03741 


03795 


03849 


03903 


03958 


04012 


04066 


04120 


54 


802 


04174 


04228 


04283 


04337 


04391 


04445 


04499 


04553 


04607 


04661 


54 


803 


04715 


04770 


04824 


04878 


04932 


04986 


05040 


05094 


05148 


05202 


54 


804 


05266 


05310 


05364 


05418 


05472 


05526 


05580 


05634 


05688 


05742 


64 


805 


05796 


05850 


05904 


05958 


06012 


06065 


06119 


06173 


06227 


06281 


54 


806 


06335 


06389 


06443 


Oe497 


06550 


06604 


06658 


06712 


06766 


06820 


64 


807 


06873 


06927 


06981 


07035 


07089 


07142 


07196 


07250 


07304 


07358 


54 


808 


07411 


07465 


07519 


07573 


07626 


07680 


07734 


07787 


07841 


07895 


64 


809 


07948 


08002 


08056 


08109 


08163 


08217 


08270 


08324 


08378 


08431 


54 


810 


08485 


08539 


08592 


08646 


08699 


08753 


08807 


08860 


08914 


08967 


54 


811 


09021 


09074 


09128 


09181 


09235 


09288 


09342 


09395 


09449 


09502 


64 


812 


09556 


09609 


09663 


09716 


09770 


09823 


09877 


09930 


09984 


10037 


53 


813 


10090 


10144 


10197 


10251 


10304 


10358 


10411 


10464 


10518 


10571 


53 


814 


10624 


10678 


10731 


10784 


10838 


10891 


10944 


10998 


11051 


11104 


53 


815 


11168 


11211 


11264 


11317 


11371 


11424 


11477 


11530 


11584 


11637 


63 


816 


11690 


11743 


11797 


11850 


11903 


11956 


12009 


12063 


12116 


12169 


53 


817 


12222 


12275 


12328 


12381 


12436 


12488 


12541 


12594 


12647 


12700 


53 


818 


12763 


12806 


12859 


12913 


12966 


13019 


13072 


13126 


13178 


13231 


53 


819 


13284 


13337 


13390 


13443 


13496 


13549 


13602 


13656 


13708 


13761 


53 
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5 


6 


7 


8 
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A TABLE OF LOQABITHMS. 
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No. 8200-8800. 








■ 




Log. 913814-944483. 


No. 

820 





1 


2 


3 


4 


6 


6 


7 


8 


9 


DIff. 
53 


913S14 


913807 


913920 


913973 


914026 


914079 


91413r 


914184 


914237 


914290 


821 


14343 


14396 


14449 


14502 


14665 


14608 


14660 


14713 


14766 


14819 


53 


822 


14872 


14925 


14977 


16030 


15083 


15136 


16189 


16241 


16294 


16347 


63 


828 


154fK) 


15463 


15505 


16568 


15611 


15664 


16716 


16769 


15822 


15874 


63 


824 


15927 


16980 


16033 


16086 


16138 


16191 


16243 


16296 


16349 


16401 


63 


825 


16454 


16507 


16569 


16612 


16664 


16717 


16770 


16822 


16876 


16927 


53 


826 


16980 


17033 


17085 


17138 


17190 


17243 


17296 


17348 


17400 


17453 


53 


827 


17505 


17568 


17610 


17663 


17715 


17768 


17820 


17873 


179-25 


17978 


52 


828 


18030 


18083 


18136 


18188 


18240 


18292 


18346 


18397 


18450 


18502 


52 


829 


18655 


18607 


18669 


18712 


18764 


18816 


18869 


18921 


18973 


19026 


52 


830 


19078 


19130 


19183 


19236 


19287 


19340 


19392 


19444 


19496 


•19549 


62 


831 


19601 


19653 


19706 


19758 


19810 


19862 


19914 


19967 


20019 


20071 


52 


832 


20123 


20176 


20228 


20280 


20332 


20384 


20436 


20489 


20641 


20593 


52 


833 


20645 


20697 


20749 


20801 


20853 


20906 


2)958 


21010 


21062 


21114 


62 


834 


21166 


21218 


21270 


213-22 


21374 


21426 


21478 


21630 


21582 


21634 


62 


836 


21686 


21738 


21790 


21842 


21894 


21946 


21998 


2-2060 


22102 


22154 


52 


836 


22206 


22258 


22310 


22362 


22414 


22466 


2-2518 


2-2670 


22622 


22674 


52 


837 


22725 


22777 


22829 


22881 


22933 


22985 


23037 


23088 


23140 


23192 


62 


838 


23244 


23296 


23348 


23399 


23451 


23503 


23655 


23607 


23058 


23710 


52 


839 


23762 


23814 


23865 


23917 


23969 


24021 


24072 


24124 


24176 


24228 


62 


840 


24279 


24301 


24383 


24434 


24486 


24538 


24689 


24^1 


24693 


24744 


62 


841 


24796 


24848 


24899 


24961 


26002 


26064 


25106 


26157 


25209 


25260 


52 


842 


25312 


25364 


26415 


26467 


26618 


25670 


26621 


26673 


26724. 


25776 


52 


843 


25828 


25879 


25931 


26982 


26034 


26086 


26137 


26188 


26-239 


26291 


61 


844 


26342 


26394 


26445 


26497 


26648 


26600 


26651 


26702 


26764 


26805 


61 


845 


26857 


26908 


26959 


27011 


27062 


27114 


27166 


27216 


27268 


27319 


61 


846 


27370 


27422 


27473 


27524 


27576 


27627 


27678 


27730 


27781 


27832 


51 


847 


27883 


27935 


27986 


28037 


28088 


28140 


28191 


28242 


28293 


28345 


61 


848 


28396 


28447 


28498 


28649 


28601 


28662 


28703 


28754 


28806 


28856 


51 


849 


28908 


28959 


29010 


29061 


29112 


29163 


29214 


29266 


29317 


29368 


61 


850 


29419 


29470 


29521 


29672 


29623 


29674 


29725 


29776 


29827 


29878 


61 


861 


29930 


29981 


80032 


30083 


30134 


30185 


30236 


30287 


30338 


30389 


61 


862 


30140 


30491 


30541 


30692 


30643 


30691 


30746 


30796 


80847 


30898 


61 


853 


30949 


31000 


31061 


31102 


31163 


31203 


31254 


31305 


31366 


31407 


51 


854 


31458 


31609 


31560 


31610 


31661 


31712 


31763 


31814 


31864 


81915 


61 


855 


31966 


32017 


32068 


32118 


32169 


32-220 


32271 


32321 


32372 


32423 


61 


856 


32474 


32524 


32575 


32626 


32677 


32727 


32778 


32829 


3-2879 


32930 


61 


857 


32981 


33031 


33082 


33133 


33183 


33234 


33285 


83335 


33386 


33437 


61 


858 


33487 


33638 


33588 


33639 


33690 


33740 


33791 


33841 


33892 


33943 


61 


859 


33993 


34044 


34094 


34146 


34195 


34246 


84296 


34347 


34397 


34448 


51 


860 


34498 


34549 


34699 


34650 


34700 


34761 


34801 


34852 


84902 


84953 


50 


861 


36003 


35054 


35104 


35164 


35206 


85265 


36306 


36356 


36406 


85457 


50 


862 


35507 


36558 


35608 


35668 


35709 


35769 


35809 


35860 


35910 


36960 


50 


863 


36011 


36061 


36111 


36162 


36212 


36262 


36313 


36363 


36413 


36463 


50 


864 


36514 


36664 


36614 


36664 


36715 


36765 


36815 


86865 


36016 


86966 


50 


865 


37016 


37066 


37116 


37167 


37217 


87267 


37317 


87367 


37418 


87468 


50 


866 


37518 


37668 


37618 


37668 


37718 


37769 


37819 


37869 


87919 


87909 


50 


867 


38019 


380C9 


38119 


38169 


38219 


38269 


38319 


38370 


38420 


88470 


50 


868 


aS520 


38670 


38620 


38670 


38720 


38770 


38820 


38870 


38920 


38970 


50 


869 


3902O 


39070 


39120 


39170 


39220 


39270 


39319 


89369 


39419 


39469 


50 


870 


39519 


39669 


89619 


39669 


39719 


39769 


39819 


39868 


39918 


39968 


50 


871 


40018 


40068 


40118 


40168 


40218 


40267 


40317 


40307 


40417 


40467 


60 


872 


40616 


40566 


40616 


40666 


40716 


40765 


40815 


40865 


40915 


40964 


60 


873 


41014 


41064 


41114 


41163 


41213 


41263 


41313 


41362 


41412 


41462 


50 


874 


41511 


41661 


41611 


41660 


41710 


41760 


41809 


41869 


41909 


41968 


50 


875 


42008 


42058 


42107 


42157 


42206 


42266 


42306 


42366 


42406 


42464 


60 


876 


42504 


42654 


42603 


42663 


42702 


42762 


42801 


42851 


42900 


42950 


60 


877 


43000 


43049 


43099 


43148 


43198 


43247 


43297 


43346 


43396 


43445 


49 


878 


43494 


43644 


43693 


43643 


43692 


43742 


43791 


43841 


43890 


43989 


49 


879 


43989 


44088 


44088 


44137 


44186 


44236 


44286 


44335 


44384 


44433 


49 





1 


2 


8 


4 


6 


6 


7 


8 


1 • 
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A TABLE OF liOOAaiTHMS. 



No. 8800-9400. 










Log. 944483-973128. 


No. 

880 





1 


2 


3 


4 


5 


6 


7 


8 


9 


Diff. 
49 


944483 


944532 


944581 


944631 


944680 


944729 


944779 


944828 


944877 


944927 


881 


44976 


45025 


45074 


45124 


45173 


45222 


45272 


45321 


45370 


45419 


49 


882 


45469 


45518 


45567 


45616 


45665 


45715 


45764 


45813 


45862 


45911 


49 


883 


45961 


46010 


46059 


46108 


46157 


46207 


46256 


46305 


46364 


45403 


49 


884 


46452 


46501 


46550 


46600 


46649 


46698 


46747 


46796 


46845 


46894 


49 


885 


46943 


46992 


47041 


47090 


47139 


47189 


47238 


47287 


47336 


47385 


49 


886 


474:34 


47483 


47532 


47581 


47630 


47679 


47728 


47777 


47826 


47876 


49 


887 


47924 


47973 


48021 


48070 


48119 


48168 


48217 


48266 


48315 


48364 


49 


888 


48413 


48462 


48511 


48560 


48608 


48657 


48706 


48755 


48804 


48853 


49 


889 


48902 


48951 


48999 


49048 


49097 


49146 


49195 


49244 


49292 


49341 


49 


890 


49390 


49439 


49488 


49536 


49585 


49634 


496S3 


49731 


49780 


49829 


49 


891 


49878 


49926 


49975 


60024 


50073 


60121 


50170 


50219 


50267 


50316 


49 


892 


50365 


50413 


50462 


60611 


50560 


60608 


50657 


50705 


50754 


60803 


49 


893 


50851 


50900 


50949 


50997 


51046 


51095 


51143 


51192 


51240 


51289 


49 


894 


51337 


61386 


51435 


51483 


61532 


51580 


61629 


51677 


51726 


61774 


49 


895 


51823 


61872 


61920 


61969 


62017 


52066 


52114 


52163 


52211 


62259 


48 


896 


52308 


62356 


52405 


52453 


52602 


62550 


62599 


62647 


52696 


52744 


48 


897 


52792 


62841 


52889 


52938 


52^86 


53034 


53083 


53131 


53180 


53228 


48 


898 


53276 


53325 


63373 


53421 


53470 


53518 


63566 


63615 


53663 


53711 


48 


899 


63760 


63808 


53866 


63905 


63953 


54001 


54049 


64098 


54146 


54194 


48 


900 


54242 


64-291 


54339 


64387 


54435 


54484 


64532 


54580 


64628 


54677 


48 


901 


54725 


54773 


54821 


64869 


54918 


64966 


55014 


65062 


65110 


65158 


48 


902 


55206 


55255 


55303 


65351 


55399 


65447 


65495 


55543 


65592 


55640 


48 


903 


55688 


55736 


55784 


65832 


65880 


65928 


65976 


56024 


56072 


56123 


48 


904 


56168 


56216 


56264 


66312 


66361 


56409 


66457 


66505 


56553 


66601 


48 


905 


56649 


56697 


56745 


56792 


56840 


66888 


56936 


56984 


67032 


67080 


48 


906 


57128 


57176 


57224 


57272 


67320 


57368 


57416 


57464 


57511 


67559 


48 


907 


57607 


57655 


67703 


57751 


67799 


57847 


67894 


67942 


67990 


68038 


48 


908 


580S6 


68134 


58181 


58229 


58277 


68336 


58373 


58420 


58468 


68516 


48 


909 


58564 


58612 


58659 


68707 


68755 


58803 


68850 


68898 


68946 


68994 


48 


910 


59041 


69089 


69137 


69184 


59232 


69280 


69328 


59376 


59423 


69471 


48 


911 


59518 


59566 


69614 


69661 


69709 


69767 


59804 


69852 


69900 


69947 


48 


912 


59995 


60042 


60090 


60138 


60185 


60233 


60281 


60328 


60376 


60423 


48 


913 


60471 


60518 


60566 


60613 


60661 


60709 


60756 


60804 


60851 


60899 


48 


914 


60946 


60994 


61041 


61089 


61136 


61184 


61231 


61279 


61326 


61374 


48 


915 


61421 


61469 


61516 


61563 


61611 


61658 


61706 


61753 


61801 


61848 


47 


916 


61895 


61943 


61990 


62038 


62085 


62132 


62180 


62227 


62276 


62322 


47 


917 


62369 


62417 


62464 


62611 


62559 


62606 


62653 


62701 


62748 


62795 


47 


918 


62843 


62890 


62937 


62985 


63032 


63079 


63126 


63174 


63221 


63268 


47 


919 


63315 


63363 


63410 


63457 


63504 


63552 


63599 


63646 


63693 


63741 


47 


92Q 


63788 


63835 


63882 


63929 


63977 


64024 


64071 


64118 


64165 


64212 


47 


921 


64260 


64307 


64354 


64401 


64448 


64495 


64542 


64590 


64637 


64684 


47 


922 


64731 


64778 


64825 


64872 


64919 


64966 


65013 


65060 


65108 


66155 


47 


923 


65202 


65249 


65296 


65343 


66390 


65437 


65484 


66531 


65578 


65625 


47 


924 


65672 


65719 


65766 


65813 


65860 


65907 


65954 


66001 


66048 


66095 


47 


925 


66142 


66189 


66236 


66283 


66329 


66376 


66423 


66470 


66517 


66564 


47 


926 


66611 


66658 


66705 


66752 


66798 


66845 


66892 


66939 


68986 


67033 


47 


927 


67080 


67127 


67173 


67220 


67267 


67314 


67361 


67408 


67454 


67501 


47 


928 


67548 


67595 


67642 


67688 


67735 


67782 


67829 


67875 


67922 


67969 


47 


929 


68016 


68062 


68109 


68156 


68203 


68249 


68296 


68343 


68389 


68436 


47 


930 


68483 


68530 


68576 


68623 


68670 


68716 


68763 


68810 


68856 


68903 


47 


931 


68950 


68996 


69043 


69090 


69136 


69183 


69229 


69276 


69323 


69369 


47 


932 


69416 


69462 


69509 


69556 


69802 


69649 


69695 


69742 


69788 


69835 


47 


933 


69882 


69928 


69975 


70021 


70068 


70114 


70161 


70207 


70254 


70300 


47 


934 


70347 


70393 


70440 


70486 


70533 


70579 


70626 


70672 


70719 


70765 


47 


935 


70812 


7085S 


70904 


70951 


70997 


71044 


71090 


71137 


71183 


71229 


46 


936 


71276 


71322 


71369 


71415 


71461 


71508 


71554 


71600 


71647 


71693 


46 


937 


71740 


71786 


71832 


71879 


71925 


71971 


72018 


72064 


72110 


72156 


46 


938 


72203 


72249 


72295 


72342 


72388 


72434 


72480 


72527 


72673 


72619 


46 


939 


72666 


72712 


72758 


72804 


72851 


7289Z 


72943 


72989 


73035 


73082 


46 



^ 


1 


2 


3 


4 


5 


6 


7 


8 






A TABLE OP LOGARITHMS. 



455 



No. 9400-10000. 




Log. 973128-000000. 


No. 
940 





1 


2 


3 


4 


6 


6 


7 


8 


9 


Diff. 

46 


973128 


973174 


973220 


973266 


973313 


973359 


973^405 


973451 


973497 


973543 


941 


73690 


73636 


73682 


73728 


73774 


73820 


73866 


73913 


73959 


74006 


46 


9-42 


74061 


74097 


74143 


74189 


74235 


74281 


74327 


74373 


74420 


74466 


46 


943 


74512 


74558 


74604 


74650 


74696 


74742 


74788 


74834 


74880 


74926 


46 


944 


74972 


75018 


75064 


75110 


75156 


"75202 


75248 


75294 


75340 


75386 


46 


945 


75432 


75478 


75524 


76570 


76616 


75661 


75707 


75763 


75799 


76845 


46 


94() 


75S91 


75937 


75983 


76029 


76076 


76121 


76166 


76212 


76258 


76304 


46 


947 


76350 


76396 


76442 


76487 


76533 


76579 


76625 


76671 


76717 


76762 


46 


948 


7G808 


76854 


7e900 


76946 


76991 


77037 


77083 


77129 


77175 


77220 


46 


949 


77266 


77312 


77358 


77403 


77449 


77495 


77641 


77686 


77632 


77678 


46 


9.'>0 


77724 


77769 


77815 


77861 


77906 


77952 


77998 


78043 


78089 


78135 


46 


951 


78180 


78226 


78272 


78317 


78363 


78409 


78f464 


78500 


78546 


78591 


46 


952 


78637 


78683 


78728 


78774 


78819 


78865 


78911 


78956 


79002 


79047 


46 


903 


79093 


79138 


79184 


79230 


79275 


79321 


79366 


79412 


79457 


79503 


46 


954 


79548 


79594 


79639 


79685 


79730 


79776 


79S21 


79867 


79912 


79958 


46 


955 


80003 


80049 


80094 


80140 


80186 


80231 


80276 


80322 


80367 


80412 


46 


95(5 


80458 


80503 


80549 


80594 


80640 


80685 


80730 


80776 


80821 


80867 


46 


957 


80912 


80957 


81003 


81048 


81093 


81139 


81184 


81229 


81275 


81320 


46 


958 


81365 


81411 


81456 


81501 


81&47 


81592 


81637 


81683 


81728 


81773 


45 


959 


81819 


81864 


81909 


81954 


820G0 


82045 


82090 


82135 


82181 


82226 


45 


960 


82271 


82316 


82362 


82407 


82462 


82497 


82643 


82588 


82633 


82678 


45 


901 


82723 


82769 


82814 


82859 


82904 


82949 


82994 


83040 


83086 


83130 


45 


9G2 


83175 


83220 


83266 


83310 


83366 


83401 


83446 


83491 


83536 


88581 


45 


963 


83626 


83671 


83716 


83762 


83807 


83862 


83897 


83942 


83987 


84032 


45 


964 


84077 


84122 


84167 


84212 


84267 


84302 


84347 


84392 


84437 


84482 


45 


965 


84527 


84572 


84617 


84662 


84707 


84752 


84797 


84842 


84887 


84932 


45 


906 


84977 


85022 


86067 


85112 


85157 


85202 


85247 


85292 


86337 


853S2 


45 


907 


85426 


85471 


86516 


85561 


86606 


85661 


85696 


86741 


86786 


85830 


45 


96S 


85876 


85920 


85965 


86010 


86056 


86100 


86144 


86189 


86234 


86279 


45 


969 


86324 


86369 


86413 


86458 


86503 


86648 


86593 


86637 


86682 


86727 


45 


970 


86772 


86816 


86861 


86906 


86951 


86995 


87040 


87085 


87130 


87174 


45 


971 


87219 


87264 


87309 


87353 


87398 


87443 


87487 


87532 


87677 


87622 


45 


972 


87666 


87711 


87756 


87800 


87846 


87890 


87934 


87979 


88024 


88068 


45 


973 


88113 


88157 


88202 


88247 


88291 


88336 


88381 


88426 


88470 


88514 


45 


974 


88559 


88603 


88648 


88093 


88737 


88782 


88826 


88871 


88916 


88960 


45 


975 


89005 


89049 


89094 


89138 


89183 


89227 


89272 


89316 


89361 


89405 


45 


976 


89450 


89494 


89539 


89683 


89628 


89672 


89717 


89761 


89806 


89850 


44 


977 


89S95 


89939 


89983 


90028 


90072 


90117 


90161 


90206 


90260 


90294 


44 


978 


90339 


90383 


90428 


90472 


90616 


90561 


90605 


90e60 


90694 


90738 


44 


979 


90783 


90827 


90871 


90916 


90960 


91004 


91049 


91093 


91137 


91182 


44 


980 


91226 


91270 


91315 


91369 


91403 


91448 


"91492 


91636 


91680 


91625 


44 


9S1 


91669 


91713 


91757 


91802 


91846 


91890 


91934 


91979 


92023 


92067 


44 


982 


92111 


92156 


92200 


92244 


92288 


92333 


92377 


92421 


92466 


92509 


44 


983 


92553 


92598 


92642 


92686 


92730 


92774 


92818 


92863 


92907 


92951 


44 


984 


92995 


93039 


93083 


93127 


93172 


93216 


93260 


93304 


93348 


93392 


44 


9S5 


93436 


934S0 


93524 


93568 


93613 


93657 


93701 


93745 


93789 


93833 


44 


986 


93877 


93921 


93965 


94009 


94063 


94097 


94141 


94186 


94229 


94273 


44 


987 


94317 


94361 


94405 


94449 


94493 


94537 


94681 


94625 


94669 


94713 


44 


9H8 


94757 


94801 


94845 


94889 


94933 


94977 


95021 


96064 


96108 


96162 


44 


9o9 


95196 


95240 


95284 


95328 


98372 


95416 


95460 


96504 


95647 


96591 


44 


990 


95635 


95679 


95723 


95767 


95811 


95864 


95898 


96942 


95986 


96030 


44 


991 


96074 


96117 


96161 


96206 


96249 


96293 


96336 


96380 


96424 


96468 


44 


992 


96512 


96555 


96599 


96643 


96687 


96730 


96774 


96818 


96862 


96906 


44 


993 


96949 


96993 


97037 


97080 


97124 


97168 


97212 


97265 


97299 


97343 


44 


994 


97386 


97430 


97474 


97517 


97561 


97606 


97648 


97692 


97736 


97779 


44 


995 


97823 


97807 


97910 


97964 


97998 


98041 


98055 


98128 


98172 


98216 


44 


996 


98259 


98303 


98346 


98390 


98434 


98477 


98521 


98564 


98608 


98662 


44 


997 


98695 


98739 


98782 


98826 


98869 


98913 


98966 


99000 


99043 


99087 


44 


998 


99130 


99174 


99218 


99261 


99306 


99348 


99392 


99435 


99478 


99522 


44 


999 


99565 


99609 


99652 


99696 


99739 


99783 


99826 


99870 


99913 


99957 


43 





1 


2 


3 


4 


5 


6 


7 


8 


Q 
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